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NATURAL AFFINORS ON THE EXTENDED r-TH ORDER
TANGENT BUNDLES

Jacek Gancarzewicz (Krakéw) and Ivan Kolaf (Brno)

The extended r-th order tangent bundle E™ M over an n-dimensional manifold M
is defined as dual vector bundle E™ M = (J"(M,R))*. The r-th order tangent bundle
T)M = (J*(M,R)o)* over M is a vector subbundle of E* M and we have a natural
decomposition E*'M = T{")M x R.. For r = 1 we obtain the time-dependent tangent
bundle E'M = TM x R.

In this paper we determined all natural affinors (i.e. tensor fields of type (1,1)) on
E™. In item 3 we defined geometrically four natural affinors on E". Then we prove
that all natural affinors on E’ are their linear combinations, the coefficient of which
are arbitrary smooth functions on R. For r = 1 we rededuce a special case of another
general result by M. Doupovec and the second authors, [2].

All manifolds and maps are assumed to be infinitely differentiable.

1. Let M be a manifold. The vector bundle E" M = (J" (M, R))* is called eztended
r-th order tangent bundle. The target map B : J"(M,R) — R can be interpreted as a
vector bundle epimorphism of J*(M, R) onto the 1-dimensional vector bundle M x R
which admits a splitting defined by the r-jets of the constant functions on M. Hence
kerp = J*(M, R)o is a vector subbundle of J*(M, R) such that J*(M,R) = kerf xR.
The vector bundle TX") M = (kerB)* is called r-th order tangent bundle over M. This is
a vector subbundle of E" M and we have a natural decomposition E'M = T(") M x R,
provided we have used the canonical identification of R with R*.

Every smooth map f: M — N induces a linear map

T3 )(NyR) 3 j}(aye = di(p 0 f) € J(M,R)
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z€ M, ¢: N — R. The transposed linear maps E;M — E;(,)N determine a vector
bundle homomorphism E"f : E*M — E™ N covering f. One verifies easily that the
rule M — E'M, f — E"f is a bundle functor on the category of all manifolds in
the sense of [5]. Since E" f(T")M) C T{")N for every f : M — N and pullbacks
of constant functions are constant functions, we have E"f = T(")f x idg under the
decomposition E'M = T(")M x R.

2. An affinor on a manifold M is a tensor field of type (1,1) on M which can be
interpreted as a vector bundle homomorphism TM — T M covering the identity on M.
Let F be a natural bundle over n-dimensional manifolds, see e. g. [4], [5]. According
to [6], a natural affinor on F is a system of affinors Qp : T(FM) — T(FM) on
F(M), for every n-manifold M, satisfying the condition

T(Ff)oQm = Qn o T(FY)

for every local diffeomorphism f: M — N.
Our problem is to find all natural affinors on the restriction of E” to the category

of n-manifolds and their local diffeomorphisms.

3. First we define four natural affinors on E".

L. Let 65 : T(T M) — T(T(") M) be the identity map. By means of the decom-
position T(E" M) = T(T" M) x TR, § = {6s} induces a natural affinor § = {5}
on ET.

II. Analogously, the identity affinor g : TR — TR on R induces a natural affinor
gg on ET. Let us observe that g+ S-R is the identity affinor on E".

III. Let y € T"'M and 2z = n(y) € M. There is the natural isomorphism ¥, :
Vy(T")M) — (T") M), between the vertical space V, (T\")M) = T,(T(")M).) and
the fiber (T\") M), of T(")M over z. The jet projection 8, : J*(M,R)o — J}(M,R)o
induce an inclusion ip : TM = T'M — T(")M. Now we define a linear map Vi, :
T,(T") M) — T,(T(") M) as the composition

. -1
T,(TOM) =5 Ty M 25 (TOM) ) V,(TOM) € 1,1 M)
Let Vi : T(T"M) — T(T(") M) be defined by Vi |T, (T M) = Vu,y for any y €
T()M. The system V = {Vi} is a natural affinor on T{") which induces a natural
affinor V on E.

IV. Let Ly be the Liouville vector field on TX") M, i.e. the vector field determines
by the homotheties. This is a natural vector field on 7¢") M. Then the system L@dt =
{Lym ® dt} is a natural affinor on E”, where t is the canonical coordinate on R.
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~ Theorem. All natural affinors on ET are linear combinations of 5, bg, V and
L ®dt, the coefficients of which are arbitrary smooth functions on R.
The proof will occupy the rest of the paper.

4. By the general theory, [5], it is sufficient to study the linear maps of the stan-
dard fiber T(E"R) over 0 € R™ into itself. We write z = (2') € R", t € R,
v = (y1,.--,9) € TCIR", where y, = (y"+"+), are the induced coordinates on
T()R", [7]. The additional coordinates in T(E*R") are given by X' = dz', T = dt,
Yé#1+és = dy'1%s. Then any linear map of the standard fiber T(E"R) over 0 € R"

into itself has the following form

X =ai(t, X +5 )T+ Yy, (Ly)V

=1
() T = 4;(t, )X’ + B, YT+ Y_ Ci,.i, (t,y) Y
=1
‘}7'1,..l. = a;:""i'(t, y)Xj + ﬂ"'""-'(t,y)T+ Z‘Y;:;;(tr y)Yj""j"

p=1
where the coefficients are arbitrary smooth function in ¢ and y. Let us remark that
the equivariant maps corresponding to the natural affinors 5, Zg, l7, L ® dt are:

5: X=X, T=0 V" =yi
V: T_:X‘, T=o, )—/"" =0
SR X =o, T=Y, v =0
L®dt: X =o, T=v, Firol = greder

5. First, we consider the equivariancy of (1) with respect to the homotheties 7=
kzi, k #0. WehaveT=¢, 71+ = yfr-ie X = kX', T=Tand V""" = k*Y¥1-ie,
The equivariancy of the first row of (1) implies
ab(t, kyr, K2ya, ..., K yr) = kaj(t, 01,2, 9r)
b (t, kyn, K2y, ..o K ye) = Y (691,920, 0)
ke @k, Ky Ky) = o (B )

By the homogenous function theorem we obtain

a;:(t) Y1,Y2y.- ¢y yr) = a;.'(ty yl)
(2) b‘(t, YLY2y - ¥r) = b‘(t’ n)
ety ) = 6 (1)
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are functions of the indicated variable only. Moreover, it holds

(3) C::l....',(t,yl, Y204, 9) =0 fors>1

The equivariancy of the second row of (1) implies
kA;(t, kyr, k2 y2,. .. K ) = Aj(t, 31,92, - -, 9r)
OBt kyy, K, K ) = By, v, o0 )
K Ciy i, (t by, Byay . K y) = Cip iy (601,020 -0 0r)

Letting ¥ — 0 we obtain
(4) Aj =0, B(t, yls--')yr) =B(t), Ct'l...t'. =0
In the end, the equivariancy of the last row of (1) implies

‘r.i(t)kyl) k2y2v o ,kryr) = k.-la{:(tyylg Y2y+-4 yr)
ﬂ‘l...‘.(t’ kyl: k2y2) vy k'y,.) = k.ﬂ‘lmi'(t: Y1,¥2y.-- y?)
7;:;:“; kyh kzy'b LR ] k'y,) = k‘_,7;:;:(t) Y1, ¥2y--- vyr)

Hence

a::"“"' is a function of ¢, y1,...,¥s-1

B is a function of ¢, y1,...,¥s
7,':;; is a function of t,y1,...,ys—p if p< 8
7;:;; =0 ifp>s
Since the coefficients in T are independent on y, for every ¢ € R the functions
b(t,y), B+ (t,y) defines an equivariant map of (T(")R") into itself. According to
a result of the second author and G. Vosmansks, [7], such natural transformations are

homotheties. This implies
(6) Bt y) =b(t)y, B (t,y) = byt

where b is a smooth function on R.

From (2) — (6) we now deduce that (1) can be written in the form
X = a}(t,31) X7 +b(t)y’'T + i (1)Y?
T=B@)T

(7) ?“1---1’. - a;.-l-.."'(tl Yiy... ,y._l)X" + b(t)yl'x.l',T
L
+ 27;:;. (t) Y1y oy y,_,)yl'l---f,

»
=1
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These relations read that for any p < r the subspace (T EPR"), is invariant with re-
spect to our equivariant map. It means that the natural affinor Q under consideration
induces a natural affinor Q on E?, p < r.

6. To finish the proof we will use the induction with respect to r.

If r = 1, our theorem represents a special case of a result by M. Doupovec and the
second author, [2], for E'M =TM x R.

Assume that the theorem is true for » — 1. Let Q be a natural affinor on E". By
the remark from the end of item 5, Q defines a natural affinor on E”~!. The induction
hypothesis and (7) imply that the corresponding equivariant map can be written in

the form
X = a(t) X’ +b(t)y'T + c(t)Y*
T = B@t)T
(8) Y‘X-u‘. - b(t)y"lt.T_*_a(t)Y\‘;l, if‘ < r

Y"""" = a;:l““r(t) Y1y 1yr—l)Xj + b(t)y‘l.mirT

r
+ YAy peop) VI
p=1

From the equivariancy of (7) with respect to the transformations

= _ i i i ir
z=2+K; ;2.2

Ki . €R, we deduce by a standard evaluation

1.8,

a::l...t',. =0
Ny =0 ip<r
g Yidr = ey

Thus we have
X = a(t) X’ + b(t)y'T + c(t)Y*
T = B(t)T
yirte = b(t)y* T + a(t)Y¥r-i - fors=1,...,r

This means that the affinor Q has the following form a()8+ B(t)6r +c(t)V +b(t) L& dt.
This completes the proof.
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7. From our theorem we can deduce immediately the complete characterization of

natural affinors on T{*). Namely, we have

Corollary. All natural transformations on T(") are k16 + k2V, where ky,k2 € R,

§ is the identity affinor and V is the natural affinor defined in item 3.

(1.
2.

[3].
(4.

[5)-
[6].
7

This result can be deduced immediately from results by M. Doupovec [1].
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