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ON SOME RELATIONS BETWEEN CURVATURE
AND METRIC TENSORS IN RIEMANNIAN SPACES

JOSEF MIKES, JITKA LAITOCHOVA, OLGA POKORNA

ABSTRACT. A theorem of G.G. Gadzhisalioglu and A.H. Amirov shows how to cal-
culate a metric tensor in a semigeodesic coordinate system from its initial values on
a hypersurface and some components of a curvature tensor in a domain.

In the present paper the above mentioned theorem is generalized, with a simplified
proof based upon Picard’s existence theorem for ordinary differential equations.

G.G. Gadzhisalioglu and A.H. Amirov [2], [3] studied the problem of the interrela-
tions between the metric and curvature tensor in Riemannian spaces. In the present
paper the results of [2] and [3] are generalized and shorter proofs are given.

By a Riemannian space V,, we mean in this paper a pseudo-Riemannian space re-
gardless of the sign of the metric.

We will give more general results on finding metrics from values of the curvature
tensor. The proof of our main theorem has a constructive character.

1. The definition and properties of the semigeodesic coordinate system are given in
(6] and their physical interpretation in the theory of relativity in [4], [5].

In a Riemannian space a semigeodesic coordinate system (z!,22,...,2") is de-
fined by the help of some nonisotropic hypersurface ,_; C V,. The points z =
(z',22,...,2") € Q,_, have ! = 0. The coordinate z! of the point x € V, is the
oriented length of the arc Z,z* of the geodesic curve v which goes through the point
z and is orthogonal to the hypersurface Q,_;, where z* =y N Q,_;.

A metric in the semigeodesic coordinate system is of the form

ds? = e dz'’ + gap(z', 2%, ... ,2")dz%dz® (a,b=72,nm), e==l.

The following relations are valid for the metric tensor g;;, its inverse matrix (g),
the Christoffels symbols T'jx and the Riemannian tensor Rfjk in any semigeodesic
coordinates:

Qi = gli = e‘sil) I-‘lli = I.‘lil = 01 Ri]k = 0) i’j)k = ]-;__n
The basic identities valid for the Riemannian tensor imply
Ryj = Estl = "CR«!U = giaR‘lllj = —giaRle-
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2. Hereafter we will deal only with the semigeodesic coordinate system in the domain
D,, where

D,={z=(z"2%...,2") €R": 0<z'<1l,i=2n, 0<z'<d}
Points (0,z2,... ,z") belong to the determining hypersurface Q,_;. We denote by
Do ={z*=(%...,2") e R 0<z'<1,i=2n}

Theorem 1. Let D, be a domain where the semigeodesic coordinate system is defined.
Let

—_ o .. _ 1 .. _— R
a;(z) € C°(D,), 97(2*) € CYDyp), 97(z*) € C¥(Dypy), 4,5=2m
be symmetric matrices, where | § H(z*)| # 0.
Then there is ezactly one metric tensor g;;(z) € C*(D,) in the domain
D, ={z=(z"2%...,z") €R": 0<z'<1,i=2n O0<z'<d <6},
where §* is some positive real number, such that
0 .. o 1 [
gij(ovz*) =9 ”(I*L 5;1'91](0: .’L") =g U(I*)y ] = 17”1
hold for all z* € D,_; and
Rl,‘jl(l') = al-j(x)

forallz € Dy, 4,7 =2,n.

Proof. It is known [6] that the Riemannian tensor Rp;jr can be expressed by the
following formulae:

(1) Ruije = 1/2(0i9nk + Onkij — Ouxgnj — Oikgni) + 9°° (Chralijs — Thjaliks),
where ['jx = 1/2(0;gjx + 0;9ix — Okgi;) are the Christoffel symbols of V,,. The symbols
g are the components of the inverse matrix of the metric tensor, that means they can
be expressed as rational functions of components of the metric tensor g;;.

Putting h = k = 1 and using the properties of the semigeodesic coordinate system
we obtain from (1)

(2) Ruiji = 1/20119i5 — 1/49019:00195b-
Here, we can suppose that the indices ¢, j,a,b > 1.
If we set
3) Gij = 019ij,
the formulas (2) have the following form:
(4) Rlijl = 1/261G,‘]‘ - 1/4gabGiqub.
As Ryij1 = aij(z), we get from (3) and (4):
(5) (@)  Ggi; = Gy,
(b) 81Gij = l/2gubGianb + 2(1,'1'.

Let us complete the formulas (5) by the initial conditions

0 1 “ e .
(6) Vz* € D,_;: g,-j(O, SC*) =g ;j(z‘), G,-j(O, ZL") =g ,‘j(.’l) ), 1,] =2,n.



ON SOME RELATIONS BETWEEN CURVATURE AND METRIC TENSORS IN RIEMANNIAN SPACES 175

Then (5) can be considered as a system of first-order ordinary differential equations
for the unknown functions g;;(x) and Gi;(z) with initial conditions (6), where z! is the
variable and the coordinates z* = (z2,... ,z") € D,_; are supposed to be parameters.
The right sides in (5) satisfy the conditions of the existence and uniqueness theorem
[1, p. 263] in the domain D}, and have continuous derivatives with respect to g;; and
Gij. The initial value problem (5) and (6) has precisely one solution g;;(z).

The function g;;(z) in the domain D} are components of the required metric tensor.

Comparing (5) and (4) we can see that Ry;;1(z) = a;;(z) in the domain Dj. This
completes the proof.

Note. As g;; and G;; are symmetric matrices, the indices ¢ and j in (11) may be
assumed to satisfy the inequality ¢ < j.

3. [If the system (5) is written in the form
(7) (@)  Oigi; = Gy

(b)  AGi; = 1/2¢°°GieGjs + 2Ruijn.
then the system (7) with the initial condition (6) can be considered to be the problem of
finding metrics for given components Ry;j1(z) of the Riemannian tensor in the domain
D,.

This means that in the semigeodesic coordinate system there exists just one metric
for the initial value problem (7) and (6) and given components Ri;j1(z) in the domain
D,.

In the equations (7a) we can substitute the components Ry;j; for their equivalents:

Ryj = eRz!n = —eR.’x,- = g"GRtlllj = —giaR'fjl-
This shows how to transfer given components Ry;j1(z) to other components of a Rie-
mannian tensor.

These results generalize the results in [2], [3]. It has been shown here that the proof

of existence and uniqueness of solutions follows from the classical results in the theory
of systems of first-order ordinary differential equations.
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