WSAA 9

Gilles Godefroy
Isometric theory of duality in Banach spaces

In: Zdenék Frolik (ed.): Abstracta. 9th Winter School on Abstract Analysis.
Czechoslovak Academy of Sciences, Praha, 1981. pp. 34-36.

Persistent URL: http://dml.cz/dmlcz/701223

Terms of use:

© Institute of Mathematics of the Academy of Sciences of the Czech Republic,
1981

Institute of Mathematics of the Czech Academy of Sciences provides access to
digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This document has been digitized, optimized for electronic
O delivery and stamped with digital signature within the project
DML-CZ: The Czech Digital Mathematics Library http://dml.cz



http://dml.cz/dmlcz/701223
http://dml.cz

NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)

Isometric theory of duality in Banach spaces

Gilles Godefroy

I) Problems in isometric duality theory

Let X, Y be Banach spaces. Let us say that Y 1is a
dual space if there exists @ space Z such that Z° is iso-
metric to Y ., Let us say that X 1is unique predual of X*
if any Banach space Z such that Z° is isometric to X’ ,
is isometric to X ., The problems in isometric theory of dua-
1lity are mainly the following ones:

1) Find conditions on X which ensure that X 4s a dual

space.

2) Find conditions on X which ensure that X 1is unique

predual of X’ ,
3) Study the properties of the norms on X’, X** ,... .
4) Inverse the ( )’ functor = let 5?: X’—=X’' an
isometry. Does there exist 9!0 : X—X such that
R

We shall answer these problems for some special classes

of Banach spaces,

II1) Existence of preduals

This lemma is an application of Hahn-Banach theorenm.
Lemma 1, Let E be a Banach space, and fEE* , The follow=
ing assertions are equivalent:

1) Vu€E , [[f+u|2fu].

2) Ker fF\Ei is (J-dense in E] .
(where Ei dis the unit ball of E’ ),

From this lemma we can deduce.
Theorem 2, If the norm of E 41e Fréchet-differentiable on a
dense subset of E , or if E 418 separable and does not con-
tain 11(IN) . then the following assertions are equivalent:
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1) E 1e isometric to a dual spsce,

2) There is & contrnctive projection from E’* onto E ,
If 1) - 2) are aatiofied . " then there is only one contractive
projection from E onto E , and the predual of E 4s uni-
que. L oo T
Example, E en Asplund epace, for any equivalent norm.

III) Unicity of preduals

PR

Definition 3, Let E be a Banach space, and {xn}ne N be
a8 sequence in E , The sequence {xn} is said to be weakly

unconditionally convergent (w.u.c.) if we have
Pes) . . [
Z [ txp=x,_4) | < +® VtEE’ .
n=1 '
This lemma has been obtained by M. Talagrand and myself
Lenma 4, Let E be a Banach space. Let {"r;} *be a sequence
in E’ which tends to o in (E' 615',5)) . If the sequen=-

ce {x } is w.,u.,c., then one has 1lim X, = 0 in
n->+0

(E*, G(E*.6)) for_aﬂpradual G of E*”,

¢

From lemmas 1 and 4 we can deduce the following theorem,
which asserts that numerous properties are sufficiéent<to ensu-
re that a Banach space-is unique predual .

Theorem 5., The Banach spaces E belonging to one of .the .fol=-
lowing classes, and their subspaces, are unique predual of
their dual for every equivalent norm. Moreover, every bijecti-
ve isometry of E’ 1s the adjoint of en isometry of E .

a) spaces with Radon-Nikodyn property,

b) spaces whose dual does not contain 1! ( IN),

¢) B-convex spaces,

d) weakly K-analytic spaces such that ¢ (IN) is not

a quotient space of E ,

e) weakly sequentially complet Banach spaces, complemen=-

ted in a Banach lattice,

f) Hbl-epaceo.

g) preduals of von Neumann-algebreas,

h) spaces with local unconditional structure which does
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not contain 1? uniformly,

IV) Properties of norms on dual spaces

This theorem extends an old result of Dixmier
Theorem 6. Let E be a non-reflexive Banach space, 1-comple=-
mented in E’ , Then the unit sphere of gl2n+1) contains a
simplex of dimension n .,
Corollary 7, Let E be a non-reflexive Banach space. Then the

unit sphere of g(2n+2) contains a simplex of dimension n ,

For example, the unit sphere of E(e) contains a tetra-
hedron, Note that if E 41s a non-reflexive Banach space which
is isometric to one of his duals, then'corollary 7 proves that
the unit sphere of E contains simplex of any dimension.

Let E be an Asplund space, and N an equivalent norms
on E, Let us call J(N) the “"tangent space of N *, that
is the norm-closed linear subspace of E’ genersted by the
differentials at the points of Frechet-differentiability of
N . Let us say that N, ~N, if J(Ng) = TiN;) . and let
X be the set of equivalence classes of norms on E for the
relation ~v ., The set /' 1is ordered by

N, > Ny <= £(N;) D T(N,) .
We have now
Theorem 8., Let E be an Asplund space, and N an equivalent
norm on E . The following assertions are equivalent:
1) (E, N) 4is a dual space., :
2) N is minimel in the ordered set (A, >) .
In other words, it is necessary and sufficient, for N to

be a dual norm, that N be "as less differentiable as possi-
ble" between the equivalent norms on E .,



