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AN INDUCTIVE APPROACH TO THE PIROGOV-SINAI THEORY

Roman Kotecky , David Preiss

The aim of this note is to present an alternative approach
to the Pirogov-Sinai theory concerning the description of phase
diagrams of lattice systems [l]. Though our motivation is to gene-
ralize the Pirogov-Sinai theory so as to include another type of
models not covered by the original theory, we use the occasion
to present it here in the simplest form, namely exactly in the sgi-
tuation considered by Pirogov and Sinai. This also allows us to
keep their notation. Actually we shall use the notation from Sinai’s
book [2]. The sole exception is that we prefer (mainly in view of
future generalization) to consider "nonrelative Hamiltonian" par-
tition functions 2z(M%lew), 2,(Vi6% related to theirs (2, Def.2.7,
2.8] vy z(rew = e-ﬁh(vq)‘c(r‘q)‘e((‘q\(&‘al’.) and
Z (VIR = e~ Qh(Wq)lv leq(V\Cs'w, where we denoted
c(r?) = supp MU Int MY . Thus

2(rsR) = o PP (pq)T]' z_(Int PURR)
m

with @ related to Pirogov-Sinai’s Y [2, formula (2.41)] by
q)(\"q) =Y + h(‘i’q)\f‘q(. We will also use the results concer-
ning contour models, especially Proposition 2.3 from [2] s, though
we do not need the Proposition 2.5 about the boundary term of the
parametric contour model partition function.

The main step in Pirogov-Sinai ‘s description of the phase
diagram at small temperatures is to replace the model with a Hamil-
tonian /# by suitable contour models with parameters. Crucial in
this respect is their Proposition 2.6 in (_2] , which asserts the
existence of a vector of < -functionals T = (Fl,... Fr) and
parameters bl"" br such that

a
Brew = P’ "I (rdr,) (1)
for each Y Cq’ q=1,2,.+. Ir and
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bq = rsh(wq) - s(Fq) + & (2)
with o« defined by
min b =0 .
1¢q¢r ¢

They prove the statement by rewriting (1) in the form of the equa-
tion n ~ A

F = (BL\J + T(Fv(s‘ae)\ (3)
and showing that the nonlinear operator T is a contraction in a
suitably chosen complete metric space of vectors of contour functi-
onals.

Our aim here ig to replace Proposition 2.6 in a more construc-
tive way avoiding the use of the nonlinear equation (3). To this
end we define for each b2 0 the contour functional Fg by
induction in |c(r?)] so that

7(rR%R q
- Balr) o@Dl = PYr )'x(r‘q\Fg) (4)

(note that % (r|FD) =e-F§(f‘q>Z S SCL R, Fg(aq) defi-
M cintrd

ned in the preceding steps of the induction). An immediate consequen-
ce of this definition is the relation connecting the partition fun-
ction of the model with the partition function of the contour
model with parameter:

2,VIER = &~ BRIVl (v(zl,5)
Observing that from (2) and the fact that min bq = 0 it follows
that o = s("), free energy of the Haemiltonian model, and noting
that the free energy s(Fg) exigts (by a simple argument similar
to the usual proof) even when the contour functional Fb is not
a T-functional with large v, it is natural to introduce the para-
meters bq by

b, = sup {o{s(FP) - BaCy) + b < s(x) ], (5)

The importance of these particular values of parameters is seen
from the following

Proposition Let '# = "j(o + Q’e with ‘JCO satisfying the Peierls’s
stability condition with a constant g>0 andﬁ}et b be
given by (5) for each gq=l,... r. Then for W&\ small enough
and (3 large enough, and for each g=l,... T we have
(1) F:q are Yv-functionals with v large enough
(11) by = @h(Y,) - 8(Fla) + 5(K)

(iii) min bm =0
l¢mgr
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(iv) bq and s(ng) are Lipschitz functions of Q4¢ with
a small Lipschitz constant.

To give a hint of the proof we first introduce for each
q=ly... r and each b20 the v-functional —f‘g by
Ford) = max (Fh(rd),Tird]).
Defining now
B, = sup $b|s(F) - @a(%) + b < 8w},
'Y

we shall prove that ng is a w-functional (i.e. that 'F"Z qu)
and note that after showing this it is not difficult to show that
—b-q=bq and thus that ng is a T-functional.

Thus we shall show by induction in |C(r)| that

Y(r1ER) el
_F et

—— ¢ T (6)
¥ (IntP[FYa)

(we gkipped the superscript in ["9 for simplicity). Using first (4)
and observing that

7 (V|80 = e“"h(“’m)\v‘fx(v\r‘g,b) & olm®h0e)+R) IVl (v b

we get

:;c(r\FFq) 6=DV(M=-Bd M)+ Bh(y, )v<r)n-z (Int P 1GR) €
-M>(\")-b J(M)+BhCY, )v(mﬂ—e( xsh(v )+5_)V. cw)wm r,\F )

Noting further that

N(Int ("\F m) = YL (Int) P\F m)
by the induction hypothesis;

that -
L (Int V'\F m) = o8 (Fpm)V, () +Y(?)\>Intmp\
with |'§'('r)l ¥ aince ?‘b is a q~functional;

and finally that _
~-Qh(Y,y) + B + s('ﬁ:lm) = 8("R) = -@hlY,) +T>'q + S(-F-ECI)’
we get

L (PIF Q<
< e-M:(n)-b V() + Qhly )vm)ﬂ' (= Bt )48,V (™) np (Tnt rF0n)

o~ BP(M)- ) v(r')+(5h(w )V((")+S(v)\pl'ﬂ" (-Bh(Yy )+b +8(F m))v (
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- e-f‘:dp(\")+T)'('\")\‘"\i»ﬁ(f‘Eq)V(t") < e-(‘:¢("‘)+2 t—?“‘\m(lnt\"\f‘gq):
- -—
- e~ BP(M+2< M’,Z,(Int\"\ng)

with the last equality following again from the induction hypothe-
sis. This, for (@ large enough, implies (6).

To prove (iii) one observes that if min bm were positive,
then there would exist & >0 and parameters 'B’q such that

s(fgq) -(5h(\rq) +%'q = 8("€) - g for each g=l,... T, (7

Noting that ng is again a T~-functional (the proof is the same as
above taking into account that one uses (7) in the form

s(Foa) - phly) + By = a(Ffn) - phtyy) + 3 )

one gets &
s(qu) - Bh("(q) + bq < 8('R)
in the contradiction to ~

s(R) < 8(Fla) - BhY) + B
following from

2, V180§ o~ BRI Vlng (vixdy) |
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