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EXPLICIT GEODESIC GRAPHS ON SOME H-TYPE GROUPS
ZDENEK DUSEK

ABSTRACT. A g.0. space is a homogeneous Riemannian manifold (M = G/H,g) on
which every geodesic is an orbit of a one-parameter subgroup of the group G. (G
acts transitively on M as a group of isometries.) Each g.o. space gives rise to certain
rational maps called ”geodesic graphs”. We are particularly interested in the case
when the geodesic graphs are of non-linear character.

H-type groups provide the examples of these spaces. In this article we study H-
type groups with 2-dimensional and 3-dimensional center and we present geodesic
graphs with respect to various groups of isometries.

1. INTRODUCTION

Let (M, g) be a connected Riemannian manifold, p € M a fixed point and let G be
a connected group of isometries which acts transitively on M. Then M can be viewed
as a homogeneous space (G/H,g), where H is the isotropy subgroup at p. The Lie
algebra of G, or H, respectively, will be denoted by g, or b, respectively.

Definition 1. A homogeneous space (G/H, g) is called a (Riemannian) g.0. space,

if each geodesic of (G/H,g) (with respect to the Riemannian connection) is an orbit
of a one-parameter subgroup {exp(tZ)}, Z € g, of the group of isometries G.

Definition 2. Let (G/H,g) be a Riemannian g.o. space. A.vector X € g\{0} is
called a geodesic vector if the curve exp(tX)(p) is a geodesic.

In a g.o. space we investigate those sets of geodesic vectors which generate all -
geodesics through a fixed point. These sets are called "geodesic graphs”. Let us recall
basic facts about geodesic graphs. (A comprehensive information can be found in [1].)

On the Lie algebra g of the group G'there exists an Ad(H)-invariant decomposition
(reductive decomposition) g = m + h, where § is the Lie algebra of the group H and
m is a vector space m C g. (Such a decomposition is not unique.) On the vector space
m there is a natural Ad(H)-invariant scalar product. It comes from the identification
of m C T.G with the tangent space T, M via the projection 7 : G — M.

We define equivariant subalgebras qx C h for X € m in the following way
ax ={Aeh|[AX]=0}
and we choose an invariant scalar product on .

The paper is in final form and no version of it will be submitted elsewhere.
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Definition 3. Let (G/H, g) be ag.o. space and g = m+f an Ad(H )-invariant decom-
position of the Lie algebra g. The canonical geodesic graph is an Ad(H)-equivariant
map £ : m — b (defined on an open dense subset of m) such that X + £(X) is a
geodesic vector and £(X) L qx for each X € m\{0}.

For the existence of the canonical geodesic graph see [4], [2]. It is analytic on an
open dense subset of m.

Definition 4. Let (G/H,g) be a g.o. space and g = m + h an Ad(H)-invariant
decomposition of the Lie algebra g. A general geodesic graph is an Ad(H )-equivariant
map 7 : m > h which is analytic on an open dense subset of m and such that X +n(X)
is a geodesic vector for each X € m\{0}.

Remark. The subalgebras qx have the following property: If X € m, A € hj are the
vectors such that X + A is a geodesic vector then all geodesic vectors "based on X”
are of the form X + A + @, where Q € qx. If the algebra qx is nontrivial, this gives
us the possibility to find more geodesic graphs than the canonical one. If the algebras
qx are trivial, then only canonical geodesic graph exists.

An essential tool for constructing geodesic graphs is the following
Proposition 1 (cf. [2], Corollary 2.2). A vector Z € g\{0} is geodesic if and only if
(1) ([2,Y]m)Zm) =0 forall Y em.
Here the subscript m indicates the projection into m.

We replace the vector Z by a vector X + §(X) expressed with respect to the bases
{X;} of m and {D;} of b as

dimm dimb

X=7) zX; &X)=) &D;

=1 j=1
and for Y we substitute step by step all the elements X;.

We obtain a system of linear equations for §; with coefficients and right-hand sides
depending on z;. If this system doesn’t have the unique solution (dimqx = q > 0
for generic X € m) then we add ¢ additional linear equations, which characterize the
orthogonality £(X) L qx (see [1] for detailed construction).

This extended system has the unique solution and by using the Cramer’s rule we
obtain a vector £(X), whose components with respect to the basis of § are of the

form §; = P;/P, where P; and P are homogeneous polynomials in variables z; and
deg(P;) = deg(P) +1.

In the examples already known these polynomials have the common factor and the
degree of the polynomials can be decreased. We define the degree of a geodesic graph
as the degree of the denominator after cancelling the common factor out.

2. H-TYPE GROUPS

Definition 5. Let n be a 2-step nilpotent Lie algebra with an inner product (,). Let
3 be the center of n and let v be it’s orthogonal complement. For each vector Z € 3
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define the operator Jz : v — v by the relation
(2) (JzX,Y)=(Z,[X,Y]) forall X,Y €ov.

The algebra n is called a generalized Heisenberg algebra (H-type algebra) if, for each
Z € 3, the operator Jz satisfies the identity

(3) J22 = —(Z,Z)id, .

A connected, simply connected Lie group whose Lie algebra is an H-type algebra is
diffeomorphic to R™ and it is called an H-type group. It is endowed with a left-invariant
metric.

H-type algebras are completely classified (see [3]). For each dimension of the center
3 there is a series of H-type algebras. Each algebra of the series contains the center
3 and the complement v which decomposes into irreducible 3-modules (the operators
Jz make v a 3-module). Irreducible 3-modules are all equivalent if dimz # 3 (mod 4),
otherwise there exist two nonequivalent irreducible modules of the same dimension
(called non-isotypic modules).

The H-type group is a g.o. space if and only if (see [7] or [3])
o dim; € {1,2,3} or
e dimj € {5,6,7} and dimv =8 or
o dim3 = 7 and dimv € {16,24} and v is decomposed into 8-dimensional modules of
the same type.

Each H-type group with dimj = 1 is a naturally reductive space. The geodesic graph
for naturally reductive spaces is linear - of degree 0. H-type groups with dimj = 3
are naturally reductive if and only if the complement v is decomposed into equivalent
modules. Other H-type groups which are g.o. spaces are not naturally reductive. In
the following sections we will concentrate on H-type groups with dimg = 2 or 3. The
case dimj = 5 is investigated in [5].

2.1 dim3 =2

Let n be a vector space of dimension 4n + 2 equipped with a scalar product and
let {E1,...,E4n,Z1,2,} form an orthonormal basis. We define the structure of a Lie
algebra on n by the following relations. For p=10,...,n -1

[Espt1, Egpy2] = 0,
' [E4p+la E4p+3] =2, [E4p+2a E4p+3] =23,
[E4p+ls E4p+4] = Z2 ) [E4p+2s E4p+4] = "‘Zl ) [E4p+3, E4p+4] = 0,

for other k,1 = 1,...,4n we put [Ey, Ej| = 0, further [2,,Z,] =0, and fork =1,...,4n
and | = 1,2 we put [Ex, Zj] = 0.

The elements Z, and Z; span the center 3 of the Lie algebra n and one easily verifies
the condition (3) for the operators Jz, so this relations define an H-type algebra. Each
quadruplet v, = span(Eyp41,..., Egpq) for 0 < p < n — 1 is an irreducible 3-module
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and these modules are equivalent to each other. Summarizing, we have

n-1

n=3+v=3+) 0.

=0

If n =1 then we have the Lie algebra of the simplest (6-dimensional) H-type group
with 2-dimensional center. It was the first example (by A. Kaplan) of a g.o. space
which is not naturally reductive. Its geodesic graph was described in [2] and this
section is a generalization to other H-type groups with dim3 = 2.

Let us express the H-type group N corresponding to n as a homogeneous space

G/H. For p = 0,...,n — 1, the following operators acting on v are skew-symmetric
derivations of the Lie algebra n:

Dap1r = —Agapt1,4p+2) + Aapt3.4p+4) »

Dspy2 = +A(p+1,4p43) + A(aps2,4p+4) »

D3pys = +A(4p+l.4p+4) — A(p+24p+3) -

Here A(x,) are the elements of so(b) acting on b by Ak )(E:) = ki Ey — 81 Ex. So each
subalgebra ), = span(Dsp41, ..., D3py3) acts effectively only on vu,.

We put

n~1 n-1
h =span(Dy,... Ds,) = Db, = P su(2).

p=0 p=0

and consider the decomposition g = n + . Obviously, g is a well-defined Lie algebra.
If we express the H-type group N corresponding to n as a homogeneous space G/ H
then G can be considered as a transitive group of isometries of N.

Hence we have N = G/H, where H & [SU(2)]'l and G = N x H. Here the group
G is not the full isometry group of N. But the group N is a g.o. space with respect
to this group.

Now, we shall construct the canonical geodesic graph £ : n — . We put

4n 2 3n
X=Zl'k'Ek+EZIZI’ E(X)=Z§-‘D.'-
k=1 =1

I=1

We check easily that the subalgebras qx from the Introduction are trivial. From the
equation (1) we obtain 4n + 2 linear equations for the components &; (i = 1,...,3n)
of the vector £(X) depending on the variables z4x and z; (k= 1,...,4n and | = 1,2).

For each quadruplet of these equations corresponding to Y = E4p41,- - -, E4pa only
three of them are linearly independent. Hence we omit the fourth equation from each
quadruplet (corresponding to Y = Eyp4q for p=0,...,n—1). The last two equations
(corresponding to Y = Z; and Y = Z;) are trivial. '
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The matrix of this system of equations is equivalent to the block square matrix A
(of rank 3n) with nonzero 3 x 3 blocks just along the diagonal. These blocks are

—Tapt2  Tap43  Tapt4
A, = Tapt1  Tappa  —Tapi3 for p=0,...,n—1.
Tap+a  —Tap+1  Tapt2
The right-hand side vector b (of 3n entries) can be written in block form as b =
(boy ..., bn-1)’, where
Tp4321 + Tapt422
bp = —T4p+42) + T4p4322 for pP= 0, NN (e 1.
—T4p+121 — T4p4222

Hence we solve the matrix equation A¢ = b, where ¢ = (&1,...,&3.)". Using the
Cramer’s rule we get explicitly

=2 (Tap+2T4p+3 + Tap+4Tapt1) 21 — 2 (Tap+2Tap+s — Tap+1T4p43) 22
Tapp1? + Tapya® + Tapya® + Tapia’

£3p+l = )

2 2 2 2
(Tap41® — Tapp2® + Tapya® — Tapra®) 21 + 2 (Tap43Tapta + Tapt1Taps2) 22
Tap412 + Tapy2? + Tap4s® + Taptd®

Eapt2 = )

2 (Tap+3Tapta — Taps1Tapy2) 21 + (5?141»-“2 - 1‘4p+22 - $4p+32 + $4p+42) £
Tapt1? + Tapp2? + Tapts® + Tapta®
for 0<p<n-1.
Thus, there is a canonical geodesic graph of degree 2 for every H-type group with

dim3 = 2. Our choice of the group G doesn’t involve other geodesic graphs, because
we have dimqx = 0 for generic X.

£3p+3 = )

Now, let us express the group N in the new form G’/ H', where G’ is the full isometry
group and look for geodesic graphs with respect to bigger groups of isometries. The
6-dimensional H-type group was treated in [1]. Here the full isometry group G is one
dimension bigger than G. In the decomposition g’ = n + §’ we have §’ = span(h, R).
R is the operator

R =2Bug)+ Agz) + A@a)-
(Here B1,7) is the operator on 3 acting by B1,2)(Z;) = 61iZ2 — 62;Z;.) But the equation
(1) implies that the component of the operator R in any geodesic graph is zero. In
this case only canonical geodesic graph exists.

In the 10-dimensional case (n = 3 + Zl=o u,) the algebra §’ in the decomposition
g = n+ b is spanned by 11 skew-symmetric derivations on n. We denote them
D,,...,De, P,,...,Ps. The new elements act on n by

Py = +Aus) + A@ee) + Aian + Aug)
Py = +Ape — Aes)— Aps) + Aun,
Py = +An7+ A@s) — Aps)— Aue),
Py = +Aps) — Aen+ Ape) — Aus),
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Ps =2Bug)+ Az + Apa) + Ase) + Ags) -

Again, the equation (1) implies that the component of the operator Ps in any geo-
desic graph is zero. We denote

b” = span(Dl,. . .,Ds,P],.. .,P4) E1-50(5).

We are given the new expression for the group N as G”/H", where H” = Spin(5) and
G" = N x H". In this case we have dimqx = 3 for generic X € n. Hence general
geodesic graphs do exist. Conjecture: there is no geodesic graph of degree 1.

2.2. dimj =3.

In this case we have a vector space n of dimension 4(n+m)+3 equipped with a scalar
product and the elements {E\,..., E4n, F1,..., Fim, Zy,...,Z3} form an orthonormal
basis. The structure of a Lie algebra on n is defined by the following relations. For
p=0,...,n—1

(EBapt1y Eapy2) = 2y,
[E4p+11 E4p+3] = Z2 ) [E4p+2) E4p+3] = Z3 )
(Esps1, Eapya] = Z3, [Esps2, Eapra) = =25, [Espys, Eapydl = Z1,

forg=0,...,m—1

[Fagt1, Fagta] = 21,
[Fagt1, Fagyal = Z2,  [Fugya, Fagys] = =23,
(Fags1, Fagra] = Za,  [Fagra, Faged) = Za,  [Fages, Fagra) = =21
For other ¢,j = 1,...,4n and k,l = 1,...,4m we put [E;, E;] = 0, [F, Fj] = 0, and
fori=1,...,4n,5=1,...,4m and k,l =1,...,3 we put
(EiyZk) =0, [F;,2)=0, [E;,F;]=0, [Z,2Z]=0.

We have 3 = span(Zy,...,Z3), v, = span(Ept1y...,Eptq) for 0 < p < n -1 and
v, = span(Fyq1, ..., Fgyq) for 0 < g < m — 1. The action of 3 on v, (via the operators
Jz) can be viewed as multiplication of quaternions by imaginary quaternions on the
left and the action on b, as multiplication on the right. The modules v, and v, are
not equivalent.

We start with the simplest case n = 1,m = 0. It is the seven-dimensional algebra
N10) = § + v with b = vo. (The double index at n shows the number of modules
of each type in the complement of 3.) We will show geodesic graphs with respect to
various groups of isometries and apply the results to the general case.

To express N1 0) = G/H we put h = Der(n)Nso(n) in the decomposition g = n+h.
We get the following operators on n

Dy = ~Ana)+A@a), Da= 2Bag)+ Apa) + A,
Dy = +Auz) + A@ay, Ds = 2Bug)— Aps) + Aga)
D3 +A(l.4) -—_ A(2,3) ’ Ds = 2 B(X,Z) + A(;,q) + A(2,3) .
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Again, A(x,) are the elements of so(v) acting on v by Ag(E;) = 8By — 81 Ex and
Bx,) are the elements of so(3) acting on 3 by B(Z:) = 8kiZi — 61 Zk.
We have
b = span(Dy,...,De) = su(2) dsu(2),
where 51(2) means another representation of su(2) on n. The group G corresponding
to the algebra g is the maximal connected isometry group of N.

The system of equations obtained from the equation (1) in the same way as in 2.1.
is equivalent to the matrix equation A¢ = b with

—T2 T3 T4 T2 —I3 T4 To2) + T329 + T423
I Ty —IT3 —T1 T4 T3 —XT12] — T429 + T323
A= Ty —Ty Ty T4 Ty —I3 , b= T42) — T123 — To23
0 0 0 0 223 22 0
0 0 0 223 0 =22z 0

The solution of this system is not unique (dimqx = 1). We find the generator
of the algebra qx as the solution of the homogeneous system A - Q(X) = 0 (see
[1]). The components (@)%, of the vector Q(X) may be chosen as corresponding
maximal subdeterminants with the corresponding signs of the matrix A. But all these
determinants have the common factor 4 423 and therefore we can cancel out by this
common factor and get the simpler components

Q1 = (—212 — 2% + 23% + 24%) 21 — 2 (2322 + T124) 22 + 2 (2173 — 7472) 23,
Q2 =2 (z3z3 — 2174) 21 + (1‘1 -z’ + a3’ — 74 ) 22+ 2 (2122 + 2473) 23,
Q3 =2 (2324 + 7123) 21 + 2 (2423 — T123) 22 + (:z,2 — 5% — 32 + x42) 23,
Qa=—(z2 + o’ + 23’ + z4%) 21,
Qs = ($22 +z,? 'l"III:;2 + 142) 22,
Qs=— (22 + 2.2 + 23 + %) 23
We extend the matrix A by the row vector Q(X)! and the vector b by the sixth
component equal to 0. So we have added the condition Q(X) L £(X) (the invariant

scalar product on b is chosen so that {D;}%_, form an orthonormal basis). The solution
of the extended matrix equation (obtained by the Cramer’s rule) is

(mzm? = z? + 2a? + 24?) 2 — 2 (3124 + T3T2) 20 + 2 (7173 — T574) 23
q= 2 (212 4 222 + 232 + 74?) ’
b = 2 (2273 — T124) 21 + (21 — 222 + 232 — 24%) 22+ 2 ($1$2+$4-’03)23’

2 (212 + 222 + 23 + 24?)
2 (T4 4 1123) 21 + 2 (23T4 — T123) 25 + (21 — 257 — 73?4+ 74%) 23
s = 2 (21 + 2% + 3% + z4?) '
£4=1/22,
£ =—1/22,,
e =1/22.
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Hence the degree of the canonical geodesic graph in the full isometry group is equal
to 2. But we may consider the map
1
X)=¢X) -
1(X) = &) 2 (212 + z2% + 232 + 42)

Q(X).

We have Ad(h)qx = qaqn)x and for the scalar product on b such that {D;}%; form
an orthonormal basis we have

1R(X), QX)) =2 (212 + 2z’ + 232) (14’4‘22 + 27 + 2% + 242)2 )
which is an invariant function with respect to the representation Ad(H)|a. The func-
tion m is invariant as well, so the map 1 is Ad(H)-equivariant. It is a
general geodesic graph and it is obvious, that this geodesic graph is linear. Indeed

m=n=m=0, np=2z, n5=-2, 7n6=2z.

The linear geodesic graph shows, that the space N(,0) is naturally reductive. An
interesting observation shows, that this linear geodesic graph can be obtained as the
canonical geodesic graph in the smaller group of isometries. If we put N0 = G'/H’,
where

by’ = span(Dy, ..., Ds) = $u(2),
we get the same map. We will use this idea in constructing linear geodesic graphs in
a more general general case N, 0) or N m).

Let nn0) = 3+ b where v = ;'__f; v, be an H-type algebra with dimg = 3 and
the complemetnt v decomposed into n irreducible modules of the first type. We put
Nn0) = G/H where b = span(D;, ..., D3), acting by
n-1
Dy =2Bpgy+ Z (Aaps1,ap+2) + Alapr3.ap+a)) 5
p=0
n-1
Dy =2Bugy+ Y (~Auptrapra) + Aupraspre) »
p=0
n-1
Ds =2Bug+ Y (Aupsiapt) + Altpr2p43)) -
p=0
We have H = SU(2), G = N x H. From (1) we get 4n + 3 linear equations with
right-hand sides for 3 components (§;)%;. This system splits into n quadruplets of
equations corresponding to different values of p and one triplet of equations. In each
quadruplet (for 0 < p < n—1) only three equations are linearly independent and they

can be expressed as a matrix equation A ¢ = b, where

T4p4221 + T4p4322 + Tapya2s

Tap+2  —Tap+3  Tdpte
A, =| —Tap+1  Tapts  Taps3 , by=| —T4p+121 — Tapr422 + Tupy32s
Z4p+4 Tap+1  —T4apt2 T4p+421 — Tap+122 — T4p+223

The components of the solution of each of these subsystems are

fl-'—‘zl, 52=—22, =123
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and one easily verifies, that it is the solution of the whole system.

Similarly, in the case of an H-type algebra with dimj = 3 and the complemetnt
v decomposed into m irreducible modules of the second type (nom) = 3 + b where
b= Z;":-ol 9,) we take h = span(Dy,..., D3), acting by

m-1

ﬁl =2Bp3 + z (—A(4q+l,4q+2) + A(4q+3.4q+4)) ’
q=0
m-1

Dy =2Bug + ) (Augtiaers) + Augr2esn) »
q=0
m-1

Dy =2Bug+ Y (—Austraers + Augrzata) -

q=0

(Here fi(k,l) acts on b in the same way as A, acts on v, namely A(,,'l)(F,-) =6 Fy —
8iiFi.) We have N(om) = G/H where H = SU(2), G = N x H. We put

4m 3 3m
X=Y wh+) aZ, &X)=) &b
k=1 I=1

i=1

and the equation (1) gives 4m + 3 linear equations. For example the first quadruplet
reduces to the matrix equation Ao = by for

=Y2 Y3 —Ya Y221 + Y322 + Y423
Ko = 1S U 7O <] , Bo = | —Y1z21+ Ya22 — Y323
Y« —Y1 —y2 —Ya21 — Y122 + Y223

The solution, which solves other equations too, is again linear:
GL=-2, L=z, L=-2.
We see, that all the H-type groups mentioned in this section so far are naturally
reductive spaces.
Finally, we shall consider the general case of an H-type algebra with dimj = 3. We

have N(nm) = 3+ 0 + 0 where b = ;';; v, and b = Z;’:__'ol v,. Now, we put

n-1 m-1
b =span(Dy,..., Dan, D1, ..., D3n) = P 5u(2) & P su(2).

p=0 q=0

Each copy of su(2) acts effectively only on unique v, and each copy of su(2) acts effec-
tively on unique 9, by the following skew-symmetric derivations. For p =0,...,n—1

D3pyy = "A(4p+l,4p+2) + A(4p+3,4p+4) ’
Dipy2 = +A(ap+1,4p43) + A(ap+2,4p+4) »
D3pt3 = +A(ap+1,4p+4) — A(ap+2,4p+3)
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and forg=0,...,m—1

Dagqr = +A(4q+l.4q+2) + A_(49+3.4q+4) ’
Dsg2 = +A(ag41,4943) = Altg42,4044) »

D3q+3 = +A(4q+l,4q+4) + A(4q+2,4q+3)'

There are other skew-symmetric derivations of n(n,m) involving the operators Bk but
they are not needed here.

Now we put

4n 4m 3 3n 3m
X=YwEi+Y yiF;+Y aZ, §X)=) &Di+Y &D;.
i=1 k=1 i=1 1=1

i=1

The equation (1) gives again the system of linear equations. It is equivalent to the
matrix equation A¢ = b for the block square matrix A (of rank 3(n+m)) with nonzero
3 x 3 blocks along the diagonal. These blocks are

—T4p+2 T4p43 T4pt4 Yaq+2 Yaq43 Yaq+4
Ap = Tap41 T4p+4a —T4p+3 y Aq = Y4941 —Y49+4 Y4943
Tap+a —Tap+1  Tap42 Yag+a  —Yag+1 —Y4q+2

forp=0,...,n—1land ¢=0,...,m—1.

The right-hand side vector b (of 3(n + m) entries) can be written in block form as
b= (bo, ceey b"_l, bo, ooy bm—l)‘, where

Tgp4221 + Tap4322 + Tap4423
bp = —T4p4121 — T4p4422 + T4p4323 for p= 0, SRS (2 1 )

T4p4+421 — T4p4122 — T4p4223

Yaq+221 + Yag+322 + Y4q4423
by = | —Y1g4121 + Yag4+422 — Yag4323 for ¢=0,...,m—1.

—Y4q+421 — Y4q+122 t Yag+223

By using the Cramer’s rule we get (after cancelling the common factors out) the
components of the canonical geodesic graph of degree 2. The components ¢; and &;
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for 1 <1t,7 <3 are

£ = (—z1% — 2% + 23% + 24%) 21 — 2 (2322 + T1%4) 22 + 2(T1T3 — T274) 23
1 12 + 292 + 732 + 247 ’

2(z223 — T124) 21 + (217 — 2% + T3 — 24%) 22 + 2(7122 + T324) 23

o= z12 + 222 + 232 + 242 ’
2 (2321 + T4%2) 21 + 2 (T34 — T122) 22 + (717 — 227 — 237 + 24%) 23
f =
’ z12 + 29?2 + z3% + 2,42 ’
£ = (32* + 92 — y3® — ya®) 21 + 2 (Y2ys — y1y4) 22 + 2 (y3y1 + Yay2) 23
! Y1? + Y2 + ya? + y4? ’
£ = 2(yay2 + yay1) 21 + (12 — 22 + y3® — ya?) 22 + 2 (Y3ya — n1y2) 23
Y% + y2? + ya? + y4? ’

E =2 (y2ya — y1ys) 21 + 2 (yiy2 + Yays) 22 + (1 — 2* —ys” +ys®) 25
3=
Y12 + 2 + ya? + y4?
and the components £3,4: and E3q+j for1<p<n-1and1<qg<m-—1are obtained

after replacing all zx by the corresponding z4,+1 and all y; by the corresponding yag+:
(k,1=1,...,4).

In the general case N(nm) we can’t use the similar construction as in the case N(1,0)
and construct linear ges)desic gEaph. For example in N(; ;) we have N(; 1) = G/H where
h = span(Dy,...,D3,Dy,...,D;). The group G may be enlarged to the full connected
isometry group G of N and we get Nay = G/H with § = b +span(Ds, ..., Ds). The
action of additional elements of f on n is given by

D=2 Baa)+ Apg) + Ay — 1‘—1(1,2) + A(S,-l) s
D2 =2Bgu3) — Auz) + Aee + /—1(1,3) + A(2,4) )
Dy =2 By + A+ A@s) — A(u) + A(z,a) .

If we compute the canonical geodesic graph with respect to G (here dimqx = 1) we
get the same map as with respect to G, the components of {D;}3, are zero. It is
not hard to show that the similar trick for decreasing the degree as in the case N(; )
doesn’t work. It corresponds to the fact, which is known from the general theory,

namely that the H-type groups with dimj = 3 and of general type are not naturally
reductive.
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