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NINTE WINTEE SCHCOL ON AESTRACT ANALYSIS (1981)

" On some nonclosed subspaces
of retric iinear spaces’
. ... .Z Lipecki

'
In sbstract analysis we encounter some types of. conver-

gences that éannot be topologizéd, e.g., convergence al-
most everywhere with_resﬁect to-a measure or order conver-

gence in a Boolean algebra. Theré'have been several at-
tempts to define completeneséftype conditions for nontopo-
logical convergences. We éeal here with the following con-
dition of that kind introduced by the team o} Prof. J. Mi-
kusiniski (Katowice). We say that an Abelian convergence
group X has property (K) if every sequence (x_) in X with

x,—0 contains a subsequence (x*_) such that the series

= X, is ébnvergent (see [3]). We present here some re-
L L 1) .

sults, taken:from [1] aﬁd ], concerni?g property (K) .in
the context of‘topological convergénces.

Suppose-fhat the convergence . in X is induced by a me-
'trizable coxplete group. topology. Then, clearly, (K)
holds. Tke converse falls as shown by K1lié ([3], Theorem
23) who constructed, under: the cﬁntinuum hypothesis, a non-
complete inner product space with property (K). We shall
give more general results to this effect not relying on
the continuur hypothesis (Theorems 1 and 2).

Given a subseries convergent series ¥ x, in X, we de-

note by r((x.)) the set

{ ?11“'3 L,<n < ...}.



M

PROPOSITION 1 ([4], Proposition 2 &nd Corollary 1). If

(x,) is & linearly independent sequence in & topological

linear space such that ):x is subseries convergent, then

"ud

there exists a subsequence (x, ) for which }___ AX, =0 in-

e T
plies ()\h)= O whenever (Ak) :1:8 a bounded sequence of
scalars. In particular, dim lin r((x))=2*%,

THEOREM 1 (cf. [4], Theorem 2). Let X be a metrizable
linear space with i ¢dim Xs¢ 2*%. Then X contains dense
subspaces X, and X, with the following properties:

(1) X,~ X, = 0}. '

(i1) r((x, ))nX # & for every linearly independent seq-

uence (x_ ) in X such that E x_ is subseries convergent
and i=1, 2. m
In particular, X; has property (K) provided X is complete.

SKETCH OF FROOF. Let W 'be a base of the topology of X
with card W < dim X. (This is the only place where the me-
trizability assumption is used.) Denote by U the family
of all sets r((x_)), where (x,) satisfies the conditioms
of (ii). Clearly, U is either empty or card U = 2%, 1t
follows that card (W vV ) & dim X. Arrange U.vV into
a transfinite sequence (S“)_‘q » Where y is the least or-
dinal with card y=card (W ovVU). As dim 1in S, = dim X
for every w<y (Proposition 1), it is easy to construct
a linearly independent set {x:- i=1, 2 and a<y}cX
such that :

x.e S, for i=1, 2 and =<y,

Now, it is enough to put X =1in {x}

.

t x<y} for i=1, 2,



The last assertion is clear. Indeed, if (x ) is & seq-
uence in X with x, —~0, then i Ix_ | <o for some
k=4 L3

n,<n,< ..., where |-l is an F-norz in X. In case (x_ )
.

contains no linearly independent subsequence, ).i xﬂke X .
[ Y X1
In the other case, we use (ii).
PROPOSITION 2 ([1], Proposition’l). If (x,) is a seq-

uence of nonzero elements in a Hausdorff Abelian group
such that f‘_x‘ is subseries convergent, then there exists
nee

a subsequence (x,..) for which ,E., Ekx__ = O implies /( 5-.)' (o]
whenever § €{-1, 0, 1}. In particular, card r((x ))= 2%,
Applying Proposition 2 instead of Proposition 1, éne

can prove .

THEOREM 2 (ecf. L1], Theorem 1). Let X be a nondiscrete
metrizable complete Abelian group with card X =2% such
that the equation nx =2z has (at most) countably many sol-
u‘tgions given neXN and z e X with z# 0. Then X contains
dense subgroups X, and X, with the following properties:

(1) X, ~ X, = {01,

(ii) r((x“))nxtﬁﬂ for everj sequence (x“) izt X of

nonzero elements such that' .;.f-:. x, is subseries convergent
and i=1, 2.
In particular, X, has property (K).

Even though property (K) is weaker than completeness,
it turns out to be strong enough to imply the Baire cat-
egory theorem.

THEOREY. 3 ([1], Theorem 2). Every metrizasble Abelian

group with property (K) is a Baire space.



On the other hand, there exist metrizable Baire lin-
ear spaces without property (K) ([1], Theorem 3).

Theorem 3 and a result of Christensen ({21, Theorem
5.4) yield the nontrivial part of the following

COROLLARY ([1], Corollary). Let X be an analytic me-
trizable Abelian group. Then X has property (K) if and
only if X is cbmplete. ,

This corollary seems to suggest that an example of
a noncomplete metrizable Abelian group (or a linear
space) with property (K) cannot be constructed effect-
ively.

For an application of Theorems 1 and 3 see L. Drew-

nowski, Solution.to a problem of De Wilde -~ Tsirulnikov,

this volume.
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