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SOME INTEGRAL FORMULAS IN COMPLEX CLIFFORD ANALYSIS .

Jarolim Bures,Prague

ABSTRACT.

In the paper a generalization to the case of complex Clifford
anaelysis of methods used by V.Soudek in [1] is presented.It is
shown that the complexified integral formule of M.Riesz for solu-
tions of complex Laeplace equation ,given in [2] follows from an
integral formula in complex Clifford analysis. The details of
proofs are omitted here. The author is indepted to V.Soulek for
the suggestion of the problem and valuable advices and discussions.

1. COMPLEX CLIFFORD ANALYSIS .

Complex Clifford analysis was studied by J.Ryan in the serie of
papers (see e.g. [3] ). I want to present here some basic facts of
the theory and to prove an integral formula.

Let %§i= f;&{fbe 8 complex Clifford algebra of an odd dimensio-
nal space (, and let m = n+l = 2h = 4 .

. g¢ £

Take & basis {e1,... en} of the algebra m sSuppose tha

Tyesenn

ej ey + ey ey = 0 , 1 #J sisd = 1seeen
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c
holds,where e is the identity of es.
In the natural grading of Eif we make identifications

(¢e)=¢ . (€)= Cn (Z’i)o@((?') =
For ze (, ’2 = zi z, ¢, we put 2: 25

m
o= ¥
lz = z 2zt —.ﬁi( e Pl
There are two spec1al real subSpaces of d;"4,namely Minkowski

”,f‘ {Z —Z * l ZO = —Z-o N} Zj ="'Ej,j=1’ooon}

space

and (negative) Euclidean space
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e
£’M1= { VA =§oz¢ed l Z.‘-';' "E‘ ’ ol = 0’1,0-' ,n}

The whole basis of E:L as a complex vector space is
_ _ . . £ s £
{eA =ejee ey [a = ( Lgseeesiy) 1 €402 cioei £ n}
Let WeC, pe an open subset,denote @ (W) the set of all meppings
f: W— €I which are holomorphic on W i.e. if f = é Ty e,
then the functions fA are holomorphic for every multiindex A.
There are two differential operators

I ] 3. e 2 . e 2
0 ga e""az,‘ ' 0z, g\", J oz,

acting on function from @(#) from the right or from the left
so we have for every fe A(W) the following elements of A (W)

(£2 ) ,(28) ,((at) , (2'¢)

c
The complex Laplacian A has the expression
2

m
A -0 - 0 oL K
A function f : €,, 7> C holomorphic on W can be identified
with an element f e @(w) under the identification C€=(n ), -
A mepping fed(W)is called left (right) regular if 2 f = 0
(resp £ =0 ) , £ is called C-harmonic it A®* £ =o0.
The restriction of A® on 6,,“, (resp.Mm,,,) gives the negati-
ve Laplacidn ( resp. the wave operator ) on EN, ( resp.M,,).
Complex harmonic functions correspond to the analytic solutions
of the corresponding equations.

Let Nn = {ze ¢, |1zt = O} be the complex light cone in C,,,

denote U = (E,,,,,- N, . Every element ze U is invertible in
8,‘2 because +
-1 z
z = ==
iz

c
Let us consider the following ff',,,_ -valued holomorphic forms
on @,,,,4.4 .

m m
o 541
Dz = X (-1) e a8, , D'z=edz_+ 2 (~1)9% dz,
=0 "% T &4 3773
and
A A
N/ dz A eee Adz ,where dz, =4z A .. dZ,..4d2 .

Then it is easy to prove the following lemma

Lemma: If f,,f; are two mappings from A(W) then
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( (f1a+)f2 + £ (asz)»)
( @18H2+f1(8%))

(i) a ( £, 0z %, )
(ii) a ( £, Dz f,)

1f W< U ,then mappings
6(z) = ;20 1
20 = fzik and  g(z) = = S0y a1 zub
are well defined on W ,belong to @(%W) and we have

g3+=G , G2 =0 on W .
Furthermore if f is C-harmonic function from @ (%) ,then the

(n-1)-form
w=(Gsz—gD+z °f)
is closed on W ,

For a point P denote EN'(P) the Buclidean subspace of G,,
shifted to the point P. Let Be (P) Dbe a closed ball with a
sufficiently small diameter ¢ . Suppose that Be (P) is contai-
ned in Wn €,,(P) end that n-dimensional sphere Sp(P) is its
boundary.

Now it is possible to present the following Cauchy type integ-:

ral formula for a solution of the wave equation,

Theorem 1: Let W< U be an open set,suppose that
PeW eand let X, be a cycle homological in W with the sphe-
re S¢ (P) o Then for a complex harmonic function fe€ aw) ve

have
_. [1@-P)* 4, Do 9t
In
where h = n+l ’ %, 1is a volume of n-dimensional unit sphere
2

in 6,,,,4 .

Proof : The n-form w =(GDzf -gDdtz 9f ) under the
integral sign is closed. From the Stokes theorem it follows that

Iw:_rw and fw:_fw for O<g<p .
L. 50 Sptp)  §P)
Suppose P = O for simplicity ,then it is possible to prove
that
1) if 1(z) is a linear approximation of f i.e.

1(z) = £(0) + Z:gétw-z‘ » then lim oz (g-1) -
amo” 0% 5 (0)
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—gD+z 2(f-1)) =0 and

2) 1am J (eDz1-gd'z91) =120 [(eDz) =
Se(0) Se(0)
= 1’(0) xm .
To - add more details to the point 2) ,we can split the integral
into two parts :
J ez 1) and fg otz 91
5.0 5,0
In the small neighborhood of O it is possible take 1(z) = 1(0)
and the second integral can be written in the form

(J( g Dtz ))91
S¢ (o)

IN
=
™

By a direct computation we can see that ’f@ g D+z/
for some K and the integral tends to O for ‘e—0*.

So the theorem is proved.

2. THE INTEGRAL FORMULA OF RIESZ .
2

In [2] MeRiesz presents an integral formula for a solution

u of the wave equation in flat lMinkowski space.

He showed that the value of u at the point P depends only on
the values of u on a surface &4 ,lying inside of negative
light cone in P ,and tangential derivatives in points of surface

A . Let us recall briefly his formula (for more details see
[2] ). Suppose again for simplicity that P = O.
Denote by C the negative light cone with vertex O,i.e.

c={ yem, IGy,y) =0, y20]

Let ¥ ve a (m-1)-dimensional surface in m,, which is space~
-like ,then & =N C is a (m-2) dimensional surface which is
also space-like . If B is & point of 4 and b is the position
vector of Bythen b can be considered as a vector function of so-
me (m-2) parameters b = b(2,... ,3,). Clearly (b,b) =0 .

Let ¢ be a vector function of the same parameters 7 ,..., Ap,;
satisfying

(i)" (cye) = 0 i.e. ¢ is a null vector
(ii) (c,db) = 0 i.e. c is normal to the tengent plane
to A in B.
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(iii) (c,b) = %- i.e. ¢ is normalized with respect to
b . i
In other words c lies on the generator of the second characteris-
tic surface WV (the first one is C ) in B going through 4 .
Further we have
(iv) (b,ab) = (c,dec) = (b,dc) =
The surface.é is parametrized by
= b(A) +z c(A)
and y = 6'(b(2) + 7z c(2) ) is a parametrization of a certain
m-dimensional domain & in M, . The metric tensor in the new
coordinate system (A, eeey 2 t, G’) has the form

d y2 = vdeot+ ododr + Z )‘,‘,5 AA-dAg

where Jig = Jog- 6 end Ja4 does not depend on G .,
Denote - _
M= Cp) o C= (7))

then the matrix of the metric tensor has the form
z £¢| 0
G = ((epg)) =(250]
olr

Further denote 2 = det [ , jL = det and g = det G .
The main role in the description of a solution of the wave
equation plays the function

V#cz
PEad) = =

It is possible to prove that the following equation holds

D(z A)
F(r,)) = —222
’ D (0,3)

D(T,A ) = det . :

e Rmat, Vo, Wl g Womes
“m—fl Cmu DA, '+ 73;‘ i)/'l” Ny Ao

Now we can write the integrel formula of M.Riesz :

Let u Dbe a solution of the wave equation in a neighborhood

of O ,then A-2
- 9
(R)  w(0) = (-m)] hj'at"z (1 gf “wt F'(g: lz=0 e
A

The value of u at the point O thus depends only on the va-
lue of u on O and derivatives of u in the characteristic di-
rections .
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3. A COMPARISON OF THE TWO FORMULAS (R) AND (C) .

Let us keep the notation of §1 and §2 . We shall show how the
formula (R) can be derived from the formula (C) .

Suppose P = O for the simplicity and suppose that u is
C~harmonic in a "good" neighborhood ¥~ of Oe (,,, ,which con-
tains & neighborhood of /. Let us consider new coordinates in

w

1
N
-

=

= =] 7, ,j= 1,..-,11 °

o) o) J J
. 2 Z'
In these coordinates we have Il wi= (w ) (w )2 ,and
Ei = {w— woe ) W= =W, ,WJ— wa,;) =1,...n}
mm’-_- {VV = °(Zo \Vde* { Wd = Wg 'd = 1,--0 ,n}

Let Agc W , 4, = {w! w=Db+ Tec, TeC , ll2i=
The method described in [‘l] can be easily generalized to the di-
mension (n+1) and we get for a sufficiently small P , &€ that
S¢(0)is homologicel to 8¢ in W .
Another proof of this fact will be published in [4]
Starting from the formula (C) for the function u ,we have
for L,= Se(0), © sufficiently small

- z+ "
a(0)= ac,, j ()"z”ﬂ, Dz u(i)"‘m’g-, .D;_s’bu,(z)) =
5 0) o,

(1) diy A1 2w
j( Tl ® za«)nwﬂ-l('aar, °*Z ‘W) €.
from the Stokes theorem safter some computaetions

4 (0) = lf(f (4,06 + 3% Ay, D (z,2) ) de ) A

=€

using the residuva formulae and substitution for a¢,.

?ﬂ-l (i (a,,- 9(-(-

1-f o
a(0) = - (-1) f’b‘c“" 2z ) 'c-ro
A

which is the formula (R) ( for the complex function of real
variable) ,the sign =1 follows from the negativity of the norm.

4. INTEGRAL FORMULA FOR LEFT REGULAR MAPPING .

Using the method of §3 we can get the following result .

Theorem 2: Let W< WU be a"good"neighborhood of 0€ .y
and let $€ A(W)be a left regular mapping. The the following
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holds
- A-q
(@) )=-(n)' :j e (e d))

m lsad
where b = bO e, + i%‘ bjej » C =coe  + ifl cjej are expressed
in the Clifford algebra form .

Remearr k : The formula (G) can be used for the expression
of the value of spinor functions which are left regular. This is
a generalization of the integral formula for a solution of mass-
less field equation for the spin 1/2 . The proof of the formula
(G) end a further investigation and results concerning left regu-
lar functions are presented in the forthcoming paper [S5] .
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