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SYIMETRIC p-NORMED SPACES
FOR O <p <1

Nicolae Popa

In this paper we introduce the notion of a symmetric p-normed
space, O<p <1, a natural extension of that of a symmetric normed
space. (See [4]).

For these spaces we extend (usually without proofs) some re-
sults of [1], @, [4] « For instance we prove that for a symmetric
p-normed sequence space E such that the Boyd indices Pg and qQp are
not trivial, the triangular projection T acts continuously on - the
corresponding symmetric p-normed space CE and conversly, if T acts

‘continuously on CE then the Boyd indices of E are not trivial, Par-
ticularly the space cq,p' for O—p<l<q and 1 + 1/q>1/p, has this
property but Cp for O<p<1 has it not,.

Another interesting result is that the spaces Cp’ for O<p<l,
are primary, obtaining thus an extension of a previous result of J.
Arazy [2]. 4s a general remark we point out that the proofs follow
the lines of these of the papers [1], [2] and [4].

§ 1 - General theory of symmetric p-normed spaces, O<p=<1l,

As a general rule we use the terminology of [{] and Eq.

First we introduce the notion of a symmetric p-norm.

Definition 1,1, Let's denote B(ez) the space of all linear bo-
unded operators on-ﬁz. A positive function |X|s defined on an ideal
C of B(fz) is called a symmetric p-norm if the following properties
hold:

1) |X|g = 0 if and only if X = O.

2) |ax|g =|R|* |xlg for xecC, A€C.

3) (p-convexity property). For every two sequences (?13)?21 ,
(fzj)gzl of real numbers and for every orthonormal system ($ﬁ)j=l of
elements of 62 the following inequality holds:
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|°O 7, 30,7° <
g; (?l‘] + ?2'3) (- ,LPJ) LPJ\S =
/p

oo o0 1
<<|J§713<‘ AR +\J; fgt 90D

(Here 7?- means the real number |7 _‘p sign Zl. ).

4) JaxBl, <llall - [x|g ||B||, for a,BeB({,) and xec.

5) If X is a one-dimensional operator we have

1%lg = [IX]| = sy ).

If instead of 4) we have the following property:

4') |ux|g = |XU\S = |X|g for all unitary operators U and all
XeC;
then \X\8 is called a unitary p-norm,

Later we show that |X|s satisfies the inequality

(1) |x + Y|P |28 + |¥|D for a11 x,¥ ecC.

Thus the name of a symmetric p-norm for IXIS in justified.

It is easy to see that a symmetric p-norm is a unitary p-norm,
In fact the converse is also true for the separable symmetric p-nor-
med spaces.

It is possible to prove by standard methods (see [{1 pp. 68-69)
the following result:

Proposition 1,2, a) Let IXIS be a symmetric p-norm on C, Then

2|

\xls = lX*‘s = |(xx s = l(}(*x)l/z‘s for all XecC,
b) If the inequalities hold

sJ-(Y)<c-sj(X) J=1,2,3, ...

where {eC, Y is a compact operator and c¢>0 is a constant, then it
follows that Y& C and moreover we have

lY\s sclx\s'
It is an easy consequence of Proposition 1,2 that a symmetric
p-norm IXE depends only on the singular numbers (s J-(X) ):]:l of the o-

perator X, G’
Thus on the ideal f of all finite rank operators a symmetric p-

-norm IXlsdefines a function $ on the set of all decreasing sequences
of positive numbers with at most a finite nonzero terms by the for-
mula
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les = é(sl(x)’sz(x)pa-o)'

The study of this function is useful to show that {Xls verifies
the inequality (1).

Let o be the space of null converging sequences of real num-
bers and let C the subspace of c, consisting only of sequences with
at most a finite number of nonzero terms,

Definition 1,3. & function § : @ —> R is called a p- normant
function if the following conditions hold:

1 $()y>o0 if o #3ed.

I P =l P(F) for X€R and 3 ¥,

1z (P + PR FDP + SPIVP for 3,k 8.
(This property is called the p-convexity of the function P)

w ¢ (1,0,0,...) = 1.

A p-normant function ?(}) is called a symmetric p-normant func-
tion (briefly s.p.n,) if

v ?(?1,72,...,311,0,..-) = @( \7;«1)\ :\}?[«(2)\ ,...,|7q((n)\ 30, we)

for all J= (fi)‘;:le’c\ and for all permutations ® of the set
{1,2,...,n].

The following proposition is an easy consequence of the defini-
tion 1,3 end of the considerations made in [4] pp.71-74.
Proposition 1.4. a) If |7J\<|fb| j=1,2,... hold for the vec-

rors 3= (FJ);I’ 'l= (n‘));-.:-l of e ,»_1_'-_119_‘1

$(3) <.

b) (The extension of Ky Fan's lemma), Assume that

i= (3500 = (RY T €8 I B3>0, iidhy > >0

end
k k
?pé le k =1,2,..,.

P(H <d)

then we have

for each s.p.n.i).

n‘ and

Easy examples of s.p.n, functions are@oo(?) = max |3
o nelN
§p(2) = ( E |-fj\p)l/p for Fe©. It is also clear that a s.p.n.
J:

function ® is continuous and that

PN B P () for all 3.
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. G .
Theorem 1.5, Let |A|  a unity p-norm on + . Then the equality

d(s(a)) = |A‘ for Ae@/ and s(4) : = (Sj(A))go:l ; defines a_ s.p.n.

function ‘E(?). Conversely, if §(}) is a s.p.n. function, then the
equality

|A|© = $(s(a)) for 4e¥

defines a unitary p-norm on ¥,
Sketch of the proof., If |Als is a unitary p-norm then sJ-(A) =

= sJ.(B) for j = 1,2,3,... implies that (Al = |Blg

Let @(f) = ‘Z 7? (s, LF,j)\P,j|s , where (%-)3:1 is a fixed

orthonormal system in 6 and (? )'J =1 is the decreasing rearrangement
of a sequence (7. )J -1 et

Then § is a s.p.n, function, Let's verify the property III
20 )
- * *
EOP + dP =123 pelE - IZ_; RIC el =
J...
=‘Z ?J'(' ,‘Pj)%lg + |Z 'Z (- ,\PJ)\PJ > (by the p-convexity)

/IZHP +hP> e ,\PJ){]IP = P((3P +yP) p).

The converse is also true using the property III for {’ B

Corollary 1,6. Every unitary p-norm on the ideal ‘? is _a sym-
metric p-norm,

Now we justify that |A|s is a p-norm on (}:.

Corollary 1.7. Every unitary p-norm lAls on ‘;T.’ verify the fol-
lowing inequality

la + B|P <|a|® + |B|P for 4,BeF.
8 = S 8

The proof is based on the very importent Theorem 2.8-[3__], which as-

sertsthat
Z sf]? (4+B) <Z sf]? () + Z sf]?(n) for all 4,Bc¥.
J J J

Indeed
|A+B|£ = $(s(a+B))P<((sP(4)+6P(8)) PP G(a(a))P + P(s(B))P =
= p B|P .
la]2 + IBlg

Definition 1,8, 4n ideal C of B(a@z) endowed with a symmetric
p-norm, such that C becomes a p-Banach space is called a symmetric
p-normed ideal (briefly a s,p.n. ideal).




SYIMMETRIC p-NORMED SPACES 213

o
For instance each C_ : ={XeB(82); (x) = ( SP(X))l/p<°0}
P o ST 9

for O<p< co is either a symmetric p-normed space for O<p<l, or a
gymmetric normed space for 1<p < oo.

We present now a general method to generate symmetric p-normed
ideals.

i = . (n)
Let {be a s.p.n, function and let ® =53 €cy; sup &G )<00}

where ?(n) = (3seeesins0yeea) for 3ec .
We extend @ to the space c, by the formula
CI)(?) = liméq(n)) for }ecc .
n $

Definition 1.9, For a s.p.n. function @ we consider the set C@
o0
of all compact operators X such that s(X) = (sj(x))j=l€ Cg »

For each Xecq> put
|x\¢ =P (s(X)).

Now we can state a similar result to that of [4] p.80.

Theorem 1.10. Let $(3) be a sp.n, function, Then the set C@ is

a s.p.n, ideal with respect to the symmetric p-norm,

lal = lalg =&(s(a)) for acc

®

For the ideals C . we can extend almost all the statements pro-
ved in [4] PP.80~90.

Let's denote by CZ the closure of the space ? in C‘? . Then the
following theorem is true.

Theorem 1,11, Every separable s,p.n, ideal coincides with a cer-
tain ideal C%.

We have already shown that a unitary p-norm on ¥ verifies the
generalized triangle inequality, An important role in the proving
of this fact is played by the p-convexity of the p-norm,

By Corollary 1,7 it follows, in the case p=1, that the set of
- properties 1)-5), Definition 1,1 is equivalent to the same set of pro-
perties, where instead of property 3) we put the usual triangle‘: ine-
quality.

In the case O<p <1l the situation is quite different,

The russian mathematician Y.Rotfeld shown in \:6] that Cp ot =

’
= {TeB('eZ); IT‘p,oo= s;p kl/p-sk('l‘) <ooj has an equivalent p-norm,

but cannot be renormed such that it becomes a symmetric p-normed ideal,
This fact shows us the importance of the property 3)of Definition 1,1,
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§ 2 - Interpolation theorems for s.p.n, ideals and applications

We show some extensions of the results of J.Arazy [l] ) [2] .
a general rule we dont give proofs,

Let E be a separable symmetric p-normed space of sequences .
Then Cp = {TeB({z), s(T)e E} endowed with the p-norm |T|| = HS(T)HE,
is a separable s.p.n. ideal.

We define now the triangular projection T : Cp —> Cy by the
formula

L. a(i,j) i<j
T(4)(1,J) = 0 otherwise,
where the matrix (a(l,J)) j=1 gives the operator AeCpwi with respect
to two fixed orthonormal bases (e )n-l ’ (fn)n= in ﬁ

It is natural to ask about the continuity of T, We need the de-
finition of Boyd indices for sequende spaces.

For every me€iN, let Dm and Dl/m be the operators defined on the
symmetric p-normed space of sequences E Dby:

Dyx = (x(1),.00,x(1), X(2)yeeesX(2) geeesX(N)yeueyx()yana)

m terms m terms m terms

m 2m nm
Dl/mx = ( ; x(i)/m, §1=m+ X(i)/m,oo-,i=(n— —1 x(i)/IXI,...).

The Boyd indices of a symmetric p-normed space E are given by

log m s log 1/m
sup Qe = inf
meN log||D, H mel  log|[D, /|

‘le remark that p2 = qaﬂr =r,
T

Pg =

Let's recall that a p-Banach space E is called interpolation
space for the pair (F,G) if every linear operator which is bounded
on these both spaces is also bounded on the space E. 4s in the Co-
rollary 3.4 -[1] we cen prove the following result.

Proposition 2,1, Let P<P)<q) oo and let E be a  symmetric
p-normed space of sequences, If Py <Pg and Q<9 then CE is an in-
terpolation space for the pair (C_, C_ ).

PI" q

Now we can prove the main result,
Theorem 2.2, Let E be a symmetric p-normed space of sequences.
The triangular projection T is bounded on CE if and only if l<pE<

<qp<oco
Proof. If 1<ppgdp <oo) 1ot Py, q; such that l<p)<Pp<<
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< <00 Since T is bounded on Cp, and on Cq (see Proposition 4.2
1 1

-[l]) and since, by Proposition 2,1, Cp is an interpolation space for
the pair (C_ , C_ ), it follows that T is bounded on C. .
P’ "q E

Let now T be bounded on Cy and let M = ||T||<<c0, We show that
1<pg (the other inequality can be proved likewise). If pp <1, by

Proposition 4.2 -[11 it follows that there exists a matrix
¥ = (y(1,3))f ;21 such that ||yl =1, Tyl >4M end y(i,3) # 0 for
1,J Pg Pg

a finite number of indices (i,j). Let nelN be such that y(i,j)= 0 if
max(i,j)>n,

By Theorem 3.28 -[5] it follows that £ (n) are uniformly con-
E
tained (modulo the constants 1-€, 1+§&) in E, Ep (n) being generated
E .

by n disjoint functions having the same distribution function,
Consequently there exists n normalized vectors (x)8 of E
having the same distribution, which satisfy the inequality:

n
< Pr 1/p
) (2/3)( |a \ <||§ 8% H <(4/3)( ‘{_Tlaj‘ EyTE
J:

for all the scalars (a )32 j=1°

Define now, for 1<1,3$n the matrix 2503 which is a n><n ope-
rator-matrix and whose unique nonzero entry is the element of the co-
ordinates (1,,3) equal to Xy (where xl is identified with the diagonal
matrix (Xl(l)) 1). Let a = (a(i, J)) j=1 @ n><n matrix,

We claim that

(*%) (4/3)I|BHPE>”; a(i,j)zi,j\\ CE>/(2/3)||a\\pE )
’

where the norms are calculated in the space Cp

. . oo . . oo
Indeed, let u = (u(i,j)); :_, and v = (v(i, .J))~ j=1 two unmi-
i,j=1 =1

tary n-><n matrices such that b = uav = diag (s (ant j=1°

Let W, V the n>n operator-matrices whose (1,J)-entr1es are
respectively u(i,j) I and v(i,j)-I., It is clear that G, ¥ are uni-
tary operators and that, for a = 1§ - a(i,j)zi’j, then

’
T 8T = aleglsj(a)x), -

~ A A~

It follows that lla\\c— |lu" a Vl\cE = ||dieg (Sj(a)"l)g:l“
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= (since (x.)x?_ have the same distribution) = H ; 8. (a)x H ,
J73=1 J E
n n
1/pg
@/3)lall, = (4/5)( ) (s @) B B Sy () >l s5(@)x;ll =
E J=1 J=1

Pg 1/pp
-llg ati, 2y sllg (25 ; (s56a) %) F = 2,3 llall,
Thus (**) is proved,

Let now y = E y(i,d)zy s Then?r'eCE and
Kin]<n 1,9°

(%) Z y(i, iz V.

1<i<i<n
Hence

-1 -1
1 =Tl Sl eIl >y (**) and (x4))>(3) lzyll, W9l =230,

that is we obtained a contradiction. g
We present now an example of a non locally-convex space of

type C; such that l<pPp<gip<oo:

Let 0<q<l<p, 1 + 1/p>1/q and let @p,q : = {XECO; %15, q =
= ( E () . nq/p_l)l/q <ooj.
n=
Then C : =C is our space.
Pyq $,q
Indeed L is a non locally-convex space, thus C q is also a
’

non locally-convex space,
Using the elementary 1nequa11t1es kQ/p- (k—l)q/ p<kq/p—l and

(1) VP - [(k-1)m+1] VP >(q/2p)- kYP7L n¥P for k,m>1, we get that
(/2% P ||, <o/ .

Consequently P, = p. It is sufficient now to show that

Pyq
1/q-1/p-1 .
qip,q <oo. But [Dy 4| p,q<D for every m>1, that is

“Dl/m” p,q<1' Hence qep’q .

Recall now that a topalogical vector space X is called a prima-
ry space of X =Y @2 implies that either ¥ ~X or Z a¢X,
Using essentially the same proof as in [2] we can state:

Theorem 2.3, The spaces Cp, where O<p <1, gre primary.




BY

[2]
El
[4]
>
[6]

SYLMETRICAL p-NORMED SPACES 217

REFERENCES

ARAZY J, - Some.remarks on interpolation theorems and the
boundness of the triangular projection in unitary matrix spa-
ces, Int, Eq. and Operator Th., 1 (1978), 453-495.

ARAZY J, - A remark on complemented subspaces of unitary ma-
trix spaces, Proc,.Amer, Math,Soc, 79 (1980), 601-608,

MC CARTHY CH.A, - Cp. Isreel J.Math,5 (1967), 249-272,
GOHBERG T.C., KREIN 11.G. - Introduction to the theory of 1li-
near nonselfadjoint operators., &mer,lath,Soc. Translations ,
vol, 18,

POPA N, - Rearrangement invariant p-spaces of functions,

O<p <l (Romanian) in press, Academiei Publ,House,Bucharest,
ROTFELD S.YU. - The singular numbers of the sum of completely
continuous operators, Topics in Math.Phys. 3 (1969), T73-81.

DEPARTMENT OF MATHENMATICS
INCKEST - BUCHAREST 79622
ROKANIA



