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TORSIONS OF CONNECTIONS ON
TANGENT BUNDLES OF HIGHER ORDER

MirosLAv KURES

ABSTRACT. General torsions of a connection on a natural bundle F M are defined as the
Frolicher-Nijenhuis brackets of the associated horizontal projection and natural affinors
on this bundle. All general torsions on T"M are described. Further, special (ie. r—
linear) connections and second order case are studied in detail.
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0. INTRODUCTION

There are two classical approaches to torsion of a classical linear connection on
a manifold M. If we consider I as a linear connection on T'M, we can define the
torsion as the covariant exterior differential, in the sense of Koszul, of the identity
tensor on M. Secondly, if we interpret I' as a principal connection on the frame bundle
PM, we can introduce the torsion as the standard covariant exterior differential of
the canonical R™-valued form on P!M. This second approach was generalized by
Yuen for r-th order frame bundle P"M, [15]. Further, if we take a general connection
introduced by Libermann, [13], as a section ' : Y — JY of the first jet prolongation
JY = Y of an arbitrary fibered manifold, we can use the concept of a general torsion
defined by Koldf and Modugno in [11] as the Frélicher-Nijenhuis bracket of I' and an
arbitrary natural affinor on Y. These torsions are completely described for bundles
TM,TIM,P'M,T*M and T*M in [11].

The r-th order tangent bundle T"M is the fundamental structure of higher order
mechanics. For example, the papers [1], [4] refer to connections on T"M. In the
present paper we study general torsions of connections on T"M and Proposition 2
gives their coordinate expression. Then we discuss torsions of the simplest class of
connections and we interpret them geometrically. Our approach to torsions is based
on the theory of natural operators, [6], [9]. We also compare our results with Yuen's
approach.
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1. HIGHER ORDER TANGENT BUNDLE

Let M be an m—dimensional manifold. The tangent bundle of order r of M (which
is also called the bundle of velocities of order r on M) is the (r + 1)m~dimensional
manifold T"M of r—jets at 0 € R of differentiable mappings i : R —+ M. We denote
by 7§ : T"M — M the canonical projection defined by n§(j51) = p(0). Then
T"M = J§(R, M) has a bundle structure over M. If r = 1, then T*M = TM is the
tangent bundle of M. However, if » > 1, then T"M is not a vector bundle. T"M
is also fibered over T°M, 0 < s < r. A projection 7§ : T"M — T*M is defined by
7y (jon) = jou. It holds 7y = 7§ oy for any s, ¢, 0 < ¢ < s < r. Given some local
coordinates z* on M, the r-th order Taylor expansion of a curve z*(t)

dzi(t) | 1d%z%() 4 1dzi(t)

i
t
TW+ gt T

determines the induced coordinates

de* ;. 1d%* ip_ ldz

ii’lz— —_— T Tyl = ——
YT EY Ty Y T aar

onT"M.

Every smooth map f : M — N induces a fiber bundle morphism T"f : T"M —
T"N (called the tangent morphism of order r) defined by the jet composition, i.e.
T"f(55u) = 35(f o ). Let zf,y™,...,4»" and zP,3P!,...,7P" are some local co-
ordinates on T"M and TTN, respectively, and let Z° = fP(z*) be the coordinate
expression of a smooth map f: M — N. We express the tangent morphism of order
7 in local coordinates. For the map T7 f : T;M — T7 ) N we evaluate

(1) P =afyh

2

=D,2 _ P 11,1, 12,1 P ,.41,2
y i1 —ailizy 1y2| +ai,y1

r
= r_§ : E : p 11,7 ig,T
ypn - kﬂail...i,y 1y l“.y LEAN

g=1€P(rq)

3f°(x) p _ 10%°fP(z) P 1 _9P(z

ozt %y = 2071003 By = am:%;)q’ P(r,q) is the set of
decompositions of number r to q additive terms 7y < -+ <rg €N, ry+-- 4 rg=7
(i.e. we sum as to all such decompositions # € P(r,q)) and k. is the number of
permutations of the set of components of a decompositions .

where o =
1

. . . . -1
Remark 1. 1t is useful to take into account the identity Y ep(r,q) kx = (527)-
Remark 2. The algebraic properties of T"M are studied in [10]. The tangent mor-
phism of order r represents an r—graded linear morphism. Besides, on every fiber
TTM is defined a structure of linear 7—tower and the graded linear map (1) is a mor-

phism of linear r-towers. Moreover, the higher order tangent bundle is a Weil bundle,
(6], [14].
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2. ALL NATURAL AFFINORS
Let V™:T™M C TT"M denote the vertical bundle with respect to the tangent
projection T'n5, 0 < s < r. We have r exact sequences of vector bundles over T"M:
0 —VST'M 2 TT"M 25 T"M x 3y TM — 0
0 —VHT™M 22 TT"M 2% T"M x14s TTM — 0

0 —V™AT™M 25 TT"M 25 T™M Xpe-1py TT""*M — 0
There exist 7 canonical isomorphisms of vector bundles

hi: T™M xpu TM = V1T M,
hy: T™M xpy TTM = V™-3T"M,

Be: T™M Xproipg TT" "M = VT M.
Thus, r canonical (1,1)-tensor fields are defined by

Aj =150 he_ji11 0580541,

j=1,...,r. In coordinates,

Aj : (dxi, dyi,l, . ’dyi,r) — (0, ...,0, dz", dyi’l, . ’dyi,r—j)'

j—times

Further, let us denote Ag the identical (1,1)-tensor field.

A natural affinor on a natural bundle F over m—dimensional manifolds is a system
of (1,1)-tensor fields Ays : TFM — TFM for every m—-dimensional manifold M
satisfying TFf o Ay = Ay o TFf for every local diffeomorphism f : M — N.

Proposition 1. All natural affinors on T™M constitute an (r + 1)-parameter family
linearly generated by Aj, =0,1,...,r.

Proof. Kol4f and Modugno proved in [11] that all natural affinors on an arbitrary
Weil bundle correspond to the multiplication by the elements of the relevant Weil
algebra. The Weil algebra associated with the functor T7 is A := R[t]/(t"*1), where
(t""l) denotes the ideal generated by t"+1. The elements of A have the form ag +
ait+---+a,t and that is why the elements 1,¢,...,t" determine r + 1 natural affinors

Ao, Ay,... A, O
3. GENERAL CONNECTIONS AND THEIR GENERAL TORSIONS

We use the concept of general connection on an arbitrary fibered manifold, [13].
Consider a general connection T' : 7™M — JT™M with following equations of the
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corresponding horizontal lifting v : T"M xy TM — TT™M:

dy"! = F}"'(z,y)do’
42 _ 2 i
dy** = Fp*(z,y)dz’

dy*" = F}"(z,y)ds’

The connection I' can be identified with the associated horizontal projection, which
is a special (1,1)-tensor field on T™M with the coordinate expression

5'i®d:c’+F’1 3.1®dx1'+~--+F?'"

Ja i a i, J ayi,r ®d:l7".

The general torsion is defined as the Frélicher-Nijenhuis bracket [I', A], where A is a
natural affinor, [11]. We do not consider identical affinor A, because [T', Ap] = 0 for
every connection I'. According to Proposition 1 we can evaluate all general torsions
of I'as 7, = [[, Ap], n = 1,...,r, and their linear combinations. The special cases of
bundles TM and T2M are discussed in detail in [11].

‘Proposition 2. All general torsions of a general connection I' on T™M form a r-

parameter family linearly generated by 1,, n = 1,...,r, where 7, has the coordinate
expression
OFf™ 9 OFf* 9
2 ay' = g ® dz*Adz? — on ogFPT ® dz* Adx?
OFY* 9 oFy? g
ay,ﬂﬂayka = ®driAdy?P + 21— Ty g O Ady?e,
n<r,a=1,...,r,6=1,...,7r = n, and 7, has the coordinate expression
6Fk a a
) J
(2) ay,, s ©%' Adad,
a=1,...,r

Proof. We obtain this formula by a direct evaluation of the Frolicher-Nijenhuis bracket
in local coordinates. 'O

We call 7, the n—th general torsion of T. The r—th general torsion 7; is also called
the weak torsion, [1].
4. r~LINEAR CONNECTIONS AND THEIR GENERAL TORSIONS

There are no linear connections on T"M for r > 1 (because T"M is not a vector
bundle). We consider the simplest class of special connections on T"M defined by
the property that the flows of the corresponding horizontal lifts of all vector fields on
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M are constituted by tangent morphisms of order r. Such a connection I is called
r-linear connection and its coordinate expression is

3) dy*! =F::lj(:c)yi"1dz"
dy‘ 2 —(F llnj(z)y“, y"'l + F:L](x)yu, ) ZJ

dyi.r Z E k Fu o z y‘ll,rl ._,yiq’r')dxj,
9=17eP(r,q)

where I''s are symmetric in subscripts 41,...,4 (cf. (1)).

Proposition 3. n-th general torsion 7, of the r-linear connection I' has the coordi-
nate expression

)
4) I‘f]a n ® dz* Adz?

. : 0
+Z Z (k Ffl ighg T +1 Pfx---‘q‘i)yu'ﬂl a 'y‘q'ﬂqa k.B-+n
q"l "GP(ﬁ)q) y

® dz*Adzd,

n<r,B=1,...,r—n, 7 €P(B,q), 7rU{n}-7r€P(ﬂ+n g+ 1), n; is the number
_ eork

$1.ighj — 3%, and 7, has the coordinate

of occurences of n in %, ly = nzkz, T¥
expression

@) r{;aak, ® dz’ Adz?

Proof. This is a direct application of (2), (2’) for (3).

Remark 8. Geometrically viewing, it is important that general torsions of r-linear
connections do not depend on fiber components of vector fields on T7"M. In other
words, they are projectable to VI™M ® A2T*M.

Remark 4. A further important geometrical property is provided by the easy provable
identity 7, = An—n(7), 0 < b < n < r. In addition, if 7, denotes general torsions on
T"™M and 7, general torsions on T*M, 0 < s < r, we can verify that 7, = T'r}(r,) for
n=1,...,s. Consequently, the torsion 7; of an r-linear connection (if r is sufficiently
great) provides all information about all such torsions on higher order tangent bundles.
Practically, it is useful for coordinate computations.

5. PRINCIPAL CONNECTIONS ON HIGHER ORDER FRAME BUNDLES

Let P'M = invJ{(R™, M) be the r-th frame bundle of M. The group G}, =
invJ§(R™,R™), acts smoothly on P™M on the right by the jet composition. The
tangent bundle of order r is a fiber bundle associated with P™M with standard fiber
Ll . = J5(R,R™)o. A principal connection I on P"M is a G},—invariant section
I':PM— J'PM.
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Proposition 4. The principal connections on P" M are in bijection with the r-linear
connections on T™ M.

Proof. P"M can be locally identified with the trivial principal bundle UxG7,, U C M.
Let a = (a*),b= (b*) : R™ — R™ be any maps satisfying A = j"a, B = j"b € G7,. If
¢ = boa, then the group multiplication C = j7¢ = j7b o j”a in jet coordinates is

i _ ot ki
% —ﬂklah

- kq
]1 Jr Z Z kﬂ.ﬂ;‘l kq .71 ]Tl"-ajb"]'rq’

9=1m€P(r,q)

at ; i
where a“, aj, .. j, are group coordinates and £, = %;,—, ,,6’,‘Cl k=

We take two sections s,0 : M — P™M, s iz - (z,B), 0 :z: ~ (z,C). The
condition of G, —mvanancy means (js)A = jlo. If we denote ¢ = j'o and [} i(z) =

9s} 1

= — I
dzk 1 ll...l,.k = _'LE— we obtain

¢_11k _Fllka_h

!
¢11 ek = Z Z k rh 'qk(x)aax MR

9=17€P(r,q)
But we identify a:u ,a]l j. With fiber coordinates on P"M which we denote
o ’4’31 j, (we introduce these coordinates including the factorial numbers as
well as on T"M). For every 53 f € Ty M and jj¢ € P;M we have j5(¢™" o f) € L]
and conversely, every jig € L] ,, and jj¢ € P; M determine jg(do g) € Ty M. If we

evaluate these properties in coordinates, we come directly to (3). O

Torsions of principal connections on higher order frame bundles were introduced
by Yuen, [15]. These connection are investigated in [2], [3], [8]. Let u = j{f € P"M,
A€ T,P™M. There is a canonical R™ @ gI'7!-valued form 6 on P"M defined by

(A) = ﬁ_l o T7|': 1)
where @ : R @g7! — T, r1 P7" 1 M is the lincar isomorphism determined by u, #7_,

denotes the canonical prolectlon P™M — P™"'M. The exterior covariant dlﬂ'erentlal
D@ with respect to a principal connection I' on P™M is a 2-form O called Yuen’s
torsion form.

6. GEOMETRY OF THE SECOND ORDER CASE

We are going to consider the bundle T"’.M . Let us remind that connections on
T2M are studied in [12], for example. Let z*, y* = y¥!, z* = y*? are local coordinates
on T?M. The coordinate expression of a 2-linear connection I' on T2M is

dy* =T}y dz’
dz’ =( ;cljyky! + F;ejzk)dzj.
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Corollary 5. All general torsions of ' form a 2-parameter family linearly generated
by 71, Ta: :

0 0
Tt I‘fja T ®dzt ‘Adz? + (TF ; +21",,J)J — ® dz’ Adz?

T I’Z 331: ® dz* Adz?

Proof. This is a direct corollary of Proposition 3. O

It is clear that T is projectable with respect to 7%, i.e. there cxists a connection T’
on TM, whose coordinate expression is

dyi = F;chkdI],

such that (J172) oI = ' o 7. Let us denote 7 the torsion of the linear connection
T defined by the classical way. We geometrize 7 as w2 (T), i.e. the second general
torsion of 2-linear connection I on T2M is just the pullback of 7~ with respect to m3.

We geometrize 71 by another way than in [11]. For this purpose, we are going to
illustrate relations with second order frame bundle P2M. The r-th order frame bundle
P"M is an open dense subset in T, M = J§ (]R",M ). The Weil algebra associated
with the functor 72 is A = R[t!,...,t™]/((t},...,t™)%). The elements of A have the
form a + b;t* + c;jt't’ and the elements 1, ¢, t‘tJ determine %~ 4 37 3m 4+ 1 natural
affinors. The restrictions of them are natural affinors on P2M o that t and titd
determine these two types of affinors on P2M:

9
Ay 5;%;®dx7+a;a¢, ® dé)]

7]
A,ti (5;6¢

where ¢§, ¢§-k are fiber coordinates on P2M. There are interesting results concerning
connections on P2M in [5], [7].
The equations of a principal connection A on P2M are
d¢; =T} ¢;dz*
dis =(Crnud7 6% + T )da’.

Proposition 6. All general torsions of A form a (m+m?)-parameter family linearly
generated by Tg, Tst, S,t=1,...,m:

Ty ! I‘:‘J e ®drindz? + (I‘,,] +2Flu) "‘645 —— ® dz* Ada?

0
Tot: T ogF, ® dz’ Adz?
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Proof. We obtain this formula by a direct evaluation of the Frélicher-Nijenhuis bracket
in local coordinates. 0[]

Let us suppose fixed indices s, t. Then A,, A,; on P2M are evidently in bijection
with A;, Az on T2M. That is why the torsions on T2M correspond to torsions on
P2M, how we see immediately in coordinate formulas. More or less, we expected
this property after the formulation of Proposition 4. But there is yet the interesting

Yy .
question of Yuen’s torsion (denoting by T) on P2M. We evaluate the coordinate
expression of its form as

STk dz' Adz™ + (Th L + 2T5, ) da! Adz™

and we see that it gives a different information.

Yy
We take difference tensor 7, — T, s = i. We denote by Z the corresponding (1,2)-
tensor on T2M.

Proposition 7. The geometrical intefpretation of 7y is given by the identity
Z = Ay(C(D)),

where C(T") denotes the curvature of the underlying connection T' on TM.

Proof. The coordinate expression of Z is

a . )
k k pmy, 1 i
(ru,j‘i‘rmi lj)y BF ® dz* Adz?.

A direct evaluation of the right hand side yields the same result. O

Y ~
In other words, 7, = T if and only if I is integrable. We recollect Remark 4 and
we see that the interpretation of the first general torsion 73 on T2M represents the
exhaustive geometrical answer.

REFERENCES

1. de Andrés, L.C., de Leén, M., Rodrigues, P.R., Connections on tangent bundles of higher order,
Demonstr. Math. XXII 3 (1989), 189-216.

2. Elzanowski, M., Prishepionok, S., Connections on higher order frame bundles, Proc. "Collo-
quium on Diff. Geom.”, Debrecen, 1994, Kluwer Academ. Publishers (1996), 131-142.

3. Epstein, M., de Leén, M., The Differential Geometry of Cosserat Media, Proc. ” Colloquium on
Diff. Geom.”, Debrecen, 1994, Kluwer Academ. Publishers (1996), 143-164.

4. Gancarzewicz, J., Mahi, S., Rahmani, N., Horizontal lift of tensor fields of type (1,1) from a
manifold to its tangent bundle of higher order, Proc. ”Winter School on Abstr. Anal.”, Srnf 1986,
Suppl. Rend. Circ. Mat. Palermo 14 (1987), 43-59.

5. Janyska, J., Kol4f, 1., On the connections naturally induced on the second order frame bundle,
Arch. Math. 22 (1986), 21-28.

6. Kol4f, 1., Natural operations on higher order tangent bundles, Extracta Math. 11 (1996), 106
115.

, Natural operations with connections on second order frame bundles, " Colloquia Math.

Sociat. Janos Bolyai”, 46. Topics in Diff. Geom., Debrecen, 1984, 715-732.




10.
11.
12.
13.
14.

15.

TORSIONS OF CONNECTIONS ON TANGENT BUNDLES OF HIGHER ORDER 73

, Torsion—free connections on higher order frame bundles, Proc. ” Colloquium on Diff.
Geom.”, Debrecen, 1994, Kluwer Academ. Publishers (1996), 233-241. )

. Kolét, 1., Michor, P.W., Slovék, J., Natural Operations in Differential Geometry, Springer Ver-

lag, 1993.

Kol4F, 1., Modugno, M., On the algebraic structure of the bundles of higher order, Seminar text,
Florence (1989).

, Torsions of connections on some natural bundles, Diff. Geom. and its Appl. 2 (1992),

1-16.

de Leén, M., Connections and f-structures on T2M, Kodai Math. J. 4 (1981), 189-216.
Libermann, P., Parallélismes, J. Diff. Geom. 8 (1973), 511-539.

Weil, A., Théorie des points sur les variétés différentiables, Topologie et Géométrie Différentielle,
Colloque du CNRS, Strasbourg, 1953, pp. 97-110.

Yuen, P.C., Higher order frames and linear connections, Cahiers Topol. Geom. Diff. 12 (1971),
333-371.

Department of Mathematics
Technical University of Brno
Technick4 2, 616 69 Brno
Czech Republic
kures@mat.fme.vutbr.cz



