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ON SINGULARITIES OF ALMOST PERIODIC FUNCTIONS

MARIUSZ ZAJAC

ABSTRACT. In this paper we consider nondegenerate critical points of almost peri-
odic functions. We present a new explicit method of constructing almost periodic
functions in order to show that their critical points need not in general have a well-
defined distribution density in the domain.

1. INTRODUCTION

The links between crystallography and the theory of periodic functions are quite
evident because every physical quantity that can be observed in a crystal must be
translationally invariant — just in the same way as the crystal itself.

If we are not dealing with a perfect crystal it seems natural to consider functions that
are 'not exactly periodic’. In fact many different classes of such functions have been
introduced so far and it is not always quite clear which one is the most appropriate
for a specific purpose. For instance several authors have investigated connections
between quasicrystals and quasiperiodic functions (see [7] for some details and further
references).

S.M. Gusein-Zade considered in [5] the metric density of critical points of quasiperi-
odic potentials, which are connected with chaotic behaviour leading to quasicrystallic
structures. His main result can be outlined as follows.

Let U : R*¥—=R be a quasiperiodic function, that is U = f o p, where p : RET" =
R"/Z", k < n is a linear function such that the image p(R*) is dense in the torus T",
and f : T">R is analytic or smooth. Let N;.(u) be the number of nondegenerate
critical points of index ¢ (¢ = 0,1,... , k) with critical values less than u inside the ball
B, ={z e R*: 2] < r}.

Proposition 1.1. For every analytic (or almost every smooth) quasiperiodic function

U the limit

N

Ni(u) = Dipu)
r=+0o volume(B,)

exists for all u € R.
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/In this paper we shall discuss the behaviour of critical points in a broader class
of functions, namely almost periodic functions. Although almost periodic functions
have been studied very extensively in connection with partial differential equations
and dynamical systems (and - to a much lesser extent — quasicrystals), it seems that
not much is known about singularities of such functions. In the beginning we want
to check if the derivative of an almost periodic function is always almost periodic.
The answer is generally negative (finding a counterexample is one of the results of the
present paper) but positive under some additional assumptions.

In Section 2 some classical facts concerning almost periodic functions are presented,
in Section 3 a new method of constructing such functions is developed, and finally in
Section 4 this method is applied twice: we construct the counterexample mentioned in
the previous paragraph and an almost periodic function that does not have the density
of critical points as defined in [5].

The author wishes to thank Professor S. Janeczko for suggesting the problem and
stimulating discussions.

2. ALMOST PERIODIC FUNCTIONS

The notion of almost periodicity was originally introduced by H. Bohr for functions
[ : R—C (see [2]) and extended by S. Bochner to the class of functions from RF into
an arbitrary metric space (see [1]) but in the present paper we shall restrict ourselves
to real functions of one real variable.

Definition 2.1. A continuous function f : R — R is called almost periodic if for
every € > 0 there exists anl = l(¢) > 0 such that every interval [a,b] of lengthb—a =1
contains a number T for which

Veer |f(z +7) — f(z)| < €.

FEvery T for which the above condition holds is called an e—quasiperiod.
Let us state several basic properties of almost periodic functions.

Proposition 2.1. Every almost periodic function f is bounded and uniformly contin-
uous.

Proposition 2.2. If f is an almost periodic function then for any h € R the function
f(z) = f(z + h) is almost periodic.

Proposition 2.3. If f and g are almost periodic then so are a- f for any a € R and
f+y

Proposition 2.4. If a sequence f, : R—R of almost periodic functions converges
uniformly on R then its limit f is almost periodic.

Proofs of the above results can be found in many classical textbooks, e.g. [4] and
[6]. Section 1.2 of [4] presents also two different definitions of almost periodicity and
shows their equivalence to Bohr’s original Definition 2.1. The reader can also consult
the article (3] for more details.

Proposition 2.5. Let f be a differentiable almost periodic function. If its derivative
f' is uniformly continuous then f' is also almost periodic.
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Proof. Fix ¢ > 0. Then the uniform continuity of f’ means that for some positive §
we have |f'(z + 1) — f'(z)| < € whenever |r] < 8. Thus for n > } we obtain

i+ ) = @) - @) = o [" 1+ 7) - f@lar <

Sn/();lf’(x—l-r)—f’(z)ldv'Sn/ﬁgadT=e.

This inequality means that the sequence n[f(z + %) — f(z)] converges uniformly to
f'. The result follows immediately from Propositions 2.1 to 2.4. a

Theorem 4.1 below shows that the uniform continuity condition on f’ is essential
even if f is smooth. Since a function with bounded derivative must be uniformly
continuous, we get at once

Corollary 2.1. If f is an almost periodic function with bounded second derivative
then f' is almost periodic.

By obvious induction we prove the following

Corollary 2.2. If f is almost periodic and all derivatives of f are bounded then they
are almost periodic functions.

3. CONSTRUCTION OF COMPOSITE ALMOST PERIODIC FUNCTIONS

In this section we present a method enabling us to construct an almost periodic
function with prescribed properties by glueing parts defined on bounded intervals (for
this reason we use the term ’composite’).

First we shall define a function s : Z—N or in other words a sequence of natural
numbers infinite in both directions. The construction relies on the binary representa-
tion of integers. For this purpose observe that if we try to subtract formally a natural
number n written in the binary system from 0, we can obtain a binary representation
of a negative number —n (e.g. —1 = ...1111,-2 = ...1110,-3 = ...1101,-4 =
...1100, -5 = ... 1011, where dots stand for an infinite sequence of digits 1). In other
words we get —n from n — 1 by replacing each binary digit with its negation. For any
n € Z we define s, in the following way:

sp = m whenever the binary representation of n coincides with ...01010 at last
m — 1 positions, but differs at m-th (here dots mean the infinite alternating sequence
of digits, which obviously does not represent any integer).

More explicitly:

e s, =1 whenever n ends with 1,ie. forn=2k+ 1,k € Z

e 5, = 2 whenever n ends with 00, i.e. forn =4k,k € Z

e s, = 3 whenever n ends with 110, i.e. forn=8k+6,k€ 2

e s, = 4 whenever n ends with 0010, i.e. for n = 16k + 2,k € Z, etc.

For instance the part of this sequence from s_g to s7 looks as follows:
(..,2,1,51,2,1,3,1,50=2,1,4,1,2,1,3,1,...).

Remark 3.1. We shall further need the observation that in the set of 2'*! elements
ranging from s_q to sy_, there are 2" equal to 1, 2! equal to 2, ... , two numbers I,
one occurrence of | +1 and one of [ + 2.
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Proposition 3.1. Let k be divisible by 2',1 € N. Then for anyn € Z if Sp4x # Su
then sper > 1 and s, > .

Proof. Only the last m digits of the binary representation of n are important if we
want to know whether s, = m or not. On the other hand n and n + k have at least |
common final digits, hence for m < [ the statement s, = m is equivalent to s,z = m.

0O

Theorem 3.1. Let h, : [0,1]=R be a fundamental (Cauchy) sequence of continuous
functions satisfying ha(0) = hn(1) = 0. Then the function H : R—R defined by:
H(z) = hs,(x —n) forz € [n,n+1)
1s almost periodic.
Proof. H(z) is certainly continuous. Next fix a real number £ > 0. By our assump-
tion there exists a number ! € N such that
Yp.a>tVzelo,1] [hp(T) — hy(z)] < €.
Now H is almost periodic because every integer k divisible by 2! is an e—quasiperiod.
Indeed, if z € [n,n+1) thenz+k € [n+ k,n + k + 1) and
|H(z + k) = H(z)| = |hs, i (z — 1) = hs,(z — )| <&,

since by Proposition 3.1 if s, # s, then spyx > { and s, > L. O
It is easy to observe that the above procedure can be generalized to the case of
k—dimensional domain. We can define S : Z*—N as

S(ny,... ,ng) =min(s,,,...,Sn,)

and prove in a straightforward way analogues of Proposition 3.1 and Theorem 3.1 in
order to obtain a method of constructing almost periodic functions H : R*—R.

4. EXAMPLES

Consider the function fi(z) = exp(—1/z%) exp(~1/(1 — z)?). Assuming in addition
that fi(z) = 0if z ¢ (0,1) we can easily see that f; : R—R is a smooth function with
the property that fl(i) (0) = fl(i) (1) = 0 for all natural numbers i. Moreover, it has
no critical points in (0,1) beside a maximum at % and its graph forms a bell-shaped
curve. Since all derivatives of f; vanish at 0 and 1, we can safely glue two copies of
this curve. Strictly speaking, we define by induction an infinite sequence of smooth
functions:

(50  fores
fn+1(x) - { fn(2a; - 1) for x >

D=0 |~

Fori=0,1,... we put

M; = sup |fO(2)].
z€[0,1]

All numbers M; are of course strictly positive finite reals.
Remark 4.1. By simple induction we can check that

sup |f(z)| = 20V,
z€[0,1)
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and in particular

sup |fa(z)| = My.
z€(0,1]

Theorem 4.1. There exists a smooth almost periodic function whose derivative is not
almost periodic.

Proof. To construct such a function it is sufficient to apply Theorem 3.1 to functions
ha(z) = —"ﬁﬂ The sequence h, is fundamental (by Remark 4.1 it converges to 0
uniformly on [0, 1]) and Theorem 3.1 gives us an almost periodic function H : R—R.
To investigate its derivative observe that according to Remark 4.1

_ 2n—1]‘{[l

z€(0,1) n
which can be arbitrarily large as n grows. We have thus shown that H’ is unbounded,
which means that H' cannot be almost periodic by Proposition 2.1. a

Theorem 4.2. There ezists a smooth almost periodic function H : R—R. for which
there ezists no density of critical points in the sense of Gusein-Zade even though all
derivatives of H are almost periodic.

Proof. We shall again apply Theorem 3.1 with h,(z) = Mngl (the assumptions can
be checked as above). By Remark 4.1

. 9(n-1)i
sup |H®(z)| = sup —M;
z€R neN 7.

and this is finite because lim,_ 40 “;’: = 0 for any positive real a. By Corollary 2.2
all derivatives of H are almost periodic. To count critical points observe that inside
(0,1) there are exactly 2! points where f, attains a local maximum. Therefore
by Remark 3.1 total number of maximal points of H in the interval [—2!,2!] equals

21427124+ 12"+ 121 = (I + 3)2. Dividing this number by the length

of [~2',2'] we get 43 which has no finite limit as ! tends to infinity. m]
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