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CANONICAL PARTITION THEOREMS FOR FINITE DISTRIBUTIVE LATTICES

H.J. Promel and B. Voigt

§ 0 Introduction

In 1950 Erdds and Rado proved the following result, known as 'Erdds-Rado-canoni-

zation-Temma':

Theorem [1] Let k,m be positive integers. Then there exists a positive integer
n such that for every coloring A : [n]k - o of the k-element subsets of an
n-element set with infinitely many colors there exists an m-element set X € (n)"
and there exists a 0-1 sequence I = (10,...,ik_1) € 2% such that two k-element
subsets A = {ao,...,ak_l}< and B = {bo,...,bk_l}< of X are colored the

same iff a_ =b for every v<k with i =1.
v Y v

Informally this means that A and B are colored the same iff they agree on the
subsets given by the sequence I .

Obviously none of the Zk many equivalence relations given by 0-1 sequénces
Ie€ 2k may be omitted without violating the statement of the theorem. Thus, for

fixed 1 € 2¥

, the subset A-I of A given by the sequence I is a charac-
teristic data for A . Two k-element subsets A,B of X are colored the same

iff they have the same characteristic data.

The Erdds-Rado-canonization-lemma shows that the only characteristic data (in this
sense) are given by subsets. This generalizes the well-known theorem of Ramsey,
which states that with respect to two-colorings necessarily I =@ . In this

paper we investigate analogous questions for the class of finite distributive

lattices, thus generalizing the corresponding partition results, see [3] for an

account on recent partition results for some classes of lattices.
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As by the Stone representation theorem each distributive lattice may be embedded
into a Boolean aldebra (i.e. power-set lattice) it is convenient to consider first
canonization results for Boolean algebras. Such a theorem has been proven in [4].
This paper is organized as follows:

In section 1 we show how Boolean algebras and subalgebras may be represented

using certain 0-1 matrices. This representation is used in section 2 in order

to state a canonization lemma for Boolean algebras. In section 3 this result is
generalized to arbitrary finifé distributive lattices which is the main result of

this paper. The main theorem then is proved in section 4.

1. How to represent Boolean algebras

A P(k) - subalgebra T of P(m) may be given e.g. by k mutually distinct
nonempty sets AI,...,A: having pairwise the same intersection, i.e. A} n A} =
A} n A7 for every 1<i<j<k. Thesets A],...,Ay form the atoms while
their common intersection Aj = A} N A3 = AT n...n A: is the minimum. More

appropriate for our purposes is to represent 12.by its minimal element A0 and

the 'directions’ AI\~A0,...,AE\~A0 . Thus 12 is uniquely determined from

(1.1} (AgsAys.-.sAy) » where A, n Ay = @ for every 0<i<j<k and

Al""’Ak are nonempty and min A1 < min A2 < ... <min Ak .

The intended interpretation is that A; =AyUA; s 1 <i<k, are the atoms

of W . Also, because of the ascending minima condition, to each P(k) - sub-
lattice ® belongs precisely one (k+1) - tuple (AO,...,Ak) satisfying (1.1) .
The tuple (AO,...,Ak) can be represented by a mx (k+l) matrix with 0-1
entries, where the i.th column, 0 < i <k , contains the characteristic function

of Ai .

(1.2) Notation: "0" denotes the one-way infinite vector consisting of zero
entries only, i.e. 0 = (0,0,0,...) . For nonnegative integers i the

expression ‘'e(i)' denotes the one-way infinite vector with all entries
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zero except for the i.th entry, which is one, e.qg.

e(0) = (1,0,0,...),e(1) = (0,1,0,...) .

For technical reasons we first consider 'homogeneous' subalgebras, i.e. P(k) -

subalgebras with mutually disjoint atoms:

(1.3) Definition: For nonnegative integers k <m let BO(E) consist of all
mappings A :m - {0,e(0),...,e(k-1)} satisfying:

(1.3.1) for every Jj < k there exists an i <m such that A(i) = e(j),

A (e(1)) -

1

(1.3.2) uA(i) < u (j) for every i< j <k, where uA(i) = min A~

Remark: Bo(ﬂ) may be interpreted as the set of m x k matrices with zero-one
entries satisfying:
- each row contains at most one non-zero entry,

- each column contains at least one non-zero entry,
- the columns are ordered according to the first occurences of 1 .

Namely A € Bo(z) is the matrix consisting of rows A(0),...,A(m-1) .

Using the usual multiplication of matrices a composition

By(") xBy(]) ~By(]) is defined by

(1.4) (A-B) (i) =0 if A(d)

[}
(o]

B(J) if A(i)

e(d)
where A € BO(S) and B € Bo(?)

(1.5) Definition: By (}) = (A €By(1 1) | a(0)

e(0)}
One easily observes that Bl is closed under the composition defined in

(1.4) , i.e. Aeml(;) and B eBl(ﬂ) imply that A-B eBl(E) .

(1.6) Example: Consider A€ Bl(g) which is given by the matrix
100
_Jo1o0
A=loo1
010

Interpret the i.th column of A, i <3 , as the characteristic function
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of a set A; < {0,1,2} , but ignore the first row of A, i.e.
AO =9 , Al = {0,2} , A2 = {1}

According to (1.1) the three-tuple (AO’AI’AZ) , and thus the matrix A

from which this is derived, determines a P(2) - subalgebra of P(3) .
Following the pattern of example (1.6) one immediately observes that each

A€ BI(E) determines a P(k) -.subalgebra W of P(m) and vice versa to each

P(k) - subalgebra ® of P(m) there corresponds precisely one such A € BI(T) .

Moreover for A € Bl(;) and B € BI(E) the composite A-B € BI(E) yields
the P(k) - subalgebra B in the P(m) - subalgebra ® ina P(n) - algebra.

Let us mention that the following partition theorem for finite Boolean algebras

has been established by Graham and Rothschild:

(1.7) Theorem [ 2] Let k <m be nonnegative integers. Then there exists a
positive integer n such that for every coloring A : BI(E) - 2 of the
P(k) - subalgebras of a P(n) - algebra with colors 0 and 1 there
exists a P(m) - subalgebra A € Bl(;) with all its P(k) - subalgebras
in the same color, i.e. A(A-B) = A(A:-C) for all B,C € BI(E) .

2. Canonical equivalence relations for BI(E)

In this section we describe the canonical equivalence relations in Bl(t) .

(2.1) Definition: Let k be a nonnegative integer. A family (Ei’pi’Fi)i<£

is a "k-canonical family" iff
(2.1.1) £ <k 1is a nonnegative integer,
(2.1.2) 1< EO < 51 < ... < El-l < EK = 1+k are positive integers,

(2.1.3) pj < E; are nonnegative integers,
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E'
(2.1.4) F; elBo(p}) s

(2.1.5) for every G e]BO(p‘i“l) there exists H eIBO("l") such that
(F1.+1 +G) (&) = (Fi - H) (&) for every E<p; » where i<t .

(2.1.6) Fi+1 (Ei) # e(pi) for every i<Z .

(2.2) Example: (i) there exist precisely two 0-canonical families,
viz. (1,0,(0)) and (1,1,(e(0))) .

(i) there exist precisely 10 1l-canonical families;
viz. (2,2,(e(0),e(1))) ;5 (2,1,(0,e(0)))

(2,1,(e(0),(0))) » (2,0.(0,0)) >

> (2,1,(e(0),0)) »

these being the 5 1-canonical families with £ =0 , and

((1,0,(0)) » (2,0,(0,0))) » ((1,1,(e(0))) » (2,1,(e(0),0))) »
((1,1,(e(0))) » (2,1,(e(0),e(0)))) » ((1,1,(e(0))) » (2,1,(0,e(0)))) »
(1,1,(e(0))) » (2,0,(0,0)) »

these being the 5 1l-canonical families with £ =1 .

(2.3) Notation: Let A€ BI(E) and £ with 1< <k+1 be a positive inte-

ger. Then A% € BI(HES%)) , where uA(k+1)

m , is the restriction of A
to wP(E) , i.e. AS(i) = A(i) for every i < (k)

(2.4) Theorem [4] Let k <m be nonnegative integers. Then there exists a

nonnegative integer n such that for every coloring A : BI(E) »w of

the P(k) - subalgebras of a P(n) - algebra with an arbitrary number of

colors there exists a P(m) - subalgebra A € Bl(;) and a k-canonical

family (£4,6;5F;)jcp Such that two P(k) - subalgebras B,C €B, () of

A are colored the same (i.e. A(A-B) = A(A-C)) iff BEi 'Fi = Cgi - Fy
for every i< £ .

This result is best possible, as the partitions given by k-canonical families

are hereditary under subobjects, viz.

(2.5) Theorem [4] Let k be a nonnegative integer and let (\51.,pi,F1.)1.<£ be

a k-canonical family.
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Let A :lBl(L‘) > w be a coloring such that A(B) = aA(C) iff
Bgi . Fi"= CEi . F'i for every i< £ .

Then for every A elBl(:I) and B,C €B1(n|2) it follows that
3

A(A-B) = A(A-C) iff B Fi=qi-Fi for every i< 2 .

3. Canonical equivalence relations for finite distributive lattices

(3.1) Notation: D denotes the class of finite distributive lattices. The
elements of D are denoted by capital letters A,B,C,... . The expression
'D(g)“ denotes the set of B -sublattices of A . In particular if
A= pm) and B = P(k) we use the representation from section 2 and by

abuse of language D(g) =]B1(r2) .

The following well-known observations enable us to determine canonical equiva-

lence relations for finite distributive lattices.

(3.2) Observation: For every M €D there exists a nonnegative integer n such

that M may be embedded into P(n) , i.e. ]D(Plsl")) £ 0

The smallest such n is called the "rank of M" .and is abbreviated as rk M ,

also rk M is the length of a maximal chain in M .
(3.3) Observation: Let ﬁeD(P,(d")) be an M- sublattice of P(n) . Then there

exists precisely one P(rk M) -sublattice A € D(P(F;(;)M)) containing '

Let us denote this P(rk M) - subalgebra, which envelops ﬁ ,» by Env ﬁ .

The last observation makes it possible to associate a certain number, viz.

typﬁ! , to each M-sublattice &l(—:D P( )) .

n
s Oy
Consider M E]D(En;:l M) . Of course, M determines a subset of Env M . Using

e.g. the lexicographic ordering yields a total ordering on D(E";jl My, say

D(En]\vll M) = {ﬁo,...,lc‘lx 1} , where the M- sublattices are enumerated monotonously.
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(3.4) HNotation: typ M =v iff M= M

(3.5) Example: Let M be the three-element chain. Then rk M = 2 . Consider a
three-element chain X <Y <cZ in P(n) . Then Env (X< VY cZ) has

atoms Y and X U (Z~Y) (see diagram 1) . Thus typ (X< Y <cZ) =0 iff

min YNX < min ZNY and typ (XY cZ) =1 otherwise.

Y X U (ZNY)

X

diagram 1

These observations can be used in order to show that finite Boolean algebras are

the only finite distributive lattices which have the partition property, see [3].

In order to give a precise formulation of the canonical partition theorem for

finite distributive lattices let us adopt the following convention:

(3.6) Convention: Let A€ Bl(;) be a P(m) - sublattice of P(n) and let
M e D(P&m)) be an M- sublattice of P(m) , then A ‘Me (P&r)) denotes

the corresponding M- sublattice of A .
Now the main result of this paper can be stated in the following way:

(3.7) Theorem: Let M €D be a finite distributive lattice and say

| D(P(rh M))I = x . Then for every integer m there exists a positive

P(n)
M

lattices of P(n) with arbitrary many colors there exists a P(m) - subal-

integer n such that for every coloring A : D( ) > w of the M- sub-

gebra A € Bl(;) , there exists an equivalence relation = on {0,...,x-1}

and for each v<y there exists a (rk M) - canonical family

Y \Y v
(Ei »Di ,Fi)'i<£\)

are colored the same (i.e. A(A-M) =A(A-M")) iff

such that each two M- sublattices M,M' € D(P&m)) of A

a = typ M and B = typ L satisfy

am~p (mod m) and
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8
TR s
1138

((Env M)Etix - FY) = ((ew A0
i 13@0

Informally this result may be stated in the following way:

If M is a Boolean algebra, then the canonical equivalence relations are given

by k-canonical families (5i’pi’Fi)1<£ as stated in theorem 2.5 .

Here the simplest case are k-canonical families (go,pO,FO) , i.e. £=20. Re-

call that £g = l+k by (2.1.2) . Then two P(k) -subalgebras B and C of a

1+k
)

P(m) , i.e. B,C € Bl(w) are equivalent iff B-Fy=C-Fy.Butas Fje€ EO( )

0
this means that B and C are equivalent iff they have the same (homogenous)

F0 - subalgebra, where also B and C are interpreted as homogeneous P(1+k) -

subalgebras of P(l4m) , i.e. B,C € BO(}fE) . Compare (1.5) and the example (1.6).

The next simplest case is represented by k-canonical families (Ei’pi’Fi)i<1 ,
i.e. £ =1 . A necessary condition for B,C € Bl(t) to be equivalent then is
that P(e) = wC(g,) = v , recall that again ) = 1+k . By definition (1.3)

the first v rows of B and C , i.e.

@
1

= (B(0),...,B(v-1)) and
€0 = (C(0),...,C(v-1))

represent P(go-l) - subalgebras of P(v) , viz. BEo s C€° € Bo(l+v)

%o
The next necessary condition for B,C € Bl(g) to be equivalent modulo
(51 ’01' 9F.|)

g £
. 0 0 .
i<l then is that B and C are equivalent modulo (go,po,Fo) s

viz. they have to have the same FO-subalgebra. Finally the third necessary con-

dition is that B and C have the same F1 - subalgebra.

A1l these three necessary conditions put together yield a sufficient condition
for the equivalence modulo (51.,p1.,F1.)1.51 .

Observe that the subspaces F0 and F1 are linked by (2.1.5) and (2.1.6) .
Generally speaking B,C € BI(T) are equivalent modulo (Ei’pi’Fi)i<£ iff

B

uA(gi) = u (51) for every i < £ and the initial rows Bai resp. CEi - inter-

preted as elements of ]Bo(“”E (Ei)) - have the same F. - subalgebras.
i

Thus the sequence (BEi 'Fi)i<£ of these subalgebras gives the characteristic
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data of B with respect to (b;i,p].,F].)].<£ and two P(k)-subalgebras B and C

of P(m) are equivalent iff they share the same characteristic data.

If the distributive lattice M 1is not a Boolean algebra, say
(P(rx M)) = {MO,...,MX_l} where x>1 , then by observation (3.3) and theorem
(2.5) to each type v<yx -there belongs a certain k-canonical family

v v v
(E'i’p'i’Fi) \

it
Now two M- sublattices of the same type v are colored the same iff they share

the same characteristic data.

But what happens with M- sublattices M and M' of different type? Note that
even if the k-canonical families associated with typ ﬁ resp. with typ ﬁ' are
different, the characteristic data of M and M' can be the same. Thus we can
color M and M with the same color iff they have the same characteristic data,
but of course we need not. The theorem states that precisely one of these two
possibilities occurs: either ﬂ and ﬁ' are colored the same iff they have the
same characteristic data (i.e. typ ﬁ ~ typ ﬁ' (mod w)) or ﬁ and ﬁ' are
colored differently in spite of the fact that they could have the same character-

istic data (i.e. typ M & typ M (mod w)) .

Finally, from the preceding remarks it should be obvious, that none of the
equivalence relations mentioned in theorem (3.7) may be omitted without violating

the assertion of (3.7) .

4. Proof of theorem (3.7)

For the remainder of this section 1let M €D be a fixed distributive lattice.
Let x = | D(P&k))| be the number of M- sublattices of P(k) , say

(")) - {ﬂo,...,ﬁx_l} , where Kk = rk M .

(4.1) Lemma: Let v<yx . For every m there exists an n such that for every

P(n)

coloring A : D( M ) » w there exists a P(m) - subalgebra A € Bl(;)



232 H.J. Promel and B. Voigt

and there exists a (rk M) -canonical family (Ei,pi,F_i) such that

i<t
each two - M- sublattices ﬁ,ﬁ' ED(P(P,T)) of type v are colored the
same (i.e. A(A-M) = A(A-M')) iff

"N

(Env M) 5

Fi = (Env P71') F1. for every i< 2

Proof: This is a straightforward application of theorem (2.4) . Choose n accor-
ding to k =rk M and m . Given the coloring A :D(P(Mn)) - w consider the

coloring A* :Bl(rkn M) - @ which is defined as A*(A) = A(A-M ) . o

Applying Lemma (4.1) for every 1i < x yields the following corollary:

(4.2) Corollary: For every m there exists an n such that for every coloring
A ]D(P(Mn)) - w there exists a P(m) - subalgebra A €]B1(:]) and for

every v<y there exists a (rk M) -canonical family (g:.’,p\].’,F‘].’)

. i<t
such that each two M- sublattices M, M' €D(p(h;")) of type v are
colored the same (i.e. A(A -P7I) = A(A - IC‘I‘)) iff

" 5\') v A 5\1') v \Y
(Env M) "1 'Fi = (Env M") F1 for every i< %

Let A :]BI(E) - w be a coloring and let (Ei’pi’Fi)id be a k-canonical

family. We say that A 1is of fibre-type (Ei’pi’Fi)id provided that each two

E1'-F1. -t F, for

P(k) - subalgebras B,C EBI(E) are colored the same iff B 1

every i <&

(4.3) Lemma: Let (Ei’pi’Fi)igE and (Ei,pi,F‘.)kz be two k-canonical
families, and let m > 2k be a positive integer. Then there exists a
positive integer n such that for every two colorings

n .
& :lBl(k) ) of fibre-type (Ei’pi’Fi)id_

and

n . O
8, :Bl(k) W of fibre-type (Ei,pi,Fi)i&

there exists an A EBI(;) such that
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H = Hy =1(8,C) e]Bl(zkk) x ]Bl(zkk)lAl(AMB) = 8, (AMC)}

is independent of M, i.e. Hy = Hﬂ for every M Me BI(SL) .

Additionally H satisfies:
Either H =0 or

H= ((8,0) eBy (3 « B (B (% -,y = (¢ F) )

Proof: Applying (1.7) we may restrict our considerations to colorings

. m 3
8y Bl(k) > w of fibre-type (Ei’pi’Fi)ifl

and

8, iBy(}) »w  of fibre-type (£

'i’p]. ’F'l)1<}_

such that

(4.3.1) H =Hy =ty for every M,Me€ B1<£L) s

2k 2k
where HM = {(B,C) € Bl( k) x Bl( k)IAl(M *B) = A2(M -C)}
and such that either

(4.3.2) for every B €By(5") there exists a © eB () with (B,C) en
or

2k

(4.3.3) for every B €B (%) holds (B,C) € # for every C €Bj(5)

233

If (4.3.3) is valid then obviously H = @ . Thus let us assume that (4.3.1) and

(4.3.2) are valid. First we show that

£ -
He ((8,0) €By(F) BB Fy)y = (C

Assume to the contrary that

£; . -
(4.3.4) (B 'Fi)ifl # (C1 -Fi)i<2 for some (B,C) € H .

IS

- 3 £, ¢ .
Let i <min(£,£) be maximal such that BV -F =C™V-F  forevery v<i.

Vv
Say that uB(Ei) < uc(éi) . By (4.3.4) and (2.1.6) then one of the following

three alternatives (4.3.5), (4.3.6) or (4.3.7) is valid:

(4.3.5) (Bgi Fy) () # (cgi .Ei) (g) for some g< uB(Ei) s
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(0.3.6) WPley) <ub(Ey) and (cFT-F) (Be) £ eloy)

(@.3.7) @ F, ) (6) £ (€TTFL) (6) for some c<uP(e;)

We show that each of these three cases yields a contradiction.

For technical convenience let us assume that all matrices have a (-1)-st row,

namely "0". Analogously let e(-1) =0 .
Let us consider first (4.3.5):.

Let & be minimal satisfying (4.3.5) and say that

- E.
LB T-F.) (6)) <t ,where o=-1 if

- ming®i
0 = min(B 'Fi) i

(8%1-F)) (6) = 0

The case min(cgi -?1)'1 ((CEi -?i) (£)) <& can be handled analogously.

Let

M= (e(0)he(1)s..ore(uP(e:) - 1)se(8)oe(uP(E:)) e (b2 (£)) + 1), he(2K),

1
e(2k),...,e(2k)) €By(s))

and let

(e(0),e(1) .- se(u’(5;) - 1),e(0) e (u’(£1)) s’ (£1) # 1), e (2K),

e(2k), ... e(2k)) €B;(z)

=
n

As (B,C) € H it follows that

"

(4.3.8) A;(M-B) = A(M-C) and A (M-B) = a,(M"C)

As (BEi -F.) (€) (BF’1’~F1.) (o) , but (cgi -?i) (g) # (Cgi -?1-) (e)

i
it follows that

M -B)Ev 'Fv = (ﬁ -B)EV - F, for every v <4£ , but
T . 3
MeO)TTF g o) F vize (07T R (P(ey))

(-0 (Be))

Since 8 is of fibre-type (Ei’pi’Fi)i<£ and A, is of fibre-type

- -~ "

(€.50:5F;) . it follows that
111.i<£
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(4.3.9) a;(M-B) =a (M-B) , but Ay(M:C) # a,(M:C)

contradicting (4.3.8) .
Next let us consider (4.3.6):

We can assume that

(4.3.10) (81 -F,) (8) = (€1 F)) (6) for every e<i(c)

Let o = min(Cgi -fi)'l

(CRET BRI

From (4.3.10) it follows that © < ub(g,)

Let

M= (e(0),e(1),....e(uB(g,) - 1) e(u® B

(£1))5e0°(65)),e (£ ) + 1), e(2K),
e(2k),...,e(2)) €By(}))

and let

M= (e(0),e(1)5..e(u(5;) - 1),e(0),e(x®(£)) e (£,) +1),.. L e(2k),

i
e(2K),...,e(2k)) €By(5)

B

Again from (B,C) € H it follows that

N ~

(4.3.11) A;(M-B) = a,(M-C) and Aj(M-B) = A,(M - C)

MBOBe) £ W BB but (€1 (o) = (€ B it

follows that

As

(4.3.12) A /(M- B) #a;(M"B) , but A,(M-C) = ay(M"C)

o
which again contradicts (4.3.8) .

Finally we consider (4.3.7):
We can assume that (4.3.10) holds and that
£, - B
(CF-Fp) (°(g5)) = efoy) -
Let & be minimal satisfying (4.3.7) . Let
N - €
o =min( i+ F. )b (BT F L) (8)

From (2.1.5) it follows particularly that o < ¢ .
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Let

e(uP(57) se(E) e

e(2k),.

M B

(e(0),e(1),...
and Tet

M= (e(0)e(1),.0e(u(e)) e(0) e

e(2k),...

Again it follows easily

1]

A, (M- B) and

1

and

"

A/(M+B)

which is a contradiction.

() +1),....e(2k),

..»e(2k)) €B,(3,)
(gi) +1),...,e(2k),
,e(2k)) € BI(SL)

Finally from (4.3.2) it follows then that

(Zkk) x ]Bl(zkk) |

\

{(B,C) €

By
Applying Lemma (4.3) (é

(4.4) Corollary: For every m > 2k

a(M-B) = a,(M-C) , but

B,(M*C) # ay(M - C)

£ E: =~
w]-ﬂh§=(§1¢g ) H

i<t

) - times yields the following corollary:

there exists an n such that for every

family ((§¥’9¥’F¥),<£vl\’<x) of k-canonical families and every family
1

(Av :IBl(E) -0 |v<y)

of colorings, where Av is of

there exists an A € Bl(;) suc

H(v,v') HM(\),\)') (B,

. V VeV
fibre-type (Ei’°i’Fi)iiz“ ,

h that for every v < v' < x the sets

¢) €B,(%)1a (ANB) = A (AMC))

where M € Bl(gL) , are independent of M and satisfy:

=0 ar

either HM(v,v’)

HM(\),\)') {(B,C) E]Bl(

v
= (CTT-FY)

2k 2Ky |/ nbs
k) "Bl(k)I(B ].F}))‘id"

i<e’

Now theorem (3.7) follows from (4.2) and (4.4) using the fact that for m > 2k

each two P(k) - subalgebras of P(m)

of P(m) .

are contained in some P(2k) - subalgebra

}.
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