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ON CERTAIN CLASS OF UNITARIZABLE REPRESENTATIONS OF THE LIE
ALGEBRA U (p, )

iolev A.I.

INTRODUCTION. T. Enright, R. Howe and N. Wallach [2]
have given a complete classification of the unitary highest
weight modules for Hermitian symmetric pairs. The highest
weight modules are a special case of the Enright-Varadarajan
modules [ 3]. In the present paper we formulate the theorem,
which describes certain subclass of the unitarizable Enright
~Varadarajan modules for the Lie algebra u (p,q). For these
modules we construct the ortonormal bases of Gelfand-Tsetlin
type. It turns out the unitarizable representations of u
(pyq) which had been received by I.M. Gelfand and M.I.Graev
in [4] belong to this subclass (see Theorem 2 below).

We recall nov the definition of the Enright-Varadarajan
modules for u (p,q) (see [1,3] ). Let y = 7[("& C)
be the Lie algebra of all complex n by n matrices, where
n=p+q; £ = 7£[/0 C)@%//[Z C) ve the
obvious subalgebra of

The standard matrix unlts e , L} = 1,404, n, form
a basis of % w1th the follow:.ng relatlons.

[e e 9 e, 3“
Consider the usual,triangular decompos:.tlon of A:
L = A efei”
Let A end A, denote the roots ot (9, £)
end € £ j) respectively. Put A =ANA,

The elements of D, end A, are called compact and.
noncompact roots respectively. We choose the positive com-

This paper is in final form and no version of it will be
submitted for publication elsewhere.
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pact roots A. C A, determined by the triangular decom-
position of 'f_ . Let A+ C /4 be an arbitrary system of

positive roots, such that A:: c At . put A::A*‘\ A':__"
PJ

1 1
8 = 2 d— P = Z d 2
< zdeag JO'L < o(eA:

S =P Fn -

Let {&,,..., E,_} be the basis of f* which is
dual to { e; e, €:’} . We shall consider a real
span of {&,, ..., €.}, it will be identified with R".
The brackets ( , ) denote the standard inner product in R.

For ¥ € R"™ 1let Vo (Y ) denote the Verma module
for ‘& relative to At and V (3 ) denote the Verma
module for % relative to — 1430 AY | Here "")o is
the element of the Weyl group W, for A‘._ , which has the
maximal length. n

Ir A=(X,,...,A) e RY is

ot - dominant integral (that is ’\L_ /\i+1 c Z+
for all L# P ) we set

Wy A=y (A+P) =P .

PROPOSITION (see [1] ). There exists the unique (up to
isomorphism) - module M(A) , which contains Vg
( A ), is generated by Vo( X\ ) and has the following two
properties:

1) If xGM(A)‘ ué‘U(‘é_) and ux = O then
either u=0 or x = 0.

2) The submodule of M (A) which is generated by Vg
( ")0' A ) is equivalent to V ( wo -\ ).

DEFINITION. The Enright-Varadarajan module [ (A) is
the simple factor of M(A) (In [1,31 D(A) 1is deno-
ted by 'DPM\ ,Where P =at ). :

The author thanks G.I. Olshanskii, A.A. Kirillov,

D.P. Zhelobenko, V.N. Tolstoi, S.M. Khoroshkin for a useful
discussion. '
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1. STATEMENT OF RESULTS

A -module L is called unitarizable if it ad-
mits a positive definite wu (p,q)-invariant Hermitien €orm.
The Lie algebra u(p,q) is considered as a real form of

Suppose now A+ contains at most two noncompact
gimple roots.

THEOREM 1. The module D(A) is unitarizable if and
only if for every noncompact simple root b" the following
condition holds: ()\+f , —3‘) < maz { a, 6 }- or
CAep , =¥) is en integer and (/\+f,-—2{‘)$a.+!-i:

I
t Py Py

0 max{a, £} ) )

qfé—j— (’\+f )"Xl?

where for l:éf’ £ K-1 ang ¥ = g, - &,
a=card {S | L<£s <t , "s"""i, }
b=card 45 | kes<sn , A —.:/\k}

and for ¥y = € - &L

a=card {s | Lescp, As=4:}

b=card { S | p<S <k | As =‘/\k}_

We remark that the discrete series representations cor-
respond to those ) , for which (A+p,-8) <0 tor
every noncompact simple root Y.

If thereis only one simple noncompact root then D(/\)
is a highest weight module. For this case the proof is con-
tained in [2,7] . )

The module :D()*) is called non-degenerate if for every
noncompact simple root ' we have (A+f_, -¥) <

max {a,8}.

Each unitarizable representation of u(p,q) which had
been constructed by I.M. Gelfand and M.I. Graev (see [4] )
is determined by the set of integers (mm,... , mrm.)’ where
Mp=---2m,, , and by the pair (d,ﬁ) , where o
and ‘,3 are nonnegative integers, such that F = o(+/B
For these ol and /5 we fix now At = A:,jg chosen
by the following way:

EL-Ek e A" for 1 € (¢d end P < K<n



210 Co MOLEV A.I.

and Ek-€L€A+ for of <L £pP and P<k<n
THEOREM 2. The Gelfand-Graev representation with the
perameters (m, = . . ) anda (o, ﬂ) 1s equlvalent
to Enright-Varadarajan module D(A) w1th At = AY
where 'B

mn+lL for f{<c=d

Ai,: L+;n zfor o£<l,'é/>
Mm; g n—ad+f for P<il<chn
As it follows from Theorem 2, all Gelfand-Graev repre-
sentations belong to the discrete series.
Let us fix A€ R,n' where A /\H_1€ Z+for L#-/D .
A pattern A (of Gelfand—Tsetlln-Graev type) defined as a
table of real numbers:

J"" A'L /|+m.--- /l,m_
ARSI %
Wletn-g-+>Apa-1 ;;Hn-f ﬁn-u,.,

1p-1 b
N

where the upper row coincides with )\ and a —> b means
a-b € Z4 .
Put A;,d-/:—z,_ for 1<cied k>p
Zl:l(= /‘ik+K+0(—L for /D<L$ksh.

’\ik + k-L in other cases.
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Let O =1 for kK#p and 6 = -1.

THEOREM 3. Any non-degenerate module D()\) admits an
ortonormal basis EA} , Which is parameterized by
all patterns A , such that

k

e §A= ( 21 ’\i,k_ Z; Ai—k—1)§

ol

: (L.,->ﬂ( o)

=2 (-6

ek k
Kt4 CA 4=, . ﬂ ({u_[ik>(£ll:{ik+i>

L=4, Ly

NS
~nC2

K

k-1
k+1 LI—)(‘U‘ “k—f )H<'¥k Lk+>

e g% (g
AN IRy 11

i=1,let

where J/\ * g)u( is the table, obtained from /Y by
replacing A‘lk by )“tk '.!.' _'1_ .

An analogous theorem holds for the remaining unitari-
zable modules D()\) . Here the ortonormal basis is para-
meterized by a certain part of the patterns A . The

matrix elements of generators of are given by similar
formulae. For highest weight modules .D(/\) such a theorem

is contained in [6] .
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2. OUTLINE OF THE PROOF
The main tool of the proof of the theorems is Mickelsson

Z - algebras [81 . Let % = ?f[k, C) and.
% - 970l 0 9
be the triangular decomposition of 7,( . Consider the

following natural inclusions
<Y< € gn.
In place of the universal enveloping algebra U(?n,)
we consider its extensu:»/n
U'(e,)=U(y,)®ud,) RH,)
where R'(!n is the field of fractions of the commuta-
tive algebra U ,,,) . Let M be the quotient module

U(9) vy the left ideal U (y,,,) Cy’,, . Put
The space 1 %( ?n ‘g ) is an algebra over the
riexda € . It is called (extended) Mickelsson algebra
(see [8] ). This algebra is generated by elements 2; , zk

i
and. e, where
k k
. ‘Pek 2 21: = ‘Pel: 4
‘f$L$P<k <n, p<mécn, mtk and P is
the extremal projection for ?/, [8] . These elements
satisfy the following relations.

LEMMA 1. If :Lsi,J' <p and P <k m<n
J J / A 7 .o
k 2'" +.zk o /1[—-11 for "‘J,
zkzm_zmzk zmzk 7 / for S
(5] T TR "z“/'/' £<j,
l. ‘. ‘ l k by by k
’Zk?m=2'k‘2k , ZL. z£ =z£ ZL',
=¢ I m ol c .
G T Fx T L,
. P .
. ="_4 ( m m)
=z =2 %'7 oﬂy + S’k[ —er )
where "
+ P oh_ho*e J_ S !
c. =T ) Y= =e -
T=+ L—L 7 h. l..+_1_ ’ +P ¢
t+q i~ hay V= he
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Moreover for P<t<ch
¢ k
[=,, e 1=9, 2

We shall give the definition of the modules :D(/\) by
using Mickelsson % -algebra. Put

S::‘Z‘f(lli—lt1)"'(ll;,—l'-i—1>
S:: 'ZF(A'—L,:*M)"'- (l'i—AP)

where 1 < </><k<h.

A z &

L 2

P
iy = Ze‘e +z: efel . § dp
= i ey 4om m
‘where p <k, m<n 4
Then Sp, can be regarded as elements of U ( ) .

S
Let M) = U(?/,,_)/I,\where Iy is the

left ideal generated by the follow1ng elements:

k

ei —)\L : for 1=12,...,h
; ej for € - Ed € A
g for -, € A:' and

I tm for P < K, m <f1.
LEMMA 2. The module M (A)ls equivalent to M(/‘)
(see Introduction).
One can see that M/{/U admits a ? -invarient
Hermitian form B,\ and the Enright—Varadaraja.n module

D(/\) is a factor of M’
DA = MCN) / kex B)

The scheme of the proof of Theorem 1 is as follows: if
the weight /\ doesn't satisfy the conditions of-the
Theorem 1, one can find a non-zero vector A € M7(A) |
such that 5,\ (V,' ™) <0 ; if the weight /\ satisfies
them we give an explicit construction of :D(/\) by using
the Gelfand-Tsetlin basis (Theorem 3). This construction is
quite similar to the construction of the Gelfand-Tsetlin
basis for the finite-dimensional representations of
‘*}’p(ﬂ C) (see, for example [5,9] ). Here one use a cal-
culations in the Mickelsson algebra (Lemma 1). But instead
of the chain of the Lie algebras it is useful to take one of
the Mickelsson algebras:
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%(3{/"""1 ?f’) < %(?,04—2, ‘3,») c--c %(gn, %’P)

The proof of the Theorem 2 follows from the explicit ac-
cordance between the patterns /\ and Gelfand-Graev
schemes.

REFERENCES

1. DUFLO M. "Représentations de carré intégrable des groupes
semi-simples réel", Séminaire BOURBAKI, N°508 (1977/78).

2. ENRIGHT T., HOWE R. and WALLACH N. "A classification of
unitary highest weight modules", Progress in math.
Birkhauser. Boston. 40 (1983), 97-143.

3. ENRIGHT T. and VARADARAJAN V. "On an infinitesimal charac-
terization of the discrete series", Ann. Math., 102(1975),
1-15.

4. GELFAND I.M. and GRAEV M.I. "Finite dimensional irredu-
cible representations of unitary and general lineal groups
and special functions, connected with them". Izvestija
AN SSSR (ser.mat.)(6) 29(1965), 1329-1356 (in Russian).

5. GOULD M.D. "On the matrix elements of the.(J-(Yt) gene-
ratprs" J.Math.Phys., 22(1981), 267-270.

6. MOLEV A.I. "Gelfand-Tsetlin basis for irreducible unita-
rizable highest weight representations for u(p,q)",
Funkt. analys i ego prilozh. 23(1989),76~77 (in Russian)

T. OLSHANSKII G.I. "A description of unitary highest weight
representations for the groups (I(P, 1,)ﬁu ", Funkt.
analys i ego prilozh. 14(1980), 32-44 (in Russian)

8. ZHELOBENKO D.P. " -algebras over reductive Lie al-
gebras". Soviet Math. Dokl. 28(1983) 777-781.

9. ZHELOBENKO D.P. Proc. Soviet-Hungarian School Theory of
Group Representations, Budapest, 1983 (in Russian)



Ok CERTAIN CLASS... 215

MOLEV ALEXANDER IVARKOVICH

MOSCOW INSTITUTE OF ELECTRONIC MACHINE BUILDING
BOLSHOI VUZOVSKY PER., 3/12

109028 MOSCOW

USSR



