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NATURAL LIFTS OF CLASSICAL LINEAR
CONNECTIONS TO THE COTANGENT BUNDLE
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Abstract. We determine all natural operators transforming classical torsion-free
linear connections on a manifold M into classical linear connections on T* M.
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0. INTRODUCTION

We study the problem of lifting of a classical torsion-free linear connection on a
manifold M into a classical linear connection on the cotangent bundle T*M. Some
lifts of such a type were first considered by Yano and Patterson in [4], [5]. We recall
them in Section 1 and we add an interesting generalization by Gancarzewicz, [1]. In
Section 2 we give a complete description of all natural lifts of our type by finding of all
natural difference tensors. Hence our main result can be formulated as the following
assertion about natural operators in the sense of [3].

Proposition 1. All natural operators transforming a classical torsion-free linear con-
nection on a manifold M into a classical linear connection on the cotangent bundle
T*M are the sum of a classical lift from Section 1 with a natural difference tensor
from the 21-parameter family determined in Proposition 2.

In Section 3 we interpret generators of the natural difference tensors geometri-
cally.—All manifolds and maps are assumed to be infinitely differentiable.

1. CLASSICAL LIFTS
Let V be a classical tqrsion—free linc;ar cpnnection on M with the coordinate ex-
pression dX* = V;k(z)X Jdz*, where z*, X* = dz' are some coordinates on TM.

First we define the complete lift of V to T*M (z*, p; are the corresponding coor-
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dinates on T*M). We consider a (0,2)-tensor field g on T*M with components

9ij = 2p V5

gl =6
95 =9
g7 =0

Clearly, g is symmetric and regular, i.e. g is a pseudo-Riemannian metric, (ds)? =
2dz* (dp; + ka:‘jda:j). We call g the Riemann extension of V and denote it by VE.
Let V€ be the Levi-Civita connection determined by the Riemann extension VR, We
call V€ the complete lift of V to T*M. Some properties of the complete lift can be
found in the above-mentioned paper [4] by Yano and Patterson, but it is necessary to
remark that they are not too simple. For example Vg’;cYc # (VxY)C, where X©,
Y are the complete lifts of vector fields X, Y to T*M. The coordinate expression

of V€ is
dX*' = Vi X7dz"
dP; = pm(Vi}i — VI, — VI ;= 2VRVL)XTda* — VX X dp — Vi, Pjdz*
provided X* = dz’, P; = dp;, are the induced coordinates on TT* M.
Second we define the horizontal lift of V. The horizontal lift VH of V to T*M is

a unique classical linear connection on T*M satisfying
vH, eV =0
VHEYH =0
vEL.8Y =(Vx6)Y
VEYH = (VxY)H
where w", 8V are vertical lifts of 1-forms w, § and X, Y'H are horizontal lifts of vector

fields X, Y with respect to V. A direct evaluation yields the following coordinate
expression of VH

dX' = Vi X' de*
dPi = pm(=V i — VIVY — VIV X da* — VE X dpy — Vi, Pjdz*
Gancarzewicz in [1] showed a way of generalizing V'H . For every linear connection
D on T*M (with the coordinate expression dp; = —D?,(z)p;dz*) and every classical

linear connection V on M there exists a unique classical linear connection (we call it
Gancarzewicz’s lift) VG = VC(D, V) on T*M satisfying

vS 8V =0

VS YH =0

V$ a8V = (Dx6)¥
VSaYH = (Vx1)H
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where the horizontal lifts of vector fields are taken with respect to D. If V* is the
dual connection to V, then V¢(V* V) = VH, The coordinate expression of V¢ is

dX' = Vi, X' dz*
dP; = pm(—D} 4 — D} D}y — DV, )X  dz* — DY Xdpy — DIy P;dz*

2. ALL NATURAL LIFTS

All natural lifts of classical torsion-free linear connections to T* M are completely
described by one lift together with all natural difference tensors. That is to say the
difference of two classical linear connections on T*M is a (1,2)-tensor field on T*M
and for finding all natural tensors of such a type we use standard methods stated in
[2].

If we take the standard fiber Fy = TTyR™, then r-th order natural difference
tensors correspond to the equivariant bilinear maps

L:F XFO _'FO, L((va)XaP)v(:r’paYaQ)) =($,p,X,P),

in coordinates

(1) X' = KRXOV* + LEXIQu + MIPY* + NU* Q)
P = Py X7Y* + Q5X7Qu + RLPYF + SI*P;Qu

Indeed, every such a natural operator has finite order, see [3], Prop.23.5., that is
why all natural lifts of V to T*M have finite order r and for this reason functions
K}k,ij,M,'cJ,Nij",P;jk, fj,Rfk,Si’k depend on p,-,V;k and on partial derivatives
;k,u (o multiindex, 1 < |a| < 7).
The equivariant maps in question are to be found under the action of G2, on F,
given by equations

(2) pi = alp;
Xi= a;-Xj
P =alP; - daralpn X*

where &j,&;k are coordinates of the inverse element a=!; a € G2, and under the
well-known action '

ot __ i ~l~m ivvl ~ma~n

ij = a,majak + a,anaj ag

Now, (1) and (2) enable us to compute functions K;:k,L;",M,';j,N‘j",P;jk,ij,

Rfk, S{ ¥ (barred functions denote the transformed quantities).

By comparing of coordinates between the equation (1) for X and the same one

~ 1
for X we obtain

Jijk _ inlmn j k
NY* =g N'™"al a,
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The action of G}, on N ik is tensorial and the equivariancy with respect to homoth-
eties in G, (glven by @} = ké},a}, =0) yields

FN']k(piv ;‘k1 v;’k,a) = NUk(kPi, kv;’k’ kl+|alv;k,a)
Letting k — 0 we find N/¥ = 0. Next, on condition N*/¥ = 0 we obtain
3 = aiMi i
E;k = afLZ'&;”aﬁ

and in the same way we find M}’ = Li* = 0. Further, on condition N¥* = My =
L;k = 0 we obtain
K}, = aiK}, a7 a}
The action of G, on K]': x 1s tensorial and the equivariancy with respect to homotheties
in G}, yields
K}k(l’i’V;k»V;k,a)— Jk(kl’:,kv,k»klﬂalv;’k,a)

By the homogeneous function theorem, [3], Th.24.1., and the invariant tensor theorem,

[3], Th.24.4., we have
K}, = a8ipi + béipj + AV} + B8V, + C6.V;
If we put aj- = 6;'-, the equivariancy reads
O = Aa;-k + Ba;k + Ca;]
Hence A= B =C =0 and K',c = abt Pk + b8y p;.

By comparing of coordinates between the equation (1) for P; and the same one

for P; we obtain S’k =0 Qk = cbfpj + d&"p,,R",c = e&’pk + f6kp, The procedure
is quite analogous and that is why we dont perform all these steps in detail here.
However, the computation of P;ji is more complicated. We have

P'J" =a; le"a ak - alalma p"KJk + a; leaJ anaakp" + &iRma:nsa;ﬁ"a;cl
The action of G}, on P;jy is tensorial and the equivariancy with respect to homotheties
in G, yields

kspijk(piy ;’ka ik, a) - I]k(kpl)kvjk1 kl+lalv§k,a)
By the homogeneous function theorem we see that admissible degrees of (p,-,Vj-k,
V;k 1 Vikm) are (3 0,0,0), (2,1,0,0), (1,2,0,0), (1,0,1,0), (0,3,0,0), (0,1,1,0),
(0,0,0,1). Putting a] = 6; yields
(3) Pijk = Pijk - aﬁm;’n(acﬁ;f'i)k + b&;"ﬁj)+
Gk P} B + dE]"Bi) + o ;P1(e6]" P + fEF"Bi)
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and by the invariant tensor theorem we obtain

(3 0,0, 0) P:]k = gPiP;Pk, ie. P:]k = QPzPJPk
1I. (2,1,0,0): Pjx = DP:PIV]k + Epi;iVi + ForiVi; + Gpipi Vi + HP:PkVIJ
Ip;pxVi;. We compare a jx—clements with (3) and we obtain G = =1I=
D=d+ f,E=c—b,F =e—a. This means Pz = (d+ f)p.-pIV_'ik +(c— b)pijfk +
(e — a)prpiVi;.
IIT1. To the remaining cases we apply the following lemma.
Lemma. Let E,F be G}, —spaces. For every G7t2-map f : E x T7.Q — F there
exists a um'que Gl -map g : E x K™™! — F satisfying f = g o C"™™!, where C™™! =
(C,C4,...,Cr_1) is the formal curvature and its absolute differentials up to orderr —1
and K" Cr_ (Tr, Q) is (r — 1)-th order curvature space.

Proof is only a slight modification of the proof of Theorem 28.6., [3]. O

In our case, we have factorization through g:R™ x K! - ®3 R™*, where the
canonical coordinates in K! are Ry, R (R .1 are skew-symmetric in the last
two subscripts.) It holds

K Piji(pi, Ripg, Rigim) = Piji(kpi, B Rigy, k* Rigyrm)

]klm

By the homogeneous function theorem we see that admissible degrees of (p;,R;-k,,

R;Hm) are (3,0,0), (1,1,0), (0,0,1). The first case was described in I. We look into
remaining cases.

ITIA. (1,1,0): By the invariant tensor theorem and by the first Bianchi identity we
find

Pijx = hpiRjy + ipi R + ipi Ry + kpiRkyj + Ipj Rky; + mp; Rige + npe Ry + opi RY;

IIIB. (0,0,1): By the invariant tensor theorem, by the absolute derivative of the first
Bianchi identity and by the second Bianchi identity we find

Pijx = PR;.'M + qR_Iilik + TR;n'jl + SR;cuj + tR;:’jk + UR;kij
Thus, we have proved our main result.
Proposition 2. All natural difference tensors on T*M form a 21-parameter family

X' = (abipx + b6ip;)X'Y*

P' = (gpipjpk + (d+ N)pimi Vi + (c = b)p;pi Vi + (e — a)pim1Vi; + hpiRijp+
iptR}i; + jpiRbxt + kpiRhj + IpjRig; + mpj Rl + npeRiji + opr Ri;+
PR;‘.'H + qu'uk + TRL‘J'I + SR;:lij + tR;ijk + URfkij)Xij"'
(c8¥p; + db¥pi) X7 Qi + (e6lpi + f&1pi)P;Y*

Let us remark that if z = 1 and all other coefficients are zero, we obtain just the
difference between the complete lift and the horizontal lift.
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3. GEOMETRICAL INTERPRETATION

We give a geometrical interpretation of the individual generators of the 21-para-
meter family of natural difference tensors.

We consider the canonical projections 7 : T*M — M, o : TT*M — T*M, 7 =
Trx:TT*M — TM. Further, the identification T*M x pr T*M = VT* M determines
an injection ¢ : T*M — TT*M, «(z,p) = (z,p,0, p).

Let H = (z,p,X,P),J = (z,p,Y,Q) € TT¢R™. Then X = r(H),Y = 7(J),p =
o(H) = o(J).

a. (such an underbarred letter means a = 1 and all other coefficients are zero)
The coordinate expression

X' =X'(pY")

Pi = —pVi; X (peY")
represents a lift of X with respect to dual connection V* multiplied by the evaluation
(X, p), i.e. the operator V*(X)(Y, p).
b. as a; V*(¥)(X,p).
C

. The coordxnate expression

Xi=0
P = (pViY* + Qi) (p; X7)

represents a difference between J and a lift of Y with respect to V* multiplied by
(X, p), i.e. the operator (J — V*(Y))(X, p).

d. The coordinate expression

Xi=0
P = (pVi XY* + X1Q;)p:

represents a contraction of the vertical vector J — V*(Y) by X multiplied by ¢(p), i.e.
the operator (X, J — V*(Y))(p).

as ¢.; (H — V*(X))(Y,p).

as d.; (Y, H — V*(X))u(p).

g. The coordinate expression

(o

0
(PiX7)(PeY *)ps

e
B =

represents the operator (X, p)(Y, p)¢(p).
h. The coordinate expression

0

%
P, = piR}; X'Y*
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represents a contraction of the curvature tensor R by p, denoted by (R;,p).

i- The coordinate expression

Xi=0
P, = (R X7Y*)p;

represents a contraction of the curvature tensor R into itself multiplied by ¢«(p), which
is an operator denoted by Ry L( )

p: The coordmate expressmn

Xi=0

P, = Rl x’v*

represents a contraction of the absolute differential of the curvature tensor into itself,
which will be denoted by VR;
g.r.s.t.u. asp.; VRZ, VR3, VR4, VRs, VRG
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