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FROM THE FERMI-WALKER TO THE CARTAN CONNECTION

JAVIER LAFUENTE & BEATRIZ SALVADOR

ABSTRACT. Let M be a differentiable manifold and C ={e**g /0 : M - R } a
Riemannian conformal structure on M. Given any regular curve in M, v: I = M,
there is a natural way of defining an operator, D/dt : X(y) = X(v), the Fermi- Walker
connection along -, which only depends on the conformal structure C, and such that
it coincides with the Fermi-Walker connection along -y -in the classical sense- of any
g € C such that g(y'(t),7'(t)) = 1 Vt € I. This Fermi-Walker connection enables
us to construct a lift-function & : T2M — T,CO(M) for every b € CO(M), and
p =n(b), m: CO(M) = M being the usual projection. In some sense, x; combines
all the different lift-functions T,M — T;CO(M) given by the Levi-Civita connections
of the compatibles metrics g € C. But over all, x; determines the conformal structure
C over M, so that it may be used to know about the normal Cartan connection and
the Weyl conformal curvature tensor.

1. THE FERMI-WALKER CONNECTION

Let M be a differentiable n-dimensional manifold and C ={e*’g / 0 : M — R
differentiable} a Riemannian conformal structure on M.

Any curve in M with parametrization v : I — M being an embedding, admits a
non empty family C, of compatible metrics g € C such that +y is g-geodesic ([6]). The
requirement of v being a curve with velocity field not null assures the existence of
several compatible metrics § € C such that g(v/(t),v'(t)) = 1, V¢t € I ; then, a metric
g in the family C, can be obtained from this § by defining ¢ = €*°g , where o is a
differentiable function verifying the following conditions along v :

a)  (gradgo)(7(t)) = —F¥ (1), Vt € I

b) o(y(t))=0,Vtel

These two conditions are compatible (observe that the first one implies that o is
constant along ) and is easy to see that such a function can be constructed (locally),
further more, there are several of them.

It can be checked that every g in this family C, induces the same connection along
v through its Levi-Civita connection. Thus, since any regular curve is locally an
embedding, along every regular curve in M, v : 1 — M, there is a connection, D/dt :
X(v) = X(v), which only depends on the conformal structure C, and it will be called
Fermi-Walker connection along -y associated to C.

This paper is in final form and no version of it will be submitted for publication elsewhere.
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The justification of this name follows from the fact that for any g € € such that
9('(t),~7'(t)) = 1 Vt € I, D/dt coincides with the Fermi-Walker connection along v
associated with ¢ in the classical sense of the Theory of Relativity, that is used to
define a standard of non-rotation for curves that are not geodesics ([4]). So, if V is
the Levi-Civita connection of g, then D/dt is determined by the conditions:

a) 2y(t)=0vtel

b) X)) =pr(FX()

for any X (t) € X(v) orthogonal to the field ¥/(t), and being pr : T,(yM — ~'(¢)*
the orthogonal projection over '(t)*.

Or equivalently,“'% is defined by the formula:

D

XM= g(%x(t),"r'(t))fr'(t) +pr(dzt(er)(t)) , for any field X (t) € X(7).

2. THE LIFT-FUNCTION Kk ASSOCIATED TO (M,C)

It is well known that a linear connection on a G-structure B over M gives rise to
a family of lift functions from M to the fiber bundle B. These lift-functions elevate
tangent vectors of M to tangent vectors of the fibre bundle, in such a way that, if
b is any element of the fiber over p, then T, M is linearly elevated to a horizontal
subspace of TyBB complementary to the vertical subspace ([2], [1], [8]). In this section
we are going to do a similar construction. As in the linear case, a family of special
lift-functions develops from the Fermi- Walker connection associated to a conformal
structure. The fiber bundle that appears in this case is the conformal frame bundle
CO(M), as it might be expected.

Let v : I — M be a regular curve on M, then a field along v, X(t) € X(v), is
said to be Fermi-Walker parallel if %X (t) = 0. The set of Fermi-Walker parallel
fields X}4(7) = { X(t) € X(v) : 2X(t) = 0} is a real vector subspace of X(7) and the
following application

X(v) = TygM
X = X(t)

is a linear isomorphism, for every ty € I.

Given any v € Ty)M, P,v € X} () is the unique parallel field with (P,v)(to) = v,
and the curve in TM P,v : I — TM is the Fermi- Walker horizontal lift of . For any
t € I, (Pyv)(t) € TyyM is called the Fermi-Walker parallel transported vector of v
to T‘y(t)M

It is clear that the Fermi-Walker connection D/dt transports vectors along v :
I — M preserving the angles; that is why we can use D/dt for transporting along v
elements of the conformal frame bundle 7 : CO(M) - M, CO(M) = {b = (v1,...,vn) :
Jg € C, 3p € M st.{ v1,...,v,} is a g-orthonormal frame of T,M} = {b: R* = T,M
isomorphism : 3¢ € C st. b*g, =canonical metric of R"}.

Given any b € CO(M) with m(b) = p = ~(0), we get the horizontal lift in CO(M)
of the curve y with initial value b, P,b: I — CO(M), by means of the Fermi- Walker
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parallel transport:
Pyb(t) = (Pyui(t), -, Pyva(t)) € CO(M),Vt € I, being b= (vy, ..., vn).

When working with linear connections, the 1-jet of the lift-curve in the bundle
is determined by the 1-jet of v in M (this fact allows to construct a lift-function
between tangent spaces). This not being the case now, it can still be verified that
the 1-jet jg(P,b) € T,CO(M) is completely determined by the 2-jet defined by 7,
7(7) € T2, M. This fact is easily proved taking a chart of M near m(b) and studying
the expressions of these jets in the induced charts of T°M and TCO(M).

This shows that, for each b € CO(M), D/dt defines a lift-function «;, from the
open subset of T;f(b)M of 2-jets given by regular curves in M emanating from = (b),
Ay C T2, M, to the set of 1-jets of curves in CO(M) emanating from b, that is
T,CO(M).

Kp : A?r(b) C Tf(b)M — T(,CO(M)
J3(7) = 55 (P b)
It is clear from its definition, that «, verifies the formula:

(1) dr(b) o k(35 (7)) = o (7) € Ty M

Remember that the lift-functions given by linear connections are linear monomor-
phisms from T, M to T,CO(M), but there is no sense in talking about the linearity of
Ky since AZ(b) - Tf(b)M has not structure of vectorial space. However, we are going to
see that the mapping &, is an injective differentiable function that combines the linear
lift-functions Trpy M — T,CO(M) associated to the different compatible metrics of C,
in the following sense.

Every g € C defines, in a natural way, a global section ¢9 of the fiber bundle
T?°M — TM, such that if v = jj(y) € T,M is a tangent vector, then its image
through o9 is the 2-jet of the g-geodesic with initial velocity vector v.

Now, if we compose the section 09 with k4, it is clear that the mapping thus obtained
is the lift-function of the Levi-Civita connection of g (it follows from the fact that for
any g-geodesic in M, v : I — M, the Fermi- Walker connection D/dt coincides with
the Levi-Civita connection of g along 7).

Moreover, every 2-jet in Ai(o) can be reached by this construction for some g € C;
we only have to take v : I — M, a regular curve defining the 2-jet, and any g € C,,
this means that <y is g-geodesic, and then a9(53 (7)) = 72(7).

This fact also motivates extending the definition of x all over the set of 2-jets of
constant curves in M, y,(t) = p,Vt € I. So we define ,(53(75)) = (ks 009)(7,(0)) =0
(this last equality comes from the fact that 7,(0) = 0 and 00 is a linear application).

Therefore, we have the following diagram

o9 Ky

M — A2U{(p)} cTiM — T,CO(M)

ng g lift—function ( linear application )

Lemma 1. If g,g € C are related by g = e*!g , then, a computation with the ezpres-
sions of the geodesics with initial velocity v for g and for g in a g-normal chart of M
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around p, gives the relationship

(2) k(0% (v) = Ko(0?(v)) = (H(n,V))* ()
being:
V =b"'(v) € R*, a column vector,
n=df(p)obe R™, a row vector,
H:R™ ® R* — co(n) homomorphism, H(n,V) =3.V.I, + (n".VT — V)
(H(n,V))* the fundamental field given by H(n,V) € co(n).
Remark 1. It is well known that the first prolongation of the algebra co(n), this is
co(n), = {@ € L(R",co(n)) CR* @R™ @ R" /[ a(V)(W) = a(W)(V) € R}, is
isomorphic to R™ ({7], [9]). The homomorphism above, H : R** @ R* — co(n), can be
seen as

H: R" —  co(n), C LR co(n))
n = Hn)
being H(n)(V) = H(n,V) = n.V.I, + (f".VT = V) € co(n), VV € R*, then, H is an
isomorphism that gives the identification co(n), 2 R

Proposition 2. The lift-function ky : A2, C T2yM — T,CO(M) is an injective
differentiable function and xy(j2(7)) # 0 € T,LCO(M),Vji(7) € A;"r(b).

Proof. Any element of A';’r(b) is given by the 2-jet of a regular curve v, so using 1
we have 7, o k,(j2(v)) = j¢(v) = v € T,M\{0}. Since =, is a linear application, this
implies that x,(52(7)) # 0.

Now we are going to study the injectivity of x.

Let 53(7), 73(7) € Al such that ry(33(v)) = s5(j(7)) € TCO(M). We can repeat
the construction above, and by 1 we get

Jo(v) =m0 ke(55 (7)) = M 0wy (73 (7)) = o (7) = v € T,M\{0}

Let g, = €2/ g € C be compatible metrics such that o?(v) = j2(7), o%(v) = jZ(¥).
Then, using the formula 2,

0 = ky(0%(v)) = ke(0?(v)) = (H(n,V))#(b) =
0=H(nV)=nVL+ 0" VT -V, V=01v) #0=
0=n=df(p)obe R = 0=df(p).

This means that ¢ and g have the same Levi-Civita connection at p, therefore
a9(v) = 0%(v) <> j2(v) = j2(H) € Afr(b), and the injectivity has been proved.
The differentiability of «, is easier to check if we previously fix a compatible metric
g € C. We know that the lift function «j : T,M — T,CO(M) of the Levi-Civita
connection V of g is a differentiable function. Using again the formula 2, we have
3) ko(07(v)) = mp(0®(v)) + (H(n, V))*(8) = s} (6(V)) + (H(n, V))* (b)
It is clear that the last expression of this equality is a differentiable function over
V € R*, n € R*™. Now consider the following diffeomorphism :
'_11,3’(") - R"_\I{OI} x R"_l v
g = 7H(Y(0)), 07 (5'(0)))
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Through an easy calculation, it can be proved that o%(v) € Afr(b) is sent to
(V,=2(n.V).V+(VT.V)nT) € R*\{0} xR". And observe that the application R™\{0} x
R™(V,n) = (V,=2(n.V).V + (VT.V)nT) € R"\{0} x R" is a diffeomorphism. So, we
have constructed a diffeomorphism from A2, to R*\{0} x R™ such that ¢%(v) is
identified with (V,7). Using the formula 3, we have that, with this identification, the

action of «y is given by 3 ((V,n)) = 3 (b(V)) + (H(n, V))*#(b), which is differentiable.
]

In conclusion, we can give to & the following meaning. For any g € C we have the
pair {09, k3} of functions over T,M, where o9 : T,M — T2M is the g-section of the
bundle T2M over T,M, and & : T,M — T,CO(M) is the linear lift-function associated
to the Levi-Civita connection of g. We have seen that gléJcag (T,M) = A2U {j3(7,)} C

T:'M and that this family of pairs of functions verifies the following condition:

v=we LM
Ky (v) = Ky (w) € TLCO(M)

It is clear that this condition of compatibility allows us to define a function from
A2U {53(7p)} to TLCO(M) that glues the family of § : T,M — T,CO(M), g € C, by
means of the sections o9 : T,M — A2 U {j3(7,)} C T?M; the function thus obtained

is just the lift-function &y : A2U{73(7,)} = TCO(M) associated to the Fermi-Walker
connection.

V9,9 € C,v,w € TM, o°(v) = 0%(w) € T}M =

3. GETTING THE CARTAN CONNECTION

Fixing a compatible torsion free connection V in M, the lift-function k; enables us to
get the first prolongation of the conformal frame bundle of M, CO(M), C L(CO(M)).
This special subbundle of L(CO(M)) has the property that it can be used to obtain
the normal conformal connection of (M,C) in a manner as natural as restricting the
canonical fundamental form to it ({7], [9]). The normal conformal connection is an
interesting Cartan connection that gives information about the conformal structure;
in particular, the well known Weyl curvature tensor, that can be used to check the
locally conformal flatness of (M, C), can be obtained from it ([3], [11], [5]).

First of all, there is a natural trivialization given by the linear connection V of the
fiber bundle T2M ~Y TM xTM just by identifying jZ(y) € T7M with (v¥(0), ¥+'(0)) €
T,M x T,M. Observe that under this identification the section 0¥ given by any g € C
such that V is its Levi-Civita connection corresponds to the zero-section,

LM - T,MxT,M
v = (v0)
To prepare for the following construction, for any n € R™, b € CO(M), p = w(b), (
b is seen here as the isomorphism b : R® — T, M that sends the canonical frame of R"
to the frame b of T, M ), we shall define the mapping
. LM = T,MX T,,]\/{ ~V T2M -
v (0, =207 (v) v + gp(v,v)-(dg) T ()
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beinggeCand dj: T,M — R™
v — dj(v) = g,(v,b(.))
Observe that the definition of <I>(VM) is independent of the choice of the g € C because

the term g,(v, v).(dj) (1) only depends on C ( it keeps invariant by conformal changes
of the metric g).

It is clear that Q(Vb,n) is an injective differentiable function, furthermore, is an em-
bedding from T,M to T2 M.

Remark 2. Q(Vb_q) coincides with the section 09 : T,M — T?M, for any g € C which
Levi-Civita connection V differs from V at p in n € R™, in the following sense:

(V = V)p(v,w) = A(v).w + Mw).v = gp(v, w).(d%) "1 (N,), Vv, w € T,M

being d9:T,M — T,M*the isomorphism d9%(u) = g(u,.)

This affirmation follows from the formula we obtained for 09(v) in the identification
of the proof of the proposition in the previous section.

We are ready to define the application that will give the key for getting the first
prolongation of CO(M). For any n € R™, b € CO(M),

Zgn: Rrtco(n) - TOOM)
Via) Z(Z,n)(V, Q) =Kpo @g,’”)(b(V)) + a*(b)

where o is the fundamental vertical field in CO(M) given by a € co(n).

Z(Z,n) is a linear application, moreover, it is a linear isomorphism from R* + co(n)
to T,CO(M). That means that Z(Zn) is an element of the bundle L(CO(M)).

So we have obtained the application

ZX.) : COM)xR™ = L(CO(M))
b.n) = ZF. R +co(n) = T,CO(M)
Remark 3. If we change the fized compatible torsion free connection V for another
V such that the form A € A}(M,R) measures the difference between them (i.e. (V —
V)(v,w) = Av).w + AMw).v — gp(v, w).(d9) 1 (N,), Vv, w € T,M, being d9 : T,M —
T,M* the isomorphism d?(u) = g(u,.)), then, the relation between Z , and Z{  is
given by

(4) Z7,(b,n) = (27, )M bn—Apob)  V(bn) € CO(M) x R™.

Now, recall that CO(M),, the first prolongation of CO(M), is the subbundle of
L(CO(M)) of the frames Z € L(CO(M)) such that, if we think of Z as an isomorphism
Z : R* + co(n) = T,CO(M), then it verifies the following conditions:

a) Z(0,a) = a*(b), Yo € co(n).

b) 0L(Z(V,a)) = V, YV € R*, Va € co(n), with 8¢ € A'(LM,R") the canonical
form.

¢) The torsion of Z, 7z = d 6¥ o (Z( . ,0),Z( . ,0)) € A%(n), is identically zero
Tz = 0.

And CO(M), is a co(n),-principal bundle over CO(M) with projection function

I1: CO(M), = CO(M), being II the restriction to CO(M), of the projection of the
bundle L(CO(M)) over CO(M) ( [7], [9]).
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Remark 4. It is clear from the definition of Z(V) that Z, (b 0 :R*+co(n) = T,CO(M)
is the isomorphism given by the connection V and therefore Z ®0) € CO(M),, since
it verifies conditions a), b), c). Using the formula 4, for any n € R™, we have
that Z(Zn) coincides with ZZO) : R + co(n) = T,CO(M), which is the isomorphism
given by the connection V (also a torsion free connection) related to V by means of

nob™ at p = w(b) in the sense of the Remark 3, and so we conclude that Z(Zm e
CO(M),,V(b,n) € CO(M) x R*™.

Theorem 3. The image of CO(M) x R™ under ZX.) is the first prolongation of the
conformal frame bundle of M, and ZV : CO(M) xR™ — CO(M), is a trivialization
of the fibre bundle CO(M), over CO(M)

28
COM) x R* —o COM)
n 4 l 1
CoOM) — COM)
id

As announced at the beginning of this section, we are now in a position to get the
normal Cartan connection and the Weyl curvature tensor of the conformal structure
(M,C). The specific description about the way of getting them from CO(M), falls
out of the concern of this paper and it can be found in several works, however we will
sketch the basic steps to follow and will supply the reader with a list of references.

Let (w;w}) be the restriction to the subbundle CO(M); of L(CO(M)) of the canon-
ical fundamental form 6 = (6;6;) € A'(L(CO(M)),R" x co(n)), then it determines
completely a w; € AI(CO(M)I,R"‘) such that the 1-form given by w = (w';wi;w;) €
AYCO(M);,R* x co(n) x R™) is a Cartan connection over CO(M); and verifies an-
other condition, the condition of normalization; w = (w';w ],w,) is the well known
normal conformal connection of (M,C) ([7], [9]).

The Cartan connection w has the property that, given its curvature form Q =
(0;92:;925), then Q% € A*(CO(M);, co(n)) restricted to CO(M) gives rise to the Weyl
conformal curvature tensor of (M,C) ([7), [2], [10}).

The interpretation of these forms by means of the Fermi-Walker connection shall be
the concern of our next research work.
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