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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)

On decorpositions of speces on meager sets

Ryszard }Mrankiewicz and Andrzej Gutek

Definition. A Yausdorsf spece X is said to be pseudobasically

compact iff there exists a pseudobase € of X and 8 relation &

defired on € such that

(2) if U,Ve€¥ &nd U<V , ther UGV and U# V,

(b)) it BRC¥ and & is & chsin with respect to <, then
N} #¢,

(c) for each open set WeX and Ve if WAV# ¢ then there
exists Ue€ sujch that UQW and U<V.

The fcllowing two lemmes are just simple observations:

Lemma 1. An open subset of a pseudobecicslly coxmpact space

is pseucotesicelly compf_ct.ﬂ

Lezze 2. The closure cf &¢n open subset of & pseucdotesicelly

cozpect space is pseudctasically cozpact.,

The following is not so trivial:

Lezme 3. A Cense Gg set of a pseucotaciczll, cozpsct spece
is pseudobi.sicelly cczpeuct.

Trocf. Let ¥ be & pseucobesicelly ccmpact spece ené let
)'Jn: n=1,¢, ‘S Le ¢ cecreesin; sequence of cpen sets of X
cuc. thet 6= MU @ n=1,2,...} is cense. Let € e & ;seuco-
tese ¢l X wnt let (e)-(c) acle for €. Concicer “exilies

€o= {Ue € : UG IntG} enc €. {L‘nG: ved end UeU \ clIntu}



for 1=21,2,000 o Tt Ea= Uier k:(‘,'l,...} &~¢ “or '.','.'ees

rut 1'<37 iff Ve, wni TV grift U,V&{es\&@a)

end U<V sne 17 Ve, ten ‘.‘e-(_',,,i IRXAINSA § A NS 0D 2N I

Tze fezily €4 is & pseucotise of G ené (&)-(c) hold for eu‘

0
4

Let X be @ pseudobasicelly cctpect space &né let

€ te ¢ pseudobese of X fcr which (&8)-(c) hold. Ther there
exicts & pseucotase (PC € such tnat {(P|=Tw(X) end such
tret (e)-(c) noli for . |

Prcof. Ctcerve Tirst, tast w(x)>w . Cuppose that “(_‘)'n"w(x)
unc let B> be such a pseudotese of X thst |85|=%w(X). For
cech. 2€ O choose, whenever it is possible, L'E,VEGE such
thet U 'E e&nd UpCECVp. The faxily

= {Ue € : for soze Beld we have U= Up or U= 7875
it ¢ peeucobise of X end i@l:"ﬁw(}.)

Curpcce that we h'ave constructed @ for k< n. For eacn
reU{®,: k=1,...,n} &nd £€® cicose UP’Be‘e such that
'C:.’E<P snd U?': C T whenever Fral# ¢. Fut
Cpar = {Ue€ : tiere eaist FeU{G : k=%,...,n{ enc BeG such

thet U= UP,E 1 .
The fumily O=Ui@n: n=1,2,...} is a pseucobase we re-

cuire.
0

cczpect speace and let

. ~ : [y s
saln) te enuller tron the Tirst gersarsnile careinel. Let 5

~

Ye & pcint finite cover o X coneistirg of mesgcer sets. IS

- o . - .
ccr ercr. AL the union Uk hes tne Teire ;rcperty, then

[
T.C nin-zeloer Gg o cet cen te covered ¥; lecs thern © elezents

.
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Tnecrex 1. let X te & pseudoburicslly cozpuct space &nd let
~ad . . © s .
Tw(x)g ™. If ¥ ic e peint fizite family of zerzer sets co-
. ~ . (v
vering %, then there exists A SS sucn that UA has not the

Bezire property. o

The theorea of [1-} cen be reformulated as. follows:
Theorez 2. If X.is & pseudobasically coxzpact space aﬁd
s (X)< 2“3, then for eech mep f£: X—>Y héving the Bzire pro-
perty, where Y is & space with G-disjoint tase, trnere exists

« mezger set FC X suca that £IX\T is continicus.

Ucsing theorems sbove one can prove escily the fc.lowing:

Theorex 2 (A Loveau ané C.G. Simpson [‘l]) Let X be ¢ met-
ric spece end f: [m]“’-—vx be such & wapping tnet the ccunter-
izege of sny open set is ccmpletely Remsey. Then there eaists

en infirite subset T of W such that f([T]w) is separable.D

Theorez 4 (Prikry &nd Solovay [ﬂ) I7 X is a metric space
end f: [0,1] ~—>¥ is a measurable function, then tlere exists
¢ subset A of [0,1] sucu thet £(A) is seperstle snc the Le-

tesgue zevsure of A is eguel to 'l.n
For deteils we refer our paper [2} .

Let K'(X) denotes the femily of all non-void zné cotpect
sutsets of X. Let (J(X) denotes the family of ail s.isets of
X having the Bezire property. A mapping Fin —» Y.+'\Y) is lower
G(2)-aeasuratle iff {xeX: F(x)AUZ ¢ e (X)) for each

cren U LY.
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Ti.eorem 5. Let X be & pseudcbusically compuct spece, let

-r.v.-().)sz“’ enc let Y te 2 metric spece. Let T x——»}:*(y)

te

rek

lewer (b(X)-measurstle. Then there exists & GS[X)-measu—

le function f: X—»Y suci that If(x)eF(x) ‘g

The theorex: above is proved in {3 ). We refer to this pe-

rer fer e cdetaileé¢ ciscussion of selectors theorems.

2]

g

2}

References
A. Ezeryk, R. Frerkiewicz c¢nd W. Kulps, Cn Functions Hs-
ving the Baire Property, Bull. Acad. Pol. Sci. 27 (1979).
489-4091.

R. Frenkiewicz enc A. Gutek, Come remarks on deccmposition

cf spates on wegger cets, to wppesr in Lull. Aced. Pol. Sci.
R. Frevkiewicz, A. Gutek, Sz. Ilewik and J. Rocznisk,

Scoe remsrks on selectors theorems, to appear in Bull.

hced. Pol. Sci.
4. Loveeu &nd S.G. Sizmpson, A sepsrable imege theorem for

Rezsey meppings, to eppecr in pull. Aced. Pol. Sci.

k. Prikry &nd K. Solovay, On izasges of the Lebesgue measu-

re, preprinte.
— .



