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ON THE HORIZONTAL COHOMOLOGY
WITH GENERAL COEFFICIENTS

Michal Marvan

This paper is a continuation of the author’s paper (51,
where the Vinogradov category [8]1,[12] of nonlinear partial
differential equations was shown to be comonadic. This means
that it belongs to a class of categories well known to the
category theorists and exhaustively studied during the last 30
years in connection with categorical algebra and categorical
homology theory (cf. (31,[4], our general references for all
categorical concepts).

In this paper we profit from the results achieved.
Namely, we show, that the Van Osdol [8] bicohomology theory,
originally developed for a better understanding of certain
facts occurring in sheaf theory, fits our situation as well.
This gives rise to a new cohomology theory for differential
equations, naturally generalizing the horizontal cohomology

theory of [101,[111.

Throughout the paper it will be

© .... N
0!
a finite-dimensional paracompact smooth manifold,

m .... its dimension,

This paper is in final form and no version of it will be

submitted for publication elsewhere.
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M, ... any category of smooth <w-dimensional fibered mani-
folds over M with smooth maps over M as morphisms,
with Whitney sums as finite products, which admits:

j° ... the r-jet prolongation functor m" —_— mH, r<o, i.e.
an assignment to a manifold Y e mM of the manifold
er of all r—-jets j;a of local sections y of Y,
xeM.

The reader should check his favorite category of
o-dimensional manifolds for these properties.

¥y .... jm: mn E — m&.
the comonad (¥,m,t) in mH,

defined by nY: ij — Id, j:a — ¥{(x), and the

with the counit =n

comultiplication ¢ defined by (Y: ij —_— jmij.
iy — 333%, where % x — 332

D€ ... the Vinogradov [9]1,[111,[(12] category of infinitely
prolonged systems of nonlinear partial differential
equations (henceforth simply equations) and solution
preserving differential operators between them.

DE, .. the subcategory of D€ of equations with the base
manifold of independent variables M, and independent
variables preserving differential operators between

them.

h

the Eilenberg-Moore category of J -coalgebras, in

[S] identified with ﬁgﬂ.

In what follows, J-coalgebras and equations are
synonyma.

g ... WM —_— mﬂ -~ the cofree coalgebra = ‘empty equation"
functor M —» mﬂ, Y +— (ij,cY) = the right adjoint

to the forgetful functor Mﬂ — mH. (X, E) —» X.

We also make an agreement that [ , ]H denotes hom-sets

in mﬂ« to distinguish them from hom-sets ( . )H in mM.

As the functor jm preserves Whitney sums in mM,
does the functor ¥: mM e mﬁ, so that all requirements of

SO

Van Osdol (8] to construct the bicohomology theory relative
to functors § and Id: Mi — mﬁ are fulfilled.
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Namely, for any abelian group object 4 = (4,a,+,-,0) in
mﬁ. we have abelian groups ¥4, 32£ = FFqa, ?34 = $3¥4, etc.,

and abelian group homomorphisms

n
apd: Fra —E2, gty
i1 qn—-i-1
X" gha — 8 ¥ A L g™l i-0,....n-1.

T

This allows us to construct a complex of abelian groups

% 2 % 3 %
ad 0 — [X.?ﬂ]n — [%,¥ d]M — [%,¥ &]H —_—
for any coalgebra ¥ = (X,E), where

8 n
R +1
[38.3”.4]H > —1 Z (-1)* ;(:;.ﬂocp e (%37 Al

1=0 .
The condition an+1°an = 0 then follows immediately from
the definitions. The group
_ Ker 6n+1
Im o
n

is called the n-th J-cokomology group cf the equation X

n
HJ(X.J)

with coefficients in the group 4.

Because of the adjointness isomorphism #:
(X»A)H x> [x.?ﬂ]H, the complex (1) is isomorphic to

%1 % 2 %
A 0 = (LAY, —s (GFA), —D> OLFA), — ...

where ai: f +— FFef-aof, 6é: f > Ffel-tAof+Jaef etc. From
the first assignment it immediately follows, that aif =0 if

and only if f is a J-homomorphism X —— 4. Hence
0 N ~ .
@ Hp(X.4) = [X,4], = 28, (%4)

The expression for 6é then se:ves as the basis for the
identification of the elements of HJ(X.A) with isomorphism
classes of principal bundles over ¥ with the structure group
& in [8]1, Th.7. We skip the identification here, but remark
that according to Theorem 1 below this reveals the categorical
background of Khorkova 1] work on ﬁlx and might result in a
generalization of [1] to a wider class of coverings ¥ —» x

in the sense of [(2],[9].
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Lemma 1. For any equation X € mﬂ and any vector bundle

B e mH the groups H;(%,SB) are zero for any n = 1,2,3,...
Proof (cf. [4], exercise 3.1.22(b)): According to (@) it
is to be verified the exactness of the sequence

ker 61 > 61 3 62
0 — [%,34], ——— [%,374], — [%.77° 4], —

M
_ I - _pyt ol g
where now 6n¢ = Ei=0( 1) xigﬂa¢ E?=O( 1) X; Sfop. The map

_ 4 n~ n+1 . n+2 . gntl
S = {(-1) . ¢ ndA: § A > ¥ A
induces a contracting homotopy
n+2’ . n+l
[x,sn+1]n. [%,9 ﬂ]M —_— (%, ¥ AJM.
n+l n .
Indeed, s ox., HA + x.fles =0 for T =0,1,...,n-1,
n+l 1 T n n e+l
whence sn+1°an + an—1°sn = {(-1) Sl °%n = id for 0

In what follows we restrict our choice of abelian group
objects in Mﬂ to linear equations. For a linear equation,
say A = (4,a,+,—-,0) € mﬂ. A is a <w-dimensional vector
bundle over M. We define a homomorphism of linear equa-
tions as a J-homomorphism, which is simultaneocusly a linear
map of the underlying vector bundles. We call a sequence

A —fe 3 25 e of homomorphisms of linear equations exact, if

Ker g and Im Ff exist as vector bundles and are equal.

Lemma 2. Let A —— B —» C be a short exact se-
quence of vector bundles over M. Then the induced sequences
JA —— §B —» JC and (X.A)M PRN— (X,B)H —» (X.C)M. are

exact for any XemN as well.

Proof: Since M 1is paracompact, any short exact sequence
of vector bundles over M splits, whence any product pre-

serving functor is exact, particularly § and (X,—)H.

Lemma 3. Adssigned to any short exact sequence of
linear equations & c—ﬁ—+ 3 -9 s e and anry equation xemi

there is an exact sequence of abelian groups
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@ 0 — [%,4], — [%.8], —> [X.8], —> er(x,at) —_ ...

— HJ(X.4) — HJ(%.8) — HJ(X,8) — H;ﬂ (X, 4) > ...

Proof: From the naturality of the homomorphisms & it

follows the existence of a short sequence of complekes
a? a2 [)4

0 — (X,A)H SREIR (X,?A)H _2, (x.?aA)H ER

A

9 2 2 %
a’) 0 — (X'B)N —_— (X,?B)H — (X, ¥ B)M —_—

l l l

°1 %2 2 %3
o — X,c),, — (X,¥9C),, —> (X,3°C),, —>
M M M
which is exact due to the preceding lemma and-induces the

exact sequence of the assertion. .

To compute the J-cohomology we use the standard method

of resolutions. We define a resolution of a linear equation

#& as an exact sequence ﬂo —_— Al — Az —_ £3 — ... for
which it is & = Ker (&0 —_ Al). Let us call a resolution
Ss. — Al — ﬂz — ... acyclic, if H;(x.ﬂi) = 0 for every

0

%‘e’ﬂfg and every n>0, i20. Let us call the resolution

ﬂo — ﬂl — Aa — ... cofree, if all the equations Ai are
cofree, i.e. are of the form Ai = ¥§B, Bemﬂ. By Lemma 1, all

cofree resolutions are acyclic.

Definition: Let XeM£ be an equation, let &eMi be a
linear equation and let AO — Al — ﬂa — ... be a resolution
of the latter. Define a horizontal complex of the equation ¥,

corresponding to this equation, as the complex

“4) 0 — [X,4 — (%, 4 - [X4],, — ...

0]M 1]M
Denote by ﬁ"(x.ﬁ) the factor
Ker ([x.&n]M — [x.ﬂn+1] )

— [x'An]H)

Im ([%.4 1,
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Theorem 1. Let ﬂo — &1 — Aa — ... be an acyclic
resolution of an equation 4. Then for every equation X

and each natural number n there is a natural isomorphism

A7 (X, 4) = H;(x.ﬂ).

Proof: Denote by $i the vector bundle Ker (Ai — A )

1+1
= Im (Ai—l — Ai)' equipped with the J-coalgebra structure

induced from ﬂi. ~Then for any of the short exact sequences
O — # —— do —_— 81 — 0, ... ,

o — $i P ﬂi — 8i+ -0, ... ,

1

the corresponding exact sequences (3) decompose into
1
o — [x,ﬂ]M — [X.ﬂO]H —_— [X,$1]M —_ HJ(X,J) — 0,

n ~ n+l
...................... , 0 — HJ(x,ﬁl) x> HJ (X¥,4) — O,

: 1

0 — [X,Si]H —_— [x,di]M —_ [x,$i+1]n —_— HJ(X,ﬁi) — 0,
n ~ g+l

..................... y 0 — HJ(x.$i+1) o HJ (x,$i) — 0,...

Therefore, in the commutative diagram

HY (%, 4) HY(%,8,) = H3 (%, 4)
/7 /!
(2.8, 1, (%.3,],
VAR S
0O — [x.ﬂO]H — [x,aijﬂ — [x.azln — [X.AS]H —_ e
7’ N2 N7
(%, 4], [%.8,], [%.8,]1,
Ny Ny
WL x,8,) 2 HS (. 4) ... ..
J 1 J

all the /' and \, Sequences are exact, whence

AC (%, 4)

Ker ([X,dol — [%.Al]) x>

e

Ker ([%.4)] — [%,3,])

R

4

(%.4],,
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and
_ Ker ([, 4 ], — [%,4 1,)
H“(x,m) ~ n'M n+l "' M ~
Im ([x,ﬂn_llﬂ — [x.an]H)
. Ker ([x,&n]M —_ [$,8n+1]M) .
Im ([(%.4 ], — (%4 1)
N [%.8 ], N
Im ([x»ﬂn~1]N — [x’ﬁn] )
~ 1 ~
= HJ(X,ﬁn_l) >
~ 2 ~
x HJ(x,ﬁ _2) =
> HJ (x,ﬁl) >
~
x> HJ(x,A)
Thus the groups ﬁ"(x,ﬂ) do not depend on the choice of
the resolution ﬂo — ﬂl — ﬂa — ..., if only it is acyclic.

Let us call the group ﬁ“(x,ﬂ) the n-th horizontal co-
homology group of the equation X with coefficients in the

linear equation J.

There is a wide class of linear equations possessing a
cofree resolution of a finite length. See [7], Theorem 5.5

for the following statement:

For any involutive linear egquation demﬂ, dim M = m
there exists a cofree resolution of the form
! ®2 ®m
S ?BO —_— 381 —_... — me — 0 —5 0 — ...
In what follows it is called the Janet resolution and the

corresponding complex of differential operators

#1 ¢2 m
() 0 —» BO — 81 —_— .. ——— Bm —_ 0 —-...,

Qt = ¢g. is called the Janet sequence.
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For a coalgebra ¥ = (X,{) e Mﬁ the corresponding

complex (4),

(%21,

0 — (%,98,],, —— [%.9B

1]H
is isomorphic to the complex

%0, 0,0,

—_— [x,?Bz]M — ...

7) 0 — (x’BO)M —_ (x.Bl)M —— (x.Ba)M —_ ...

which we shall call the horizontal Janet complex.

Corollary: H}(x.ﬂ) =0 for n>m, for any equation

X e mﬂ and any involutive linear equation & e

e
Moreover, for non-overdetermined equations we have

B, = 83 = ... = Bm =0 (see (71, Theorem 6.8), so that

both Janet sequence and Janet complex have exactly two terms.

Corollary: H;(%,&) =0 for mw2, for any equation

X e mﬁ and any non-overdetermined linear equation dA e M£.

Example: The common de Rham complex

s S, a2, A% 2, 0 2 A" Lo
and the corresponding Spencer sequence

IFH =5 JAM —, 9A%H S, .. S, 9A%M o0

serve us as the Janet complex and Janet sequence of the "equa-

tion of constants” ay/axl =0, 1 =1,...,m, correspondingly.

The horizontal Janet complex then coincides with the
horizontal de Rham complex

sx 4 Ax L A%x 2, ... LA™ o
studied in Vinogradov [101,[(11] by means of the so called
E-spectral sequence, associated with the restriction on %

the famous "variational bicomplex* AP 9,

By similar methods we are able to prove the following:

of
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Theorem 3. Associated with an egquation X e mgﬂ and an
involutive linear equation 4 e QSM possessing a Janet
resolution (1), there is a bicomplex BP' 9%  such that
I. Its firét spectral sequence Ei’q(x) locally reduces

to the Janet cohomology of the equation &,
II. Its second spectral sequence mﬁ’q(x) satisfies
w9 @) = 4

and both converge.

Finally, Vinogradov [10]1,[11] methods allow us to compute
the terms mﬁ'q necessary to find H}(x,ﬂ). Essentially the
same picture is observed: Generalized Spencer complexes occur
and the two-line theorem is valid. The details should appear
in [B]. This enlarges the class [1] of coverings F—x

computable by means of a spectral sequence.
REFERENCES

[11 XOPbKOéA H.T. 3aKOHBL COXPAHEHUSE U HENOKANLHLE CUMMETpuu,
MaTt. 3amMeTku 44 (1988), 134 - 144

[2)] KRASILSHCHIK I.S., VINOGRADOV A.M. Nonlocal symmetries
and the theory of coverings, Acta Appl. Math. 2 (1984),
79 - 96

[3] MAC LANE S. Categories for the working mathematician,
Springer 1971

[4] MANES E.G. Algebraic theories, Springer 1976

[5]1 MARVAN M. A note on the category of partial differential
equations, Differential geometry and its applications,
Proc. Conf., Brno 1986, Univ. J. E. Purkyné&, Brno 1987

[8] MAPBAH M. O E-cnextpansrHod nocnredoearenbHocTu ¢ obuumu
xosgpuvuentamu, Mar. 3ameTkn, to appear

[7) POMMARET J.-F. Systems of partial differential equations
and Lie pseudogroups, Gordon and Breach 1878

[8] VAN OSDOL D.H. Bicohomology theory, Trans. Amer. Math.
Soc. 183 (1973), 449 - 476

[9] BHHOTPAIIOB A.M. Karezopust HeauHelHbx JugdepeHuuansHbx

ypaeHernuld, an appendix to the russian translation of (7]



170

[10]

[11)

(121

MICHAL MARVAN

BHUHOT'PAIIOB A.M. 0Od8ra cnexTpanbHast nocnedoearenbHocTs,
COAIAHHARL € HEAUHEUHBIM SuPPe peHUUANLHLIM YPABHEHUEM, U
anzebpo—2eo0MeT puNecKue OCHO8AHUSRL NAQ2paHXeeold Teopuu NoAst
co cestaamu, [loknans AH CCCP 238 (1978), 1028 - 1031
VINOGRADOV A.M. The E-spectral sequence, lagrangian
formalism, and conservation laws, J. Math. Anal. and
Appl. 100 (1984), 1 - 129

VINOGRADOV A.M. Category of differential equations and
its significance for physics, Geometrical Methods in
Physics, Proc. Conf. Diff. Geom. and Its Appl., Nove
Mésto na Morave 1983, Univ. J. E. Purkyné, Brno 1984

Michal Marvan
katedra matematiky pit. fak UJEP

Janid¢kovo nam. 2a
66295 Brno
CZECHOSLOVAKIA



