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EIGHTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1980) 

DieJoint refinement and related toplea 

8. Balcar, P. Simon, P# Vojta* 

We ehall try to mention eoae intorrelatlone between the 

diejoint refinement property and eoae other propertlea of 

Boolean algebree or of coapact topological epacee. The ala of 

the preeent peper le to give e epirlt of a global picture rat­

her than the moat generel formulatione or the preelee proofe, 

which will appeer - or have appeared - eleewhere. The langua­

ge of the peper ie a mixture of Boolean and topological teraex 

the reader le requeeted to keep in alnd the Stone duality du­

ring the reeding. 

Let ue etart with the baalo notion* If A la a Boolean 

algebra, ft cardinal, A • {a^ : * < & } a feaily of non­

zero aembere of A . then the feaily {d* : <x < it} of non-

•zero aembere le a die joint reflneaent of & -if d ^ A d * « 

• © for eech a < A < K and d^ & %a for eech «*< ic 9 

Of couree, the notion of the diejoint reflneaent le aeaning-

ful not only for Boolean algebrae - one may aek e.g. whether 

acae given faally of open aete in a topological apace haa a 

diejoint*refineaent by open eubeete aa well. 

If X la a topological apace0 xGx and ic cardinal, 

call a point x to be a K,-point, if there le a feaily 

{u* t * < fc} of peirwiee diejoint open aubaeta of X with 

xGU* for each * < K . We realnd Coafort and Hindaen'e ob-

aarvatlont 

Let X be a topological apace, x € X , %(x):Sjc and eup-
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poaa that eech non-void open eet in* X contains at Xeeet K ' 

non-void pairwiee die Joint open eubeete. Then x ia a. fc-point 

if and only if eoae neighborhood beee of x hoe a die Joint 

rofineaent. 

Indeed, if x ie e ie-point, chooee *•{©©( * *<K} 

an arbitrary neighborhood beee of x , Xet {u* : *<K} be . 

a pairwiee die Joint collection of open eete with xGu^ for 

each <*<K . Then { U K O B^ » rt< K } ie the deeired die-

joint rofineaent. If {o^ : *<ic} ie the die Joint rofineaent' 

of eoae neighborhood beee { B ^ I * < K } of the point x . 

chooee a pairwiee diejoint faally. {o^« i i< fc} for each 

*<K. where D*« ie open, 0 jf D^. C 0* , For J < K , 

define U* by the rule U. - L / { D * J I * < K,}. 

The notion of e K -point nay be generalized or rephraeed 

by varloua waye. Cell e aet N in a topological epece X to 

be a ic-eet« if there ie a faally of pairwiee diejoint open 

eubeete {urf : * < ie} with MCu* for every. <* < K . 

Call a faaiiy A of non-zero Beabere of a Booleen algebra 

£ (of non-enpty open eubeete of e topological epece X) to 

be etrictly ic-decoopoeeble, if there la a faally {u* t *<K} 

of pairwiee diejoint non-zero Beabere of A (non-eapty open 

eubeete of X) auch that AOU^/-© (ie non-void) for each 

A 6/1 and each *<*C . (There ie a coaaonly ueed notion of 

K-decoBpoeebility due to Chang [eh] , our definition la a 

etrengthenlng of it.) Clearly a point xSX ie a K-point 

iff ita neighborhood ayaten la etrictly tc-deeoapcaable* a 

aet MCX la a ic-eet iff e faally { B C X : B ie open and 

BOM ft ?} ia at riot ly it-decaapoeable. 

Call a point xGX to be a aaal-it-point if there ie e 
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feeily {u r t t * < * } of non~vold open eubeete of X ouch 
thet xGU* for eech *<K• , but x£u#f\UA whenever ct< 

<A< tc„ Cleerly every K-point la e eeal-ic-polnt, but not 
vice veree. For inetence, eech xGR (- the reel line) ie e 
eeai-24*-point, though it eennot be (aore then a) )-point. 

To deoonetrate the beeic technique* mn6 reeeonlng ueed in 
thle eree of prebleae, let ue prove thet eech point xgyS(N) -
m u lo en ftjj-point. The feet ie not ee lntoreetlng ee e 
proof of i t , eince we ehell ehow leter thet wore ie true. 

The crude! obeervetlon ie ee followes Suppoee { x * »*£*>} 
to be e eet of non-void clopon eubeete of A(H) - N ouch thet 
X^DXi for eech oc < A5*J . I f eoee clopon eet H CyS(N) -
- N aeetc X* - Xrt+1 for infinitely aany * # e , then Hfl 
nXntO{x^ to(<n) } - Xtt ie non-empty. Indeed, let Vrt , K 
be eubeete of N repreeentlng X^\ H ', Chooee eoee x^Kfl 

n{Yj ; i $£«}* <ToC^Y«|) l f poeeibloi frpe the aeeuap-
tlono we know that we con find en infinite eet L of thoee 

x*'e . NOW.9 + ci wN)f. - L<znnmtr\{x4 't *<*>}- x# , 

It ohould bo noted thet replacing « by it enywhere ( ic re- ' 

guler), we obtoin en enelogoue obeervetion for U(tc) # the 

epece of ell unifore ultrefiltore on ic . 

Now lot x £ A ( N ) - N . There ie a regular uncountable car­

dinal X end e feeily of clopon eubeete { x * t *< * } with 

the following propertie** For every o( < fi< V t
 X*PX jp* ^ 

end x G b d O { x * i * < A } . If x ie e P-poiht, then ouch e 

feeily den be found eoeily, eo euppooe it ie not* There ie e 

pertition { A W , n< u) of N eiich thet \{n< (U «|*nAn| • 

m a*}| a CO for eech H € x -. Thuo if f ie a topping froa 0 
to U end. if Xf denotee tho eet { a S N i if. e6A n , then 



< * ' • ' • •" • • ' „ . * . • . " ' " • ' ' • ' • • . " * * ' • 

• • • • • • . ' c • • '•• v " •' ' 4. V ' • • ' ' * 
•>f(n)} . then X fGx # Order * V by f<g If, f(n)£g(n) 

for finitely many n'e' only; then there le eoneuncountable 

regular A and a eat {f^ i <A < ^j which hee.no upper bound ' 

in (0 , moreover, . * < A< A impliee f*<f A and all funo­

tion a are increeelng« It remains tcr define X^. • cX.#M1Xf - N, 
. •' - \ ^ l*(N> f « 

According to our etarting observation, the set ^ < A : 

un(IntO{x A : A<A } - * * ) * $ i* 0)-closed and unboun-

dad in A for each clopen U containing x ^ By Fodor'c 

theorem, the eet A can be decomposed Into pelrwlee disjoint 

eete {z« * 5 < ^} •«ch that e a c h zj •••*• eech id-closed 

unbounded eubeet of \ 4 Now, define U« '•• L/ {intO{x A ': 

/!>.<*}- X^ : « £ Z,} . Clearly x£U- for each j?<\ , U« . 

ie non-empty open and. Ugnu* » 9u which wee to be proved. 

Analysing the proof juot given, one cen obtain more infer- „ 

motion then eteted. 

At first, let { A •: n<4)} be a pelrwlee disjoint feal-
• ' • * ' . • * . 

ly of non-void clopen eubeeta of /3(N) - N • Then the femily 

( M C A ( N ) - N : M ie clopen end |{n<<y : MnAn f (*}] • u} 

ie strictly oJj-decompoeeble (in fact, atrictly ^-decompo­

sable). 

Second, there ie no reeeon for dealing with to only. Let. 

-K be e reguler cardinal, let {A ̂  : <*<KJ be e palrwiae 

diejoint femily of non-void clopen eubeete of U(ic) • Then 

the family { M C U ( K ) : M ie clopen end |{*< K \ MHA^ jf 

ft Jl}|» K.} ie etrictly K*-deconpbeabXe (in fact, etrlctly 

> K -decomposable, if one definee A^ for KK elmllerXy 

ee A wee defined for Wft) ) . 

Third, let 11/ be a femily of clopen eubeete of y8(N)-N.. 

Suppose that there 10 a regular X and a family {x^ 1 *< \j 
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of clopen eubeete of A(N) - N eetisfying the following: 

x p x ^ for or < / 3 < a , u H x ^ ^ Jl for eech u € tfr end each 

« < A • U - O { x o c J O « A } I - 0 for eech U 6 ) 6 . Call ouch 

e fenlly e toner for 10 . Then 1fc le e t r ic t ly A-deconpo-* 

eeble. 

Ae in the prevloue caeee9 we cen work in U( K ) ee wel l . 

I f K ie a reguler uncounteble cordinel, then the fenily 

{ c l Af^xSHutK) : S ie a etetionery eubeet of K ) ie e t r ic t -

ly ic*-doco»poeoble. To ehow thlc, notice thet the fenlly of 

cloeed unbounded eete in K ie closed under the diegonel i n -

tereectione, hence there le e tower for the given eyeten in 

U( K) * the length of which ie et leeet ic* • Ae e corollary 

we deduce thet for reguler uncounteble *c , eech u l t r a f i l t e r 

extending the f i l t e r of cloeed unbounded eete le e rt*-point 

in U (K) i in feet the eaae holde for on orbitrery x€U( K ) , 

but we oait the proof here. 

Fourth, each point x g f l ( N ) - N ie a 2**-point. Wo know 

thet there le a tower { x ^ : rf< A } for x in 6(N) - N . 

Every eet Q^ - O { x A : / & < * } - X^ ie eloeed Gg when­

ever cf (e( ) m o) . Uelng eeeentially the eaae argunent which 

enebled ua to prove.that there le a tower for non-P-point, we 

cen find a tower {x*g : yS< A } with X ^ C Q ^ , denote Q^« 

• P l { x ^ s t f < / 3 } - - X A for A with countable cof inel i ty . 

Repeating the reeeohing further, we ehell find for eech k<<A> 

end *X9<xiz,.„,*k with c f ( ^ i ) - (a. *t< A • e cloeed 

G* - • • t Q^ ^ • ouch thet CL. tt ^ C Q* • ^ 
o ^^•••oC|c ~ i 2** -k l^.# # r f*k- i • 
aoreover. if M ie clopen in fb(H) - N and MA 

H bd Qrf „ ^ j* 9 . then H neete Xnt QA ^ H for 
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A-aany cĉ 'a • Next, if; a * (rt
1#
 <*

2
....) la ah infinite 

eequence of ordinale (X
±
 with o(

±
< X , ef(^

1
) • 0 . the­

re la an open aet J*
3
 • Znt O {Q^ ̂  : n< o>}

#
 A etreight- • 

forward branching argunent ehowe that each elopon neighborhood 

U of x вe te Ъ eete P
в 

It rename to notice that the* following trivially holde: 

If -8 lo a Boolean algebra, ic an infinite cardinal, .{a* -x 

rt< ic} a aet of non-zero neabere of 4 and f a palrwlaa 

die joint faally of non-zero aeabere of A .ouch that l{p6 i i 
a
oC A P / ®}1 ̂  *

 f o r a a c h • * < K > than {a^. : rt< K } haa 

a die joint reflneftent. So when noting thet in A(N) - N , each 

faally A of clopen eete haa a die joint reflnenent if and on­

ly If A le atrictly 2
w
-decoapoeable

f
 the proof will bo coa-

plato then. 

Fifth, we have proved a bit wore again: Let {A
n
 : n<v} 

be a pairwieo diejoint faally of clopen eete in A(N) - N «* 

Then the faally {uCA(N) - N r U ie elopon and [{n< u> ': 

UHA
n
 |f 0}| • 0 } hoe a diejoint refinenent, in the other 

words. It lo otrlctly 2^-decoapoeeble, or equivalontly, 

bdO{A
n
 : n<fcj} is a 2^-eeti 

Thie leada to the queetlone [W].: ZO each nowhere donee 

eubeet of /J(N) - N a 2^-eot ? Which faalllee of elopon 

euboata of A (N) - N ere otrlctly 2m
 -decoopoeable ? 

Up to new we know the following (oe ueually edoptod M* 

denotea the aet
 clAtn\^ -

 N
) • 

(a) Let {A
n
 : n< to} be e partition of N Into finite 

eete with' eup | A
n
J • <0 . Then the faally { H * .- eup I W H A J » 

- w } la otrlctly 2
tf
 -decoapoaable* 

(b) Suppoao there la a aaxiaal diejoint collection of clo­

pen eete . A in ^i(N) - N of cardinality io± . Then N*-UWl 
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ie n 2*-eet in A{H) - N . . 

(o) let f be a bisection of N onto Q (-the rational 

nunbere). Then { M * % f[rl] hae infinitely aeny accunulatlon 

polnte in R } ie etrictly 2<"-deconpoeeble. 

(d) Let K be e cardinal, K2-»2W . Then there exlete an 

olnoet diejoint faaily A of countable eubeete of K euch 

that eech uncountable eubeet of K contalne eone nenber of A. 

Now, let ue turn our ettention to eenl- K-pointe. Suppoee 

X to be a conpect Heuedorff epecef G(X) ite ebeolute, JF* 

G(X)—»X the projection. If x6X ie e eenl-K-point v then 

the eubepece -f"1(x) of 6(X) hoe cellulerity et leaet K . 

Indeed, if {u^ : a < K } wltneeeee for x being, a eenl-K-

-point, then J-1[u^] (-{pGG(X) : Jr (p)GU^ ) are open 

eubeete of G(X) end . J"l[u*] fi JfmX\y*]n ***<*> • 9 but 

• J" 1 [ | ! iGn *mlW *9 . 
We ehall ehow thet under CH , eech point in yfl(N) - N 

ie a eewl-2c-polnt. Enumerate ae { u ^ t &' < foj} a clopen 

neighborhood beeie of x and chooee e tower { x . . - | K cviJ 

for x • An eaey induction glvee ue e pelrwlee diejoint eyeten 

{ A 4 : o< < lo^j of clopen eubeete of A(N) - N end e eet 

{ j ( < * ) : 0 K & i J of ordinale with the following propertiee: 

i f « < A < f t / l f t h e n U W D A ^ , j ( o ( ) < | ( / J ) and A^O 

nx . , , -» • ^ , Chooee e nexlnel alnoet diejoint family ( z * j 

*) < 2 ) of uncountable eubeete of Cv± • Then | V^ • 

- U { A A t ft^Zf) } : 1J< 2 C } ie the eyeten of open eub­

eete of A{H) - N with x€V<9 for each ^ , x$£v^n V y ' 

f or -n jff i j ' . 

Up to now.we heve dealt with particular exanplee of Boole­

an olgebree. Let ue brief ly conelder the general caee. 
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followa froa the fact that each extreBelly diaconnectad coa-

pact apace X can be flapped onto 2W» ' . Needleaa to aay 

that the proof of the laat raault la yet another exaaple of a 

careful exaalnatlon of the dieJoint reflneaent propertiee. 

The Hat of raferencaa given below la far froa being coa-

plete. A aora coaprehenelve aat of titlee aay be found e.g. 

In the paper ^BSVg] . 
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