WSAA 8

Ryszard Grzaslewicz
A universal convex set in Euclidean space

In: Zdenék Frolik (ed.): Abstracta. 8th Winter School on Abstract Analysis.
Czechoslovak Academy of Sciences, Praha, 1980. pp. 90-93.

Persistent URL: http://dml.cz/dmlcz/701184

Terms of use:

© Institute of Mathematics of the Academy of Sciences of the Czech Republic,
1980

Institute of Mathematics of the Czech Academy of Sciences provides access to
digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This document has been digitized, optimized for electronic
O delivery and stamped with digital signature within the project
DML-CZ: The Czech Digital Mathematics Library http://dml.cz



http://dml.cz/dmlcz/701184
http://dml.cz

EIGHTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1980) 90

. A universal convex set in Euclidean space

Ryezard Grzgslewicz

Professor C, Ryll-Nardzewski has raired the question whet-

3 such that eve-

2

her there exists a compact convex set Q in R
ry compact convex set with non~empty interior in R“ is affine
isomorphic to some intersection of Q with a plane.

In this note we present an example.of a compact convex set
Q in R™2 (n21) seuch that every closed convex subset of the
unit ball B of R" 4is en intersection of Q with some k-di-
mensional affine subspace of R™2 ,

Let 2 denote the space of all closed non-empty subsets
of B endowed with the Hausdorff distance

dist (AlnAz) ol max. (;"EF’A:(xaAz): ;UGPA:(Y'AI))

where d stands for the Euclidean metric d(x,y) = |x-y |=

- ‘V(x-y,x-y) in R" . It is well khown that 28 1s compact.
It is also easy to see that if dist (A ,A )—0 and d(xn,xo)-
—>0 as n— o with xDEAnEZB ., then "oEAo .

Lenna, The set € of all convex sets in 2® s e locally arce

wise connected metric continuum,

Proof. Let a sequence A of elements in € converge to AOGZB
and suppose xEAo . Then clearly there exists a sequence (xk)
with x €A converging to Xx . This implies that if x,y€A,
then Ax + (1-2)y€EA, for every 0SA<1, so A, is convex,
Thus € 1s a closed subset of 28 , 80 compact,

Now we prove that T is locally arcwise connected, It is

sufficient to show that for every different A A€ETCT there
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+ exists an arc AoA:I. with diameter < dist(A;.,A,) (see [1] .
P. 242). We denote A, = tA; + (1-t)A = {ty + (1-t)x : xEA
yEAi}G C .

L € A d1l ) Ther s

et xEA, , YEA; and let x EA, , Y,EA; be such that
d(x.y°)<d1at (AgsAq) and d(y,x )<dist (AgsAq) . For 0<t<
<8<1 we have

d(sy + (1-s)x,A )<d(sy + (l-8)x, ty + (1-t) [%:3 x + 3=t xo:l) -

it
= || (s-t)(y-x,) | < |se-t| dist (A ,A,) and, analogously,
d(ty + (1-t)x,A ) < |e-t| dist (A .A,) .
Thus for t.aE[O,l] we have
dist (A;.A ) < |e-t| dist (A).A,) .
Let x,,x;,EA, and yl.yZGAl be such that

;'-EA:(Y'AO) = d(yl-Ao) = d(y,.x4) and ;‘gA:(x-Al) = d(xzofi) =

- d(*onZ) .

Then sup d(ty + (1-t)x,A_)=d(ty, + (1=-t)x,, = td(x,, .
xEAP G(A: (1-t)x,A;) Y1 (1-t)x,,A,) (x4.Y4)

For any: YEA, we have || (Ay + (1= A)y,) = x5 | 2| yo=x, | for
every 26[0.1] . 80 <y=Y,, yz-x2> 20, For any xEA,
there exists y;EA, such that d(x,y;)<d(x5.,y,) . then

2 -
IY;'Yz"'Yz'xz"'xz'x Iz = IY:;"‘I = "yz'XZF + 8O " Y3-y2_+x2-x|2 +
+ 2<y3-y2, Yo=%Xp> S 2<yy=%X5, X=X> . Because -
<Y3=Yp: Ya=%3> 2 0 ‘we have < y,=X5, X=X > 2 0 . This impliet

that sup d(z,A.)2d(x5.A,) = 1nf || 2 + (1-t)x = x, || =
zGA xE

= inf | t(y=~ + (1=t)(x=x,) + t(y =X,) =t - and
xer!ygA:z) ( 2 27%2 | | va=x; | B

dist (Ao.At)zmax (td(xl.y1), td(xz,_yz)) = t dist (AO,A,_) , 80

dist (Ao,At) = t dist (A .A,) and, analogously, dist (A,,A{) =

= (1-t) dist (A ,A;) . Therefore for any s,t€[0,1] we obtain
) dist (Aj,A.) = | s-t | dist (A .A,) ,



so the arc Ao‘Al' .-{Aé : OS¢t .<_1} has . diameter <dist (Ao,Ai).

Theoren. For every n=21 there exists a‘ compact convex set Q
in R™2 such that every closed subset of B can be obtained
" as an intersection of Q with some k-dimens:l.onal affine subspa-

"ce of lR""'2 .

Proof, By the Lemma and the Peano Theorem ([1], p. 246) it fol-
lows that there exists a continuous function 1p from the inter=-
val [0,1] onto € . For t€[0,1] we define

C, = ‘y'(tlx{(coa t, ein t)}C lR""_"2
and put

Q = conv [%J’.] ct . : .

The set Q '13 compact. Indeed, let X = (xk,...,x;‘l . CO8 T,
sin t, )EQ . Because of ll."k |[sV'z' , there exists a subsequence
Ki of - * converg:l.rig to some x, = (x:,....xg , CO8 to.s:l.n to)E
€ R™2 Obviously t,—t, and y, = (xlj",....,x:,QEIR“ con=
vérgee,to Yo " (x:,...,xg)GIR,n . We have yk,EqP(tk,) and
dist (1[)_(tk).1p(t°))—>0 . By the remark preceding Lemma this
1upi1es that Vo.G'P(to) R 56 tOEQ .

Since Y ‘1is an onto mapping, for every convex subset D
of B, there existe t€[0,1] seuch that 4(t) =D end for
the k-dimensional affine subspace H, of RM2 defined as
Ht - R"n{(cos t, sin t)} , we have

QNH, --Dl{(coe t, sin t)} .

Indeed, let xGQﬁHt , then there exist elements xie ct:. and

- real numbers

oAy 4 ie1,...0m such that > d, = 1 end
x = 3 %k,x, .. In particular 2o, (cos t,, ein t,) =
=.(cos t, sin t) . By the strict convexity of the unit disc in

IR this implies (cos ty, sin t,) = (cos t, sin t) , i.e.
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1':1 =t for i=l,...,m . Thus xiect + 80 xEDx(cos t, sin t),

Since the reverse inclusion is obvious, the proof is complete.

Let us observe that by an easy application of the Peano
theorem together with some of the above argumsrite (for n = 2)

the set

Pa= . E[(}.jl] {("1"‘2'“ : (fti,xz) e ‘I’(t)}Cllf‘
2

satisfies the condition: Every closed convex set in R“ with
diameter =<1 can be obtained as the intersection of P with
some pJ:;ne {note- that P -:i.a not convex).

We still do. not know whqther_there exists a compact convex

set in IR3 with the above property.
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