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The iterated version of a translative integral formula for sets
of positive reach*

Jan Rataj

Abstract

The technique of rectifiable currents is used to prove an integral formula
expressing the curvature measure of intersection of g sets of positive reach inte-
grated over all translations of the sets. The formula involves s.c. mixed curvature’
measures of sets of positive reach.

1 Introduction

The translative version of the principal kinematic formula of integral geometry has
been proved recently for pairs of sets X,Y of positive reach in R¢ in the form

/R« Ce (X N(Y +2), (AN (B +2)) x G)dz = = CuXYiAxBxQ),
ra=dtk

(see [4]), where Cx(Z,-) is the (generalized) curvature measure of the set Z C R? of
order 0 < k < d -1 (a locally finite signed Borel measure concentrated on the unit
normal bundle nor Z of Z, see [7]) and C,,(X,Y,-) is the mixed curvature measure
of the sets X,Y and order r,s. The formula was proved first for convex bodies and
‘ordinary’ curvature measures by Schneider & Weil [5]. Weil [6] has proved an iterative
version of this formula for convex bodies; this formula considers the curvature mea-
sures of the intersection of a general finite number (g) of bodies. He has introduced
mixed curvature measures for g-tuples of convex polyhedra and extended this notion
by continuity w.r.t. Hausdorff metric to g-tuples of convex bodies.

In this paper we give a proof of the iterated version of the principal kinematic
formula for g-tuples of sets of positive reach and generalized curvature measures. The
mixed curvature measures are introduced by means of rectifiable currents supported
by the ‘joint unit normal bundle’ of the sets considered and the proof is based on the
technique of geometric measure theory. The formula is proved under un additional
condition (4) requiring, roughly speaking, that the Lebesque measure of translations
(22, ,2g) for which X; ‘touches’ (Xz+23)N---N(Xy+2,) is zero (known examples
of sets of positive reach violating this condition - see [3] - are quite intricate).

*The paper is in final form and no version of it will be submitted elsewhere.
The research has been supported by the Grant Agency of the Czech Republic, Project No.
201/96/0226.
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The mixed curvature measures can be also represented - similarly as in the case
of two bodies ([4, Section 4]) - as integrals of principal curvatures over the product of
unit normal bundles. This can provide a deeper insight into the structure of mixed
curvatures and will be shown elsewhere.

It has been shown in [6] that the iterated version of the principal kinematic formula
and its translative version have important applications in stochastic geometry, e.g. it
gives new relations for stationary Poisson processes of particles.

2 Preliminaries

Throughout the paper, the notation of [2] will be used for the basic notions of geometric
measure theory. In particular, Ay V, A¥V is the space of k-vectors, k-covectors in an
Euclidean space V, respectively, (T,#) denotes the bilinear pairing (r € AV and
dENV), Q=¢ A A€, € NR? is the volume d-form, {e/,...e}} being the dual
basis to the canonical orthogonal basis {ey,...es} of R?, and QP the corresponding
volume dp-form in (R")”. The induced multilinear mapping Ay L of a linear mapping
L : R™ — R" is defined by (/\kL)(ul A<+ Aug) = L(ug) A--+ A L(ug). For an
open subset U € V, D¥(U) is the set of all (differential) k-forms and D;(U) the set
of all k-currents on U. HF is the k-dimensional Hausdorff measure and L™ the m-
dimensional Lebesgue measure. For any finite family of vectors u,...,ux in V, we
denote by Cone(uy, ... ,ux) = {c1u1 + - + cxux : ¢; > 0} the positive cone spanned
by Utyooo y Uk

p-product of multivectors. Let p be a natural number and r4,. .. , 7, integers with
0<ri<dandr +---+71,=(p—1)d. Let o; € \,(R?), i=1,...,p be unit simple
multivectors. Suppose that a; = +1 if r; = d. Clearly there exist positively oriented

orthonormal bases {ai,...,a}} of R¢ such that
a;=a{A---Agp, 1<i<p. 1)
We define the p-product as
p 4
[o1,...,0) =sl~--sp</\ A a_;‘aQ>
i=1j=ri+1

(note that the definition is correct, though the basis elements are not determined
uniquely). The p-product can be extended by linearity in each component to general
p multivectors with sum od multiplicities giving (p — 1)d.

Denote by L(a) the linear subspace of R? associated with a simple multivector a.
Fori=1,...,p we have

dim (L(o1) N+++ N L{es)) > ki

with k; = r;+---+7;— (i—1)d. Hence, generating the bases elements a§ consecutively
for the intersection spaces, we can ensure that

gj=qjforall1<j<k, 1<i<p 2
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Lemma 1 Under (1) and (2) we have

[al,...,a,,]=f[<k7\a/\ A a >

=2 \j=1 ]-k.+1

Proof: The result will be proved by induction. If p = 2, the assertion follows from
the well known identity for two positively oriented orthonormal bases

r d-ry d d
</\a;A A ag,n>=</\ dn A a;,n>.
1 1

ri+l d-r1+1

Let now @, . . . , @ be multivectors satisfying (1) and (2) and denote 8 = al A---Aal2.
We have by definition

d  p 4
[8,as,... ,ap]=</\ adApN A a;.,9>,
K2+l i=3j=ri+l
Consider the identity

/\ a; A /\a —32</\a A /\ a2,9> /d\a;

ri+l r2+1 ka2+1 k2+1

It follows from the fact that both simple multivectors A%, ;; a} A A4, a? and A, al
are associated with the orthogonal complement of L(a;) nL(az) hence the differ only
by a real multiple which can be verified e.g. by the exterior multiplication of both of
them by A"’ !, We thus obtain

[al,...,ap]=</p\ A a;,9> </\a AR e >[ﬂ,a3,...,a,,]

t1=1j=r;+1 k241

and, using the induction assumption, the assertion follows.

Definition: For ¢ € N and integers 0 < r; < d, 1 <1 < g, we define the differential
forms ¢y,,.. ,, € DY} (R by

-1 ( 1)(0-1)431 +3 1., (d-r3)(Ri=r:)

qd-
< /\ (a;:-" saq+l)s¢r1, .r,,(zly . ,I,,,U))

j=1
R Ry Ry gd-1
X > sgna[/\acl,j, A a?,j,... v N\ a., A ag;“’ A'u.],
GESh(T1,e. \Tg41) 1 Ri+1 Rg-1+1 Rg+1
where rg41 = gd—1—r1—: =1, R = 11+ 413, Oy = H™(S™) and Sh(ry, ... ,7¢41)
is the set of all permutations of {1,...,gd — 1} which are increasing on the subsets

{1,...,Ri}, {Ri+1,..., R}, ..., {R;+1,... ,qd = 1}. Since ¢, », (Z1,... , Tq, %)
depends only on the last vector component u, we shall use the notation ¢,,,... -, (u).
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Note that for ¢ = 1, ¢y (u) is the k-th Lipschitz-Killing curvature form [7]. For ¢ > 0
we also define the form @) € DW-1(R(e+1)d) by

¢£q) (u) = Z AL A ()8

0<ry e ,rg<d
rydeetrg2(g=1)d

In the sequel we shall use the linear mapping G : (R?)%+! — (R?)4-!
G(z1y... ,Zqu) = (T1 — Tgy... , T1 — Ty)
and the projection 7 : (R?)7*! — (R¢)?
m(T1,. .. ,Zqu) = (21,u).
Lemma 2 Foranyqg>2,0<k<d-1 ande >0 we have

LT A e D DI

0<p14..0 pg<d
prttpg=(g—1)d+k

and
G*QI-1 A 1r#1/)§1) = Z ¢£0).

0<py 00 pg<d
pr+etpg=(g—1)d+k

Proof: The second statement is a consequence of the first one, which is to be proved.
First, note that the simple multivectors

o+l .
— 3
= A Alo,...,0,d0,... ,0)
i=1j=1

(i-1)x (g—i+1)x

with 1 <7y <d,ry+ -+ +7g1 = gd — 1 and af € R? form a basis of Ayq_,(R@D9),

Moreover, the vectors a} can be taken from positively oriented orthonormal bases of
R? {a,...,a}} and we can assume that (2) holds. We shall show that

(r,G*Q At py) = (7’, Y %,....,,,,,> . (3)

0<py .- g <d
p1++pg=(a—1)d+k

Ifri+...4+7, # (q—1)d+k, both sides of (3) vanish. We thus limit ourselves to the
case r1+...47¢ = (¢—1)d+k. Then the right hand side of (3) equals just (7, ¢p,,....r,)
(all other summands vanish). In the following computations we make use of the fact
that the sign of the permutation changing the mutual position of two neighbour blocs
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of 7 and j elements is 5.
(1, G*Qi~t A7t ;)

= (- 1)'=<4-1>"< A (4}, /\/\ /\(o, . ..,o),G#Q"‘1>

ko+1 1=2j=1

k Te+1 L
X </\(a},o,... 0)AN(o,... ,o,a}’-"’ ),w#gok>
j=1

1

= (—1)ke-2Md </\(q_1)d(DG) (Jil(a},o,... ,0) A /q\ K(o,... y G ,o)) ,Q“'l>

1=2j=1
k To+1 l
X <A( /\ q+ a‘pk>

1 j=1

1 q T .
= (—1)"("'1)"</\(a11-,... ) AN A,...,0,—-d}0,... ,0 ,Q"_l>

E+1 i=24=1 .

(i-2)x (g-i)x

</\a /\rq/taqul >

— (_l)k(q—l)d( )rz-l- +r.( 1) _p(i=2)d(d-r;)

xf[ '7\l /\ ></\a /\rxla"“/\u,9>

=2 \j=k;+1 i=1 j=1 Jj=1
(_l)k(q—l)d(_l)rg+...+r,,( ,_2(5—2)d(d—r,)( 1) sz(d—r.)

g-1 fki-1 k Ta+1
xH</\a/\ A« > Aaia A af Au, >
i=2 J=ki+1 Jj=1 J=1
Equation (3) follows now from Lemma 1, since
(_l)k(q-l)d+zg=,(k,~(d—r.~)+(i—2)d(a—n)+r.~) = ( 1)(1: 1)(g-1)d+) 7, (d—ri)(ki—(i—2)d-1)
= (- 1)(1-1)41?1+E._l(d-ri)(R-'—'-')_

3 Mixed curvature measures

Definitions. Let ¢ € N and Xj,..., X, € R? be sets of positive reach. We define
the joint unit normal bundle nor (X, ..., X,) by

nor (Xy,... ,Xy)
= {(z1,...,%¢,u) € R x 841 3(z;,m;) € nor X;,u € Cone(my, ..., my)}.

The set nor(Xj, ... ,X,) is countably H% l-rectifiable, since it is a Lipschitz image of
nor X; X --- X nor X, X S4-1. Hence, we can introduce the rectifiable current

NX;,... Xe = (qu_lLllOI'(Xl, vee ,Xq)) A ax,,...,Xqs
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where a;,...,x, is the unit simple (gd — 1)-vectorfield associated with nor(X1, ... ,Xq)
with orientation given by

(axy,.. %, ¥@) > 0 for e < m}nrea.ch X;.

Given integers 0 < ry,...,7g < d—1withr+--- 41y > (¢—1)d, we define the mized
curvature measure of Xy,... ,X, and order ry,...,74 as

Crl,...,rq (Xl) ey Xq; A) = NX;,...,X,,(IAWn,... ,r,,)-

Proposition 1 The mized curvature measures have the following properties:

(@) Cry,..rg(X1,..., Xg;+) 18 @ signed Radon measure on RO+ supported by 0, x
80X, x S*1;

(b) _homogeneity: for c1,...cg > 0,

C,l;.,, re(C1 Xy 6 Xgic1 Ay X -+ X €gAg X B)
= ' Chy, . r (X1, .o, X3 Ay X -+ X Ag X B);

(c) symmetry: for any permutation o of {1,... ,q},

G

r,(l),... ,T,(q)

(Xo)s- -+ s Xo(g)i Aor) X +*+ X Ag(g) X B)
= Cf],...,rq(le"' ,X,,;Al X oo X Aq X B)

Proof: Statements (a) and (b) are obvious, let shall show (c). Denoting by w the
mapping
(Z1,.++ 1 gy ) P (To(1)s - -+ » To(g)r U),

we have nor(X,(),.. . , Xo(g)) = w(nor(Xy,...,X,)), and there is a sign s = +1 with
W*Dr iy oty = 59F Pry,...,r,- With the same sign it holds

X (1) Xa(q) — S ( /\qd_l w) ax,,.,Xqs

thus
Nx,u),... Xo(q) (lwA‘Pr,(,),... ,r,(q)) = NX] Y & (IA‘Pn youe ,rq)~

It is convenient to extend the definition of mixed curvature measures for order
factors r; < d. It can be simply done by setting

Cd,... ,d,fk+1,...,1‘q (Xl, ce an; .) = LdLXl ® tt ® Ld‘—Xk ® ka.,,],...,fq (Xk+1’ b ,Xq; .)

for any k = 1,...,d and by using the symmetry property (c) from Proposition 1.
It is clear that all statements of Proposition 1 remain valid, with the exception that
Ch,...re(X1,..., Xg; ) is supported only by X; x --+ x X x §4-1, Note that in the
case ¢ = 1, Ci(X,-) is the common (generalized) k-th curvature measure of X.
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4 The translative formula

Definition: We shall say that the sets Xi,...,X, C R?® of positive reach lie in
general position, if there do not exist vectors z,m;,...,m, with (z,m;) € nor X;,
1< i< qand o € Cone(my,...,m,).

Lemma 3 Let Xi,...,X, be sets of positive reach in RY.
(a) If (z;,m;) € norX; for 1 < i < q and u € Cone(my,...,mg) N S¢!, then
(z,u) € nor(XyN---NXy).

(b) Suppose that X, ... ,X, C R? lie in general position. Thenreach(X,N---NX,) >
0 and for any z € 80X, N---NIX,,

(z,u) € nor(X; N-+-NX,) iff I(z,m;) € nor X;, u € Cone(my,...,mg) NS,

Proof: For ¢ = 2 we can use directly [1, Theorem 4.10.(3)]. For general g, the
result follows by induction, since, under the assumptions of the Lemma, the sets
X1N---N X, and X, satisfy the assumptions of [1, Theorem 4.10.].

For a given (g — 1)-tuple of translations z = (23, ... , 2,) € R4~D4 we shall denote
for brevity

X(@) =Xin0(Xa+2) NN (Xg+ 2g),
nor*(z) = {(z,u) €nor X(2): z € X1 N (X2 +2z2) N---NI(X,+2)}

and

N; = Ng(;)L1nor+(z)-
Let us further introduce the mapping
L(z1,... ,Zq,u) = (T1,Z1 — 22, ... , 1 — T, ).

Lemma 4 Suppose that for some ¢ < d the sets Xi,...,X, € R? of positive reach
satisfy

LED({z: X}, Xs+ 23,... , Xy + 2, do not lie in general position}) = 0. (4)

Then for any 0 < k < g — 1 and for any nonnegative Borel measurable function h on
R x R4 x R with compact support we have

/ (N;Lh(-, z, )) (pr)dz = E (le,m,quh o F)ga,,l___ o

0<ry ... ,rg<d=1 .
rydeedrg=(g—-1)d+k
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Proof: Slicing the current Ny, . x,Lhol by the mapping G (see [2, §4.3.8] we obtain
(le,... X,ho 1“) (G*QI~ Y Anty)
= [(Vx,,.xLhoT,G, ) r)dz
/7"#<le,... x,LhoT, G, 2)(pr)dz.

From Lemma 2 it follows that
(Nxi,..x,LhoT)(G*U ATt o) = Y (Nxyx,Lho D)o, r,

0<ry .. rg<d-1
ri4etrg=(g-1)d+k

(remark that (N X1 X,LH O I‘) (¢ry,...,r,) = 0 if r; = d for some ). It is thus sufficient
to show that
T4(Nx,,.. x,L,hoT,G,2) = N;Lh(-, 2,")

for L(4-V4_almost all z. Recall that
Nx,,.x,LhoT = (Hﬂd-’Lnor(Xl, . ,X,,)) A (hoT)ax,,. x,.
Denoting the restriction g = G | nor(Xj,...,X,) and using [2, §4.3.8], we get
(Nx,...x,LhoT, G, z) = (H""l_g'l(z)) A (hoT)a,

where
. ax,,. x,JG*QI!
G, =——twote
ap Ja-19
is a unit simple (d — 1)-vectorfield associated with g~!(z). Suppose now that z is such
that X;, X, + 22,... , X, + 2z, lie in general position. Then, by Lemma 3 (b) we have
7(g~!(z)) = nor*(z) and using the ‘area formula’ for currents [2, §4.1.30], we obtain

ng(Nx,,. x,Lhol,G,2) = (H“ll_nor‘(z)) A h(-,2,+)a,,

where

(Aaam)a. .
G, = o(m|97(2)

T apdaa(n | 971(2)) ( )
is again a unit simple (d — 1)-vectorfield associated with nor*z (we use the simple fact
that 7 | g7(z) is one-to-one). According to the definition of N}, it is sufficient to show
that ag(;) | nor*(z) = a,. Since both are unit simple (d — 1)-vectorfields associated
with nor*(z), they can differ only by sign. But, using the relations above we have

(&z: ¢£1)) = a < ( /\d—l 7I') Gz, ¢§l)>

5] (az) 7f#¢£l))

ea{ax,,.. x, IGHQIL, w# (M)
ea(ax,,.. x,, GFQI A mtyl))
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with positive factors ¢;, ca. But G#Q4-1 A n#9){) = 1){@) by Lemma 2, hence the last
expression is positive for small ¢, which means that ag,) | nor*(z) = a, and the proof
of the Lemma is complete.

Theorem 1 Let X,,...,X, be a sequence sets of positive reach in R? such that any
its subsequence Xj,,...,X;, of p < d sets fulfils the condition (4). Then for any
0 < k < d -1 and for any nonnegative Borel measurable function h on R+1d ytp
compact support we have

/ / h(z, z,u) C’,,(X(z); d(z, u))dz
= . > /h(x,z —2,...,8 =2, u)Cyy,. s, (Xl,... , Xgrd(z, ... ,x,,,u)).

0<ry,... ,rg<d
ri+eetrg=(q-1)d+k

Proof: Consider the partition
norX(z)= |J nmor;X(2),
1c{1,....q}
where
nor ;1 X(z) = nor X(2) N <ﬂ (X + z) x Sd‘l) N (n int(X; + z) x S‘H)
iel igl
(we set 21 = 0 here). Note that

nor ;1 X(z) = (n int(X; + 2;) x S“") N nor (ﬂ(X.- + z.-))

igl i€l
and, consequently,
h(z,z,u) Ck ()_((z); d(z, u))dz
nor ; X(z)

= / / h(z, z,u) dzjc C’k( N(Xi + z), d(z, u))dzh

DOT*(21)) (), 4y (Xi+2:) el
where 21 = (2;: i €I), ;¢ = (2 : z € I) and
nor*(z;) = {(z,u) € nor ( N+ z.-)) :ze[)o(Xi+ z.)}
iel icl
The proof is completed by applying Lemma 4 to the sets (X; : i € I) and function
(z,2r,u) » fﬂ,y(x-’ +2) h(z,z,u) dzjc.

Remark. Similarly as in [4, p. 269] it can be shown that (4) is satisfied if all X;’s are
convex bodies or if the boundaries 8X; are C%~'-smooth. From [1, Theorem 6.11] it
follows that for Xj, ..., X, of positive reach, Xj,0,Xs,... ,0,X, satisfy (4) for almost

all rotations (s,...,0,) € (SO(d))q-l.
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