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ALL NATURAL CONCOMITANTS OF VECTOR VALUED DIFFERENTIAL FORMS

Ivan Kold¥, Peter W. Michor

We deduce that in general all natural bilinear concomitants
of the type of the FrSlicher-NiJenhuia bracket form a 1l0-dimensio-
nal real vector space. - All manifolds and maps are assumed to be
infinitely differentiable.

1. Let ,Q.p(M,TM) denote the space of differential forms of
order p on a manifold M with values in the tangent bundle TM, which
are called the vector valued p-forms on M, [4]. Obviously, f2.°(x, ™M)
coincides with the set X (M) of all vector fields on M. We consider,
for each n-dimensional manifold M, a bilinear map B,: P (x, ™) X
Qu, i) = QP*I(u, M) satisfying £¥By(P,Q) = By(f*P,#Q) for each
local diffeomorphism f: N-» M. Such a family B = (BM) is called a
natural concomitant of vector valued differential forms. -

2. We will use the following notation, [9]. Let (QQI(M) be the
space of differential q-forms on M and {L(M) = N3(x) ve the
exterior algebra of M. Every Pe_()_p(M,TM), determines a graded de-
rivation.i(P) of degree p-1 in () (M) characterized by i(P)ed =
WoP if c.)e_Q_i(M) and i(P)f = O for all functions fe Q°(M). The
explicit formula for i(P) is

i(P)Q(Xl,-..,Xp+q_l) = sﬂtjﬁ ; (signG).

l;XP(XGl, eee ’XGP)’XG(IH'I)’ cee ’XG(p+q-1))

with ) e _Q9m), XypeeesXy 01€ X (M) end summation with respect to
all permutations G of p+q-1 letters, [9]. This formula makes sense
also for a vector valued q-form Q€ (QQ%(M,TM) and defines a vector
valued (p+,q-1)-3t‘orm i(P)Qe _Q_p+q—1 (M, TM).
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Let O(P) = i(Plod - (-l)p-idoi(P) be the graded commutator
of i(P) with the exterior differential d. For a vector field
xe 0°, ), ©(X) coincides with the Lie derivative with respect
to X. According to [4], for every Pe Qp(M,TM) and Qe _Q_q(M,TM)
there exists a unique element [P,Q]e_f)_p"'q(M,TM) satisfying
O ([r,Q]) = BP) OQ) - (-1)P2Q(Q)g O(P). This is called the

FrElicher—Nijenhuis bracket of P and Q. It can be characterized by
[¢®x, ¢8Y] = pAY@[X,Y] + PAB@YRY - O1) pAy®X

+(-DPAPA LX) WY + 1(Y) @A A Y@ X)
for all ¢e P, ye (), X,y € X)), [9]. The coordinate ex-
pression of [P,Q] is .

(@22 df@ 0 ] = Oy g 20, e i

- (-1)P9%) pl pd O @
8.1.. .%"qu xCH-l'"IKCHP - P .8‘1. ..Xp—la axp (xp".l.--xp.{_q
(2)

v (- 1)quo )a¥@2

1o ¥q-19 B@q q+1° ‘Xp+q

o« 3 s
where d‘x = dx lA...Adx P ana bi = B/bxl in local coordinates

X = (xl,...,xn) on M. This follows from (1.9) of [9] by inserting
the basic vector fields bi into the global formula.

The wedge product of a differential gq~form and a vector valu-
ed p-form is a bilinear map Q. 3(m)x QP (M, m0)—> QP*%(M, M) chara-
cterized by WA (q@x) = (WA )J® X for all we _(Q%(m), e QFPw,
Xe X (M). Further, let C: () P(u,™M)~> QP 1(M) be the contraction
operator defined by C(W®X) = 1(X)w for allwe_QPM), Xe X(M).
In particular, for Pe (Q°(M, ™) we have C(P) = 0. Clearly C(i(P)Q)
is a multiple of C(i(Q)P), Pe .QP(M, ™), Qe Q%(M,TM). Finally,
write I = Idgye QF(u,m0).

3. Theorem., For dim M)» p+q+1, all natural concomitants of
vector valued differential forms QP (M, TM)X Q%(M,TM) —>
.O.p"'q(M TM) form a vector space linearly generated by the follo-
wing 10 operators

[.PtQ‘])dc (P)/\ Q’dc(Q)AP,

(3) dCc(PIAC(QUAI,AC(QIAC(PIAI,AC(i(P)Q)A I,
1(P)dC(Q)A I,1(Q)AC(P)A I,di(P)C(QIATI,di(Q)C(PIATI
The proof of this theorem will occupy the rest of the paper.
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We remark that for p{ 2 or q{ 2 some expressions in (3) va-
nish identically. In particular, for p = q = O we have only one non-
trivial generator [P,Q]. One sees easily that the Frolicher~Nijenhuis
bracket of two vector valued O-forms, i.e. of two vector fields,
coincides with the classical bracket. In this case we rededuce a
result by S. ven Strien, [14], and D. Krupka with V. Mikol&Sové,

[7], that all natural concomitants of two vector fields are the
scalar multiples of the classical bracket. An infinitesimal version
of this result was deduced by M. de Wilde and P. Lecomte, [2].

4. From [4] or [ 9] we see that all expressions in the theorem
are indeed natural. For the converse suppose that B = (BM) is a
natural concomitant as in 1. Since BM is a local operator, it is
a (finite order) differential operator by the bilinear Peetre
theorem, [ 1], see also [13]. In [97] it was checked that B is a
homogeneous bilinear differential operator of total order 1.
5 Let P2M be the second order frame bundle of M (i.e. the
space of all invertible 2-jets of R" into M with aource 0), which
is a principal fibre bundle with structure group G of all inver-
tible 2-jets of R® into R® with source and target O. According to
a general theory, see e.g. [6], the first order natural operators
from P, ™)x QI(M, ™) into QP*I(M,TM) correspond to the
Gz—equivariant maps from the standard fibre S of the first jet pro-
longation of the first bundle into the standard fibre R°@® AP+Igp™*
of the second bundle. Clearly, S is the product of four spaces
R'® APR™%, '@ APR™Q@ R™*, RP® AR, RP@ ARM™™QR™ and the
action of Gg on S is given by the usual transformation law of
tensor fields and their first order partial derivatives. In order
to be completely clear we specify this in detail: the transforma-

tion law of a tensor field of type \p/ is
m
(1) i £ Ot bx Jdx P
J occj m coe e j
1eedp T mee Ry 32T T s
and the transformation law of its first partial derivatives is
. m
= £ oz dx 1 Bxp o x1
(5) Pt = P e s iy
eoe k Myeeoelll n -
Jaeedpr 1°0Tpe ™ 5t 1 P Wk
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BTN S (g
m.'. b
1T\ 0 dam 3R IR dxk

axl d2x ™ bx’“z axmp

AP PN PR Nt

2 m
a : p
+ LN + axJ B § )
Bx{' % v bi PORK
Since B is bilinear and of total order 1, its associated map
B: s —R"® APYIR™ is a sum B, = By + B,, where B, and B, are bili-
near maps

(6) B: R"® APR™@R™X R'® AR"* 5 r"® AP*IR™*

n nx n n nx n +q,n¥
(7) By: K@ APR™*XR'@ ABR*QR™*—r'"@ AP*r
We remark that B corresponds to the canonical coordinate expressi-
on of the natural operator B on R™.

6. Consider the canonical inclusion GL(n,R)c_.)Grzl transforming
every matrix into the 2-jet at O of the corresponding linear tran-
sformation of R®. By (4) and (5), the linear maps associated with
the bilinear maps Bl and B2’ which will.be denoted by the same
symbol, are GL(n,R)-equivariant, so that we can apply the classi-
cal theory of invariant tensors, [3]. Consider first the following
diagram

.
Rn® /\pRn*®Rn*®Rn® AIRI* 1 - Rn® APHAgn*
(8) 1a@ALt @ 14@ ALt I[‘ id@Altp+q1£‘

P ® ® % R0 R @ @ RP* R® /\p+an*

where Alt denotes the alternator of the indicated degree. Since
the vertical maps are also GL(n,R)-equivariant, it suffices to
determine all GL(n,R)-equivariant maps in the bottom row and to
restrict them and to take the alternator of the result. By the
theory of invariant tensors, [3], all GL(n,R)-equivariant maps

n o P +1 n D 229 ns

QR Q é R"—>R'Q ®R are given by all ..iuas of permuta-
tions of the indices, all contractions and tensorizing with the
identity. Since we apply this to alternating forms and use the
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alternator on the result, permutations do not play a role.

7. In what follows we discuss the case p>2, q=2 only and we
leave the other cases to the reader. (A direct discussion shows
that in the remaining cases the list (9) below should be reduced
by those terms that do not make sense, bg} our next procedure leads
to (3) as well.) Constructing B,, we may contract the vector field
part of P into a non-derivation entry of P or into the derivation
entry of P or into Q, and we may contract the vector field part of
Q into Q or into & non-derivation entry of P or into the derivation
entry of P, and then tensorize with I = ian. This gives 9-~1=8 po=-

sgibilities., If we perform only one contraction, we get 3+3=6
further possibilities, so that we have a l4~parameter family, which
corresponds to the lower case letters in the list (9) below. Con-
structing B2, we obtain analogously another l4-parameter family
denoted by upper case letters in the list (9) below. Hence by
GL(n,R)-equivariancy we deduce the following expression for B S—
R'® APYIR™ (we do not indicate alternation in the subscripts and
we write c‘,(& for any kind of free form-index on the right hand
side)

i i
Bfg * Yo, kQ 8 + bPu an(:«,g + °P anmpg?; * denoe K 3%

+

m m n i m n
ePnca( mQ 8{ + ano(,ka gl + ng«x,nQ(sgf + tx n m(ss?;
m i m i m A1 i n : n i n
(9) + 1P, 19 * jPoc,mQﬁ + kPo‘,ka(5+ 2y, x%p * um’kQ(s-i- k., o

m i m n i m.n i
AP np k t + BPmqu n6£ + CPpne Q‘s,k‘sl + DPuQnmp,kSB

+

<+

ER) Qmp n‘g! + FPnog mp,kSL"' GE! Qn(& m6£ + HI’nog B» maéﬁ,

+

n n m m m.i
IPuan.k + J?qu,n + KPnth(s,k + I‘PmQ(s,k + m’uQmp,k + m’uqa,m

8. The map B is also equivariant with respect to the kernel
of the canonical projection G —> GL(n,R) of 2—Jets into 1-jets,
which coincides with the abelian group R? &S Rn*; provided 82 de~
notes the second aymmetric tensor power. By (4) and (5), the ac-
tion of an element (st )6R s 2RE¥ on @ APR®** 15 just the
identity and its actidh on R°® APRY*@R"¥ is
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i

(10) le_.’j

i t 1 1 t
= P} +P Sy, - P sy . -
oo e k L N ] L N ] e
S e TR B e M B L PCRTT e Iy

i %
- P s
Jpeeedpant gk

Hence the condition that (9) is equivariant under the action of
Rn® San* has the following form (the alternation in the subscripts
is not indicated explicitely)

t m m t m t
O = a(P S - P S - P s = eeo
sz...jp tk tjz...jp mk mt;jB...Jp jzk
_ ol t n i t i
ijz...;jp_ltsjpk)qn(ss»l’/'* eee * n(le...jpStn
(11) - Pi St - eo0e = Pi

t n
tdpeeedp dyn jl...Jp_ltsjpn)Qp

AP® st n t n t
me6°n;2...3q tk " Qtja...qunk QntJB...qujzk oo

+

n t i me~t i
- anz...jq_ltsjqk)éiﬂ Boeee ¥ NBHQy Ly Stm
i t i gt
- Qtjz...qujlm' cee T le...j ;j m’

We remark that every term containing an S with both free subscripts
vanishes after applying the alternator.

9. The right hand side of (1l) represents a trilinear map
R" @ APR™x R%@ AWR™*x R'® SZRn*—aRnQ APHIR™™ depending on
the parameters a,...,N, which can be rewritten in the following

m ~ten P+q . pll A0 b
[Bpmqustn + (~1)9gP" Qtﬁ nk + bR Qnfs tm - (-1)"7 pbPy QS

+ ((-1)% = D - (-1)%(q-1)G)EM nmmk + (c-(-1)%

1:
mn

(-1)p+q(p-1)g)Pmtqu b erQ‘5 Yo + (H-e)PY Qls o

(12) + EPD Qmp T, + (b= E)PmQtﬁ on + ((-1)%H - (-1)%2-F)P] Qtp e

nSt
ntod ¢ mk
+ ( 1)p+quPm ?ss;xblk +

*

F + (-1)% - (-1)p+qph)Pn“Qma§tk - (~1)P*9(p-1)ep™
(-1 %e-DERIR, 55,165 + 32l

@
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+ Jr&iqgsg‘m + (~1)%ggp} Qtp - ((-1)% - (-1)%u+m)2" Qt@ i
(12) + (K+(-1)P*%pn - (-1)%m)2} ofs St - - 1)9p? AL te
+ Ip® %SS (-1)qu;qu§%k + mP tk + (n+N)P™ Q(3 mt

The equivariancy of Bo with respect to R% ®S R *'is equivalent to
the fact that (12) is the zero map.

10. For dim M > p+3+1 the indices has at least p+q+2 differe-~
nt values, which implies easily that all individual terms in (12)
are linearly independent in
Hom(R®@ APR™*@RE® AIR™M*QRI@SZR™®, RP@ APTIR™*), Hence (12)
is the zero map if and only if all the coefficients vanish. This
leads to the following equations

bxB=wewE=xhueH=x j=J=afel=amn=M=0,
(13) ¢ = (g=-1)6¢ + (-1)%, ¢ = (-1)% + (-1)P*%(p-1)g
F= (-1)q-1f, k = -qn, K = (-1)p+q-1pn, N = -n
while a, A, d, D, f, g, G, n, 1, I are independent parameters.

11. Thus, for dim M) p+g+l we have deduced lO-parameter fa-
mily (13) and one verifies easily that (9) with (13) represents
the coordinate expression of the linear combinations of the ele-
ments of (3). This completes the proof of our Theorem.

Obviously, for dim M < p+q it holds QFP*9(M,TM)= 0, so that
we can construct the zero operator only, The study of the two re-~
maining cases dim M = p+q and dim M = p+q+1 consists in detailed
discussion of the conditions for (12) to be the zero map, which
is not included into the present paper.
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