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Residues for monogenic forms on Riemannian
manifolds. *
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1 Introduction

Generalizations of complex analysis to higher dimensions are studied for a long time
already. The golden period of the biggest stream - the theory of several complex
“variables - came after the World War Two and the field is nowadays a well established
and flourishing part of mathematics.

The works of Moisil, Théodorescu and Fueter ([8, 9, 15, 20]) opened the way to the
second natural generalization which attracted a broader interest later then the theory
of several complex variables. It studies the Dirac equation as a natural generaliza-
tion of the Cauchy-Riemann equations to higher dimensions. It has a local part (an
analogue of the function theory of one complex variable) which is commonly known
as Clifford analysis (see [4, 6, 10, 11]) and a global part which was very important in
the development of the index theory for elliptic operators in the sixties (see [13, 2, 3])
and which is very active field of study ever since. The terminology is not still unified,
solutions of the Dirac equation in Clifford analysis are traditionally called monogenic
functions, while in global analysis they are usually called harmonic spinors ([17]).
The next natural question is what is a suitable generalization of holomorphic forms
to higher dimensions. A suitable answer was recently described (under the name of
monogenic forms) in [6, 18]. The generalization was based on the following main
features of holomorphic forms. '

Firstly, analogues of Cauchy-Riemann equations should be invariant with respect
to the orthogonal (resp. Spin) group. This property alone restricts possibilities enor-
mously, there is only a finite number of possible generalizations having this property.
A wish to have a suitable generalization of the Cauchy theorem available is the second
important restriction. To get a third one, let us recall that it is possible to describe
topological properties of domains in the complex plane using holomorphic functions
and forms. The definition of monogenic forms in domains in R,, given in [6, 18] pre-
serves this property. The fact that the definition of monogenic forms is invariant with
respect to the Spin group is the key property making possible a generalization of the

*This paper is in final form and no version of it will be submitted for publication elsewhere.
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definition of monogenic forms to Riemannian manifolds with a given spin structure
(see [19]) .

To come to the main topic of the paper, one of the most useful tools in com-
plex analysis is the residue theory for meromorphic forms. A broad generalization of
residues for monogenic forms in domains in R,, was introduced and studied in 5, 6].
The aim of the paper is to show that the theory of residues for monogenic forms can
be naturally extended to monogenic forms on Riemannian manifolds.

Let us now describe in more details the main idea behind the suggested generaliza-
tion of residues. The theory of pointwise residues is a fully satisfactory analogue of the
one complex variable theory and reduce to it for m = 2 (see [4, 22]). Let S* be a basic
spinor representation of the group Spin(n) and let f be a smooth map from a domain
Q C R,, to S*. If f is a solution of the Dirac equation with' an isolated singularity
in a point P € Q, then there are two definitions of the residue respf which coincide.
The first one uses the decomposition of f into Taylor and Laurent series (see [4, 6]
for more details). The other one is given by a suitable integral. Let e;,j =1,...,m,
be a canonical basis of R,, interpreted as elements of the corresponding Clifford al-
gebra and let z;;j = 1,...,m, be the corresponding coordinates. Let us consider a
spinor-valued differential form w of degree m — 1 given by w = Do. f, where

Do =Y (-1)*e;dzy A ... Adzj A ... Adz, (1)
1

and where the multiplication means the action of elements of the Clifford algebra on
spinors. Then res p w is defined by
Tes pw = / we ST,
sm-1(P)
where S™}(P) is a sphere of dimension m — 1 of a small radius around P.

A special feature of Clifford analysis (in comparison with the theory of several
complex variables) is that even if it is "one variable” analogue of the complex function
theory, there is more space than in the complex plane. Hence it is interesting to study
monogenic functions with singularities on higher dimensional compact submanifolds.
This generalization was studied in [5, 6]. The basic tool needed here (as well as in the
generalization to manifolds) is the Leray-Norguet theory of residues, see [16].

To recall it shortly, let M be a smooth oriented manifold of dimension m and let
¥ be its oriented submanifold of dimension k,1 < k < m — 2. Let ¢ be a positive
integer, ¢ > m — k — 1. Then there are two maps (dual to each other)

Res g : H(M \ ) —» HI-(m*-1)(x))

and
6 . H;_(m_k_l)(z) — H;(M \ 2).

To indicate a geometrical meaning of the cobord map 4, let us first consider the
projection p : U +— ‘X of a tubular neighbourhood U onto ¥ and its restriction
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p' = plav to the boundary of U. Then it is possible to represent the class of homology
of the cobord 67 of a closed ¢ — (m — k — 1)-dimensional submanifold ¥ C ¥ by its
preimage (p’)~1(7) in M \ X. Hence every point of v is substituted by a copy of the
(m — k — 1)-dimensional sphere going into a transverse direction.

The map Res g, called the Leray-Norguet residue, can be interpreted then as an
integration over fibers. The duality is expressed by the theorem (or definition) saying

that
/ w=/Reszw
&y v

for allw € HY(M \ ¥) and v € H;_,_4—1)(Z).

Now, for a monogenic (m—1)-form on Q2 C R,,, with a singularity on a submanifold
X C Q,ie. for a form w = Do.f, where f is a monogenic function on Q \ X, we can
define the residue res s w by

reszw=/ w=/Reszw€S+.
55 )

Such a generalization of pointwise residues was introduced and studied in [5, 18].
There are two main reasons why this definition of the residue is not fully satisfactory.
Firstly, the residue is a number (i.e. an element in S*, hence it carries a very small
information on the behaviour of the form w near a higher -dimensional singularity
submanifold. Secondly, it is a definition which is not suitable for generalization to the
curved situation. Indeed, if a form w is a monogenic (m — 1)-form with a pointwise
singularity on a spin manifold (for a definition seee below), a natural generalization
given by

rest=/ w
5P

has no sense (integration of a form with values in a nontrivial bundle is not well-
"defined).

An interesting and useful way how to define a more general notion of residue,
was first introduced in a flat situation by-F.Somme(see e.g. [5, 18]). Due to non-
commutativity of Clifford-valued functions, a suitable formulation of the Cauchy the-
orem in Clifford analysis is the property that if f, g are two Clifford-valued functions
and if D denotes the Dirac operator, then the form f.Do.g is clesed iff f.D =0= D.g
(i.e. f, resp. g, are right, resp. left monogenic). Then f can be considered as a "test”
function and the residue can be defined for a (left) monogenic form w = do.f with
a pointwise singularity in a point P as a functional Rsp on the space of all (right)
monogenic functions in a neighborhood of P given by

Rsp (f) = /b_P fw.

The residue Rsp carries much more comprehensive information on the behaviour
near the singularity (in the simplest case of complex analysis it amounts to a knowledge
of all coefficients in the Laurent series of the function with a pointwise singularity). It
is also possible to prove (using a quite bit of analysis) that for "flat” singularities, it is
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possible to relate this residue to the corresponding coefficients in suitably generalized
Laurent series. An important feature of this approach is that the product fw is (in
spinor-valued case,where the product is substituted by a Hermitean scalar product)
an ordinary form with valued in C. Hence the integral of it over a manifold is well
defined. It makes possible to generalize the definition of the residue Rsp for monogenic
forms on manifolds.

We are describing below this type of residue in full details and we prove analogues
of basic facts known for residues of meromorphic forms on Riemannian surfaces (the
residue theorem, the sum of residues on a closed surface is zero). The whole theory
is applicable for more general forms than those defined in [18, 6, 5|. The necessary
property needed is a version of the Cauchy theorem, the discussion of allowed possi-
bilities is given in Section 2. Then the residue is defined and the main properties are
proved (Sect.3.).

2 The Cauchy theorem for monogenic forms

Let us first recall what the definition of monogenic forms is. Let (M, g) be an oriented
Riemannian manifold of dimension m. Let us choose a spin structure on M, i.e. let
us suppose that we have chosen a principal fibre bundle P over M with the group
G = Spin(m) together with the corresponding 2:1 covering map P — P onto the
bundle P of oriented orthonormal frames. The Levi-Civita connection on P induces
then a covariant derivative V on the spinor bundle S* = P Xg,, S* associated to
the basic half-spinor representation S* (in odd dimension there is only one basic
irreducible representation S* ~ S).

Let us denote the space of smooth S+*-valued forms of degree j on M by £7(S+).
The covariant derivative V maps £°(St) to £!(S*) and can be extended to the
maps V : E¥(S) — EF1(SH) for all k =1,...,n — 1 (for more details see [21]).

An invariant Hermitian scalar product on S* induces the Hermitian product <
.. >z, in each fiber S*,,z € M, so that we can define a map < .,. > from &7(S+) x
£¥(St) into the space £+* of C-valued forms by

<wRs,W s >=wAwW < 8,8 >, we i, weEk,;s s eSt,; ze M.

The covariant derivative V induced by the Levi-Civita connection is compatible
with the Hermitean structure, i.e. we have

d<w,t>=<Vuw,7>+(-1) <w,Vr >; w € &(St),T € E¥(ST)

(for 0-forms it is proved e.g. in [13] and it can be checked that it is true for general
forms).

The definition of monogenic differential forms is based on a choice of a splitting of
St-valued k-forms, k =1,...,m — 1, on M into two parts

kst =€E¥ g ¥, (2)
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Using it, we get the diagram

/ 81" - 82" . g(m—l)"
@ X @ @ : » E™
\ 81’ 7 82’ v g(m—l)' dl/' ‘ .

The operators d” are defined as the composition of d with the projection onto £*”.
Monogenic forms are defined then as elements of the kernels of the operators d”. The
space of all monogenic-k forms will be denoted by M¥(S+).

The definition clearly depends on a choice of the splitting (2), which is far from
being unique. It is necessary (and possible) to consider several requirements retricting
the choice substantially.

The most important requirement is the invariance with respect to Spin group.
Spinor-valued differential forms on a spin-manifold M are section of the bundle
A*(T}) ® S*, where T is the complexified cotangent bundle. It is the vector bundle
associated to the representation A*(C},) ® S*.

The representation A7(C:) ® St = A™(C;,) ® St,j = 1,...,[m/2] is not
irreducible, but it decomposes into j + 1 irreducible parts

E,®...0E,, A (3)

the summands in the decomposition being characterized by their highest weights
p,l =0,...,7 (for details see 7, 19]). Let us denote the part E,, in the decomposition
of the product AJ(C?,) ® S*, resp. A™9(C:) ® S*, for j = 1,...,[m/2] by E¥¥,
resp. E™7; the associated bundles will be denoted by £7#, resp. £™74,

The splitting (2) is invariant if and only if the both pieces are sums of £, But it
still leaves a finite number of different possibilities for the splitting.

The next requirement which restricts possibilities further is the need to have an
- analogue of the Cauchy theoregn. In its standard setting (see e.g. [4, 6]), it says that
the product w = fDog is closed, where Do is the standard Clifford algebra valued
volume form of degree m — 1 defined by (1) and f, resp. g are a left (resp. right)
monogenic functions.

A suitable generalization of the Cauchy theorem to our settmg is the following
one.

Definition 1 Let M* and M* be subspaces of E*(S*); k = 1,...,m — 1. We say
that the sequences {MF}1, and {M*}P, are complementary to each other, if

dwAT)=0
for allw € M*, 7 € M™F-L,

Complementary spaces of forms are generalizations of the space M°(S*) of left
monogemc functions, resp. of the space M"™~1(S*) of all forms glven by w = Doy,
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where g is a right monogenic function and the property that the product of any couple
of forms in complementary dimensions is necessarily closed is a generalization of the
classical Cauchy theorem in Clifford analysis (see [4, 6]).

Note that the property of being complementary implies a bound on the size of the
subspaces M* and MF; it is impossible, for example, to set both of them equal to
E¥(S*). On the other hand, it gives no restriction from below; we could, of course,
define MF = M* =0. '

In the flat case, an additional criterion preventing that and giving a lower bound
on the size of spaces M* and M* was the condition that the restriction of the de
Rham complex to {MF*}, resp. {M*}, gives the standard homology of a domain under
consideration. It was shown (see [18, 6]) that there exists complementary spaces of
forms both having this property; in the construction given there M* = M?* for all
k with only one exception (modd,k = m/2). The residue theory, however, can be
formulated for any pair of complementary spaces of forms, so we shall do it.

To construct some interesting examples, let us note that for each w € £%% and
T € E™ K i # j, we have ,

<w,7>=0. 4)

This is the consequence of the fact that different pieces in the decomposition (3) are
not isomorphic as Spin modules, hence they are orthogonal to each other with respect
to the invariant scalar product.

Hence we can prove the following lemma:

Lemma 1 Let {M*}1, and {f\Z"}LO are two sequences of subspaces of the space
E*(S*) which are defined by two splittings

gk(s+) = £k' ® 8,‘", gk(s+) = gk’ ® gk"’

‘which are invariant with respect to the action of the Spin group (i.e. E¥, resp. ¥ are
sums of irreducible parts in the decomposition (3)). Suppose further that the spaces
&¥ and E™—F' have no common irreducible pieces.

Then the sequences {M*} and {M*}, are complementary to each other.

Proof. . _
The definition of the complementary spaces M* and M* implies that for all forms
w € MI, 7 € M™ 31 we have Vw € 6+’ and V7 € £Mm-3)', The assumptions of
the lemma hence imply that < Vw, 7 >= 0, < w, V7 >= 0. The compatibility of the
connection V then implies that the form < w,7 > is closed. m

Ezample.
As an illustration, let us consider the case of dimension m = 7. We shall consider

the identical splittings £¥' = E’F shown in the picture below (the numbers indicate
the dimension of E*J counted in multiples of dim S+, the pieces, belonging to £¥,
are indicated by boxes. In the top row, the dimension of the full spaces £* is written.
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1 7 21 3 3 21 7 1

[ 1 [ 1 [11
6 [6] 6 [6] 6

[14] 14 [14] 14
[14] 14

1
[6]

The condition of the lemma above is clearly satisfied, so the sequences of spaces
M?* = MF are complementary to each other.

3 The residue theory

As discussed in the introduction, we want now to generalize the residue Rsy to the
case of monogenic forms on manifolds.

Definition 2 Let M be an oriented Riemannian manifold with a chosen spin struc-
ture and let ¥ be a compact oriented submanifold of M. Let us supppose that dim M =
m, dimX = j; ji{O,...,m—2}.

Let M* and AA”‘ be subspaces of E¥(St);k =1,...,m —1 such that the sequences
{M*}ry and {M*}1L, are complementary to each other.

Let us define the space M(X) of monogenic forms of degree k on ¥ as the set
of all form which are restrictions of monogenic k-forms from a neighborhood U of X,
i.e.

M (Z) = limindy-s M (V).

Then for every form w € M3i(M \ £), the functional Rsgw € M=--1(Z) given
by
— = . Am—j—1
Rspwlr]: /62<w,‘r> ‘/EReS::(<w,T>), T € M=Y(D),

will be called the grand residue of w at .

Let us prove now the two basic theorem on the grand residue which give analogues of
the residue theorem and the theorem stating that the sum of residues of a holomorphic
differential on a compact Riemann surface is equal to zero.

Theorem 1 (Residue theorem)
Let M be an oriented Riemannian manifold of dimension m with a given spin

structure and let ¥;,1 = 1,...,1, be a finite set of compact oriented submanifolds of
M, with1 <dim¥; <m-2;i=1,...,L

Let M* anal}./fiﬂ:"7 be subspaces of £¥(S*),k =1,...,m —1 such that the sequences
MFY o and {M*}, are complementary to each other.
k=0 k=0 _
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Let w € MI(M \ (U_,Z;). Then for every compact oriented submanifold M' C M
of dimension m with boundary OM' (with the induced orientation) such that &; C
(M'\8M"),i=1,...1 and for every test form v € Mn-1-i (M) we have

!
/aM’ <w,v>=) Rsgw).

i=1

Proof

Let us consider sufficiently sma.ll tubular neighbourhoods U; C M’ of submanifolds
¥, = 1....,k such that their closures are pairwise disjoint and contained in M’.
Then the bounda.ry OM" of the manifold M" = M'\ (U’_IU ) consists of M’ (with the
induced orientations) and 8U;, i = 1,...,1 (equipped with the orientations opposite
to the induced ones). The assumptions of the theorem imply that the form < w,v >
is closed, hence the Stokes theorem gives us that

! ' ! .

g-fotk <w,u>=i_§/mi <w,v>=
]

ZRngw(u).

i=1

<w,v>
aM!

Theorem 2 Let M be a compact oriented Riemannian manifold of dimension m
with a given spin structure and let X;,i = 1,...,1 be a finite set of compact oriented
submanifolds of M, 1 < dim¥; <m-—2;i=1,...,1l

Let M* and M* be subspaces of E¥(S*),k =1,...,m—1 such that the sequences
{M*}, and {MF}, are complementary to each other. Let us consider a differen-
tial form w € MI(M \ (Ui, %),

Then for every test form v € M™ 13(M) we have

iRsziw(u) =0

i=1

Proof. .

Let U; C M be sufficiently small tubular neighbourhoods of submanifolds X;,7 =
., such that their closures are pairwise disjoint. Then the boundary M’ of the

ma.mfold M =M\ (U,_IU ) consists of ! pieces 8U;, i =1,...,1 (equipped with the

orientations opposite to the induced ones). Due to the fact that the form < w,v > is

closed, we have

!
<w,V>= / <w,v>=
/aM' ’ Z;au.- ’
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! ]
;/62" <w,v>= gRszi w(v).
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