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CRYSTALLIZING PATTERNS OF BGG SEQUENCES
PETR SOMBERG

ABSTRACT. The aim of this article is to show the, as we shall argue not accidental,
coincidence of two structures. The first one is the underlying combinatorial structure
of Bernstein-Gelfand-Gelfand resolution carried by Hasse graph of weight graph,
which is given by purely representational-theoretical data. The second structure is
the crystal graph associated to the couple - quantum universal enveloping algebra
of (classical series) Lie algebra and its integrable highest weight (finite dimensional)
module. This approach should in turn pinch out the natural candidates on quantum
BGG sequences, or more precisely on the category of geometrical objects whose
underlying representational patterns we are going to unfold. The hope is that this
category is equivalent to the category of (graded) quantum groups.

1. THE STRUCTURE OF “CLASSICAL” BERNSTEIN-GELFAND-GELFAND
RESOLUTIONS

In this section we recall the structure of Bernstein-Gelfand-Gelfand resolution
(BGG for short) associated to parabolic invariant theory. Then we shall be inter-
ested in |1|-graded Lie algebras of special type (all weight spaces of go-module g; are
extremal), for which we recall the bijection between BGG resolutions for (|1| — graded)
g and Hasse graphs of go-module g;. This section is only slight modification of [1],[6],
but it is summarized in compact form useful for further generalizations.

Definition 1.1. Let G be a principal P-bundle on a manifold M, and let for X € g
be X! the corresponding fundamental vector field. The left (right) action of p € P on
G will be denoted L,: P xG - G (R,: G x P = G).

A Cartan connection on G is a 1-form w € Q(G, g) satisfying:

ewX)=Xforall Xeg,

¢ (Ry)'w=Ad;'wforallpe P,

e w|r,g: T,G —> g is isomorphism for all u € G .
A parabolic structure on M is given by data (G, P, M,w) (w is assumed to be normal
connection).
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We shall be interested in the case of |1|-graded simple Lie algebras g (an Almost
Hermitean Symmetric structure on M), i.e. g~ g1 ® go ® g1, and

(9:,85] C Bi;

with parabolic subalgebra p := go & g1 C g,p+ := g1. The Killing-Cartan form on g
induces isomorphism g —s g_; for all 1.

The subclass of invariant differential operators, so called standard invariant oper-
ators, can be described explicitly as follows. The maximal ideal p; of p, generated
by Lie subalgebra with elements of (strictly) positive grading, acts on any irreducible
P-module V by nilpotent endomorphisms. As a (finite dimensional) module of reduc-
tive Lie algebra go, V is determined by dominant weight A of semi-simple subalgebra
95 = [80,80] C 8o, and as Z(go) = Ker{go — [go,8o]} C go-module by complex num-
ber w (called generalized conformal weight). Any such P-module V will be shortly
written as V(A,w). Let B be a weight of gj-module g;, for which A and A + kS are
dominant weights of g§ (k € N). Then there exists a unique value of generalized
conformal weight w, such that there exists a (unique) standard invariant differential
operator D,

D: C®(M,V(\,w))f — C®(M, V(A + kB8, w + k)P,

for which k is the order of D. The operator D := m; 0 (V¥)®* acts between associated
bundles induced from homomorphisms of P-modules

V(A) — ®*g @ V(A) = V(A + kB) .

Because the construction of standard operators is independent of the manifold M (e.g.
curvature) and what only matters are the source and target representation spaces, we
write simply D : V(A w) — V(A + kB, w + k).

Let us consider, for particular (|1|-graded) parabolic invariant theory (g, P), the set
of all standard invariant differential operators:

D(\,B,k) : V(A w) - V(A +kB,w+ k),
B is a weight of g1; £ € N; A\, A + k3 are dominant weights for gf .

Let us consider a graph with the set of vertices given by representation spaces V(A w)
and arrows given by D(A, 3, k). Note, that we explicitly suppressed Cartan connection
w (and corresponding covariant derivative V¥).

Definition 1.2. Let (g, P) be parabolic invariant theory. The BGG resolution is
defined to be connected component of the graph of all standard invariant differential
operators. The underlying graph of BGG sequence, given by forgetting orders of
operators and representation content of all places, i.e. keeping just the W-labeled
graph structure of 1-dimensional CW complex, will be called B.

The definition of W-labeled graphs is given in the following paragraph.

Let S be a set. Then the graph with S-labeled arrows (S-graph) is a finite (as
CW-complex) oriented graph G = (V, E); V is 0-dimensional subcomplex of G, and
E ~ (G\ V) is 1-dimensional subcomplex of G (the set of oriented arrows). The set
of arrows E C V x V defines the structure of partially ordered set by

(1) uDvESu—v,
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and there is canonical map ¢ : EC V x V — S, such that if u,v € V,e = (u,v) € E
and p(e) = s € S, we write u —» v.

Definition 1.3. Let R be an irreducible representation of simple Lie algebra a with
highest weight Bmax. The weight graph associated with couple (a, R) is the graph
labeled by the (subset of the) set of simple roots of a (i.e. S is the subset of the set of
simple roots of a):

1. the set of vertices is the set of all weights of R,

2. there is an arrow 3; —» (3, labeled by « iff there exists a simple root a of a such

that ,Bg = ﬂl - Q.

The poset structure on weight graph is induced from the standard one of weight lattice
(e.g. the highest weight Bmayx is the greatest element).

The subgraph Wy, of the weight graph W of representation R is called acceptable
iff W contains with every vertex v € W (corresponding to a weight space of R) all
vertices u with the property that there exists arrow e € W, u — v, contained in
Wius. This means, that acceptable subgraph of W contains, as a partially ordered
set, with every element v € W, all elements u € W such that u > v. The set of all
acceptable subgraphs of weight graph forms another graph.

Definition 1.4. Let W be a weight graph of a representation R of a Lie algebra a.
Then the Hasse graph (diagram) for R is graph labeled by vertices of weight diagram
(e.g. S is now the set of weights of R) such that:

1. vertices are acceptable subgraphs of W,
2. if Vi # V, are acceptable subgraphs of W and 3 € V, such V; U8 = V;, then

there is an arrow W —ﬁ) Vi

Also Hasse diagram has the structure of poset (of acceptable subsets of weight graph
W).

The relation of equivalence on S-labeled graphs is the standard one.
Definition 1.5. Two S-labeled graphs W;, W, are isomorphic iff there is bijection
Y : Wy = (W, E1) — W, = (W, E3), such that for all arrows (s € S) holds

u—"v = P(u) — P(v).

The previous two structures - Hasse graphs of a = gj-module R = g; and BGG
sequence of invariant parabolic theory on (g, P) - are isomorphic.
Theorem 1.6. ([6],Theorem 4.12, p.25) Let g be a |1|-graded Lie algebra, such that
all weights of go-module g, are extremal (=are of the same length); the highest weight

2
will be denoted Pmax. Introduce the number r = #L, independent on weight 3. Let
) be a dominant weight for g3, k € N, and let w° = —(X°, Bmax) + (1 — k°)r. Denote
by B the BGG sequence containing the subgraph
D(Brmaxs k%) : (X% w°®) — (A° + £°Brmax, w° + K°) .

Denote by W the weight graph of ¢1, and by H the Hasse diagram of W. Then there *
is isomorphism ¢ of W-labeled graphs:

¢:H—= B, 0(0)=(\u").
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The moral is, that on the conditions given by assumptions of this Theorem, one
can construct BGG sequences using weight graphs of go-module g;. For example, this
bijection doesn’t hold true in the |1|-graded case of B, series of Lie algebra with first
crossed node.

Having this equivalence, we abstract from geometry. By this we mean the search for
the structure, which is uniform in ¢ and which corresponds, for ¢ — 1, to the couple

given by simple Lie algebra and the weight graph of its finite dlmenswnal irreducible
module.

2. CRYSTAL BASES AND CRYSTAL GRAPHS OF QUANTIZED UNIVERSAL
ENVELOPING ALGEBRAS OF SIMPLE LIE ALGEBRAS

We have left the last section with the description of BGG sequence encoded in
purely representational-theoretical data carried by (all acceptable subgraphs of) weight
graph of (semi)simple Lie algebra gj. Thus the starting point will be the series of
(finite dimensional) integrable highest weight representations of U, (g); let us describe
it briefly.

Let g be a finite-dimensional simple Lie algebra with Cartan subalgebra t. For finite
. set I, let us denote the set of simple roots by {a; € t*};cr and the set of simple coroots
by {h: € t}ic1. The standard inner product (—,—) on t* has properties

(aiaaj) € Z> )
(2) < h.,/\ >= W(CI,‘,A) y A € t-.
Let {Xi}ier be the dual base of {h;}ics, and define two Z-modules P = 3. Z); resp.
= Y ;Zh;. Then the g-analogue U,(g) of U(g) is the algebra over Q(q) generated
by {ei, fi,q"} (h € P*) satisfying
gt =ghtha, P =1if h=0,
q"e,-q"' = q<h,a,‘>ej ,
¢ fig™* = g~ f;,

(3) [ei, f;] = 6i5 (:i:{:i:q:(::::)hi
We also have for 1 # j
1-<hiya;> 1 _, 14+<hi,a;>
X GUG-1% <hye SHO S
1-<h,a;> 1 j—l+<hia,>
“ ) ; 10 = 14 < hiy 05 >t eiest -

where [j];! := H{nzlﬂ—(—)—q—(ﬁ—":::::):q::(:;;oi) .
Let M be a finite dimensional integrable U, (g)-module, A € P, and set M) := {v €
M, ¢hv = ¢<P*>v} (VR € t), e.g. M = @ M). Then

1
(5) M, = @kZmax(k,—<h.-,,\>)m'_Tf,'k(Mz\+ka.~ N Kere;).
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We introduce operators €;, ﬁ, acting on M by
k-1

1, 1
ei[_k]ﬁfi v= mf; v,
AL 1 k+1
fi[—kﬁfe v= mfe+ v,
where v € (M) N Kere;), and the couple (A, k) is as in the previous summation.

Let g be transcendental over Q, and let R = Q[qg] be a ring with quotient field
k=Q(g). Then A = {-_5, f,9 € Qlgl, , g(0) # 0} is a discrete valuation ring (i.e. local
ring, which is principal ideal domain). The (unique) maximal ideal I C A is I = qA,

and A/I = A/qA ~ Q. For a simple Lie algebra g, let M be a finite dimensional
U, (g)-module.

We have two important definitions. The first one introduces the notion of admissible
lattice, the second one the notion of crystal base.

Definition 2.1. An admissible lattice in M is an A-submodule M C M with proper-
ties:
o M is finitely generated free A-module, such that M ®4 k ~ M (as k-modules);
¢ M = @)eaMy, where My = M N My;
o fMCM,eEEMCM,VaeAt.
Definition 2.2. A crystal base of M is a pair (M, B) where M is an admissible lattice
in M and B is a basis of the vector space M/qM over Q such that
*B= 11, B>, where By = BN (M, /qM,);
o fuBCBU{0},e,BCBU{0},VacAt;
o for any u;,u; € B and a € AT,
(6) Uy = gg’llz < U3 ='f:,u1 .

Let us consider classical series of Lie algebras, i.e. g = Ay, By, Chr,D,. The fol-
lowing results are proved in [4]. Let A € Py and M()) be an integrable highest
weight U,(g)-module generated by cyclic vector uy. Let M(A) be A-submodule of
M()) generated by vectors of the form };;1 .. .]A‘;,»ku,\, and let B()) be the base of

.‘f:,,'.l ...ﬁ,iku) mod qM()).
Theorem 2.3. ([4]) The couple (M(X), B(X)) is crystal base of M(]).
The last definition introduces the notion of crystal graph.

Definition 2.4. The crystal graph of crystal base (M(X),B())) of integrable irre-
ducible (finite dim.) U,(g)-module M(]) is the graph labeled by simple roots, with
the arrows

(7) Uy 'i) U2 iff Uy = f;ul .

The aim of following subsections is to analyze the g-analog of the correspondence
presented in the first section and give a basic evidence for it. In our vocabulary, the
associated crystal graph (i.e. the structure uniform in g) of lattice M in M plays the
role of quantized analog of the weight graph in the classical case (¢ — 1, see the first
section). In other words, we shall analyse the quantum analog of maximal parabolic
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subalgebras of Lie algebras, i.e. consider g-analogs of weight graphs of quantized
universal envelopping algebras U,(g). The natural candidates on these g-analogs are
crystal graphs of suitable U,(gj)-modules.

2.1. Crystal graph of vector representation of U,(A,). We start by definition
of Uy(An). Let t = @, Qh;, Vi=1,...,n, h; € b, and let {); € h*,i =1,...,n} be the
dual base of fundamental weights. We set e; = A; — A\;_1,Vi=1,...,n, e; = Ay, such
that e;41 = — )., €. The simple roots are a; = €; — €i41, ¢ = 1,...,n, and the inner
product (—,—) on h* is such that

(oi,0)=1,Vi=1,...,n
1 .. .
(o,05) = —5 Vi,j=1,..,n,]i—-j|=1
(8) (a,-,a,-) =0,V:,5=1,..,n, |1_]| >1

Let us construct crystal graph of the vector representation Vy;,(4,). We consider V4,

to be (n + 1)-dimensional Q(q)-vector space with basis {m, i=1,.,n+1}. The
structure of U, (A,)-module is given by

q"E]: q"(")E], t=1,..,n+1
ejm— 6_,',' 1. 1=1,.,n+1,5=1,..,n
9) me &Gditl],i=1,.n+1,5=1,..,n,
and [i] = 0 unless 1 < i < n+ 1. [1]is the highest weight vector with highest weight
A1 = e1. The crystal base (L(Vu,(4.)), B(Vig(an))) of Via,) is generated
L(qu(An)) = 6B?:ll
(10) B(Vu,an) = {[i] mod ¢L(Vian), i =1,...,n + 1},
such that
Ejlﬂ: 51".'_1, t=1.,n+1l,57=1,..,n
(11) Ail=6fi+1],i=1,.on+1,5=1,..,n
The crystal graph B(Vy,(4,)) of Vi a,) is given by

n—-1

1 2 n
.——».——». cee —>.@-—>.

Note, that this case corresponds to the underlying pattern for A,,-series |1|-graded
1 2 nt+1
parabolic geometry with crossed Dynkin diagram x—e— --- —e

2.2. Crystal graph of vector representation of Uy(B,). Let {ey,...,e,} be the
ON-base of the dual of Cartan subalgebra of B,, with simple roots a; = €; — ej41, ¢ =
1,...,n—1and a, = e, (@ is the shorter simple root). The set of fundamental weights
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(as a basis of dual of b) is
Ai = e +---+e, t=1,..,n—1,
(12) A = %(el+---+en).
We shall construct crystal graph of vector representation Vy(p,). We consider Vs,

to be (2n + 1)-dimensional Q(g)-vector space with basis {E], i =0,..,nHi],i =
...,n}. The structure of U, (B,)-module V5, is given by

¢]= ¥, ¢'fil= ¢, [0 =[0], i = 1,...,m
ejli] = 8;i1[i-1], e;fi] = 6;5[i-1], e[0]=0,i=1,..,n, 5 =1,..,n— 1,
Fi)= 6041, £il= 61, £0)=0,i=1,.n,j=1,.,n—1,
eai]=0, enE= 8a0], e[0] = [2l[a],i = 1,...,n
(13)  ffi]=6.{0), £[0=0, 0] = WA, i = 1,...,m
In the case i does not belong to {0,...,n}, m = 0 and E = 0. The crystal base
(L(VeyBay), B(Viuysay)) of Viis,) is
L(Vuysn) = o, (A + AL o 0],
(14) B(Vu,B,) = {I_T_],I; i=1,..,n}U((0]).
Replacing the couple (e;, f;) by (Ej,f;) (7 =1,...,n), the only changes are
&{0]=m,
(15) fo]=a).

Summarizing all above, the crystal graph is given by
-—» . ——> ] —> (] —> . N 2—> o= -—l-> o=
S I 1 1 M -V R[] BT R

Note, that this case corresponds to the underlying pa.ttern for Byyi-series |1]-graded
1
parabohc geometry with crossed Dynkin diagram . AN However,

the main Theoreml.6 does not hold true for this |1]-graded (odd conformal) case,
because the weights of g are not of the same length. Now this correspondence suggests
to overcome all technical obstructions and prove the Theorem in full generality.

2.3. Crystal graph of vector representation of U,(C,). Let {ey,...,e.} be the
ON-base of the dual of Cartan subalgebra of C,, such that the simple roots are
a; =€ —€41,t =1,...,n and a, = 2e, (, is the longer simple root). The set of
fundamental weights (as a basis of dual of ) is

(16) X = eg+-+e,i=1,..,n
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We shall construct crystal graph of vector representation Vi c,). We consider Vi (c,)

to be (2n)-dimensional Q(q)-vector space with basis {EI, E, i=1,...,n}. The struc-
ture of U, (Cr)-module Vy(c,) is given by

¢l = ™[, ¢l = i, ¢0]=[0], i = 1,...,m,
efi]= 51',, ejm= 5,',1', i=1,.,n,j=1,.,n,
ij]__' 6',ia fj@= 6j+l.i, i=1.,n,5=1,.,n
ei]=0, enE=5n,i, i=1,..,n

(17) Fli=6.m, £i]=0,i=1,..,n

In the case i does not belong to {1,...,n}, E] = 0 and —E]— = 0. The crystal base
(L(Vu(cm)s B(Vuyen))) of Vuycn) is

L(vuq(cn = z-— Am+AED

(18) B(Vuen) = {i[i; i = 1,...,n}
The crystal graph is

1 2 n no_ — 2 —_ 1
Bl..77ET TR .[E
This case corresponds to the underlying pattern for C,;-series |2|-graded parabolic

1 2 1
geometry with crossed Dynkin diagram »—e—— --- e=<s . The main Theoreml.6

does not hold true for this |2|-graded (contact) case. Now similar remark applies as to
the previous case.

2.4. Crystal graph of vector representation of U,(D,). Let {ey,...,e,} be the
ON-base of the dual of Cartan subalgebra of B,, such that the simple roots are
a;=¢€ —e1,i=1,..,n—1and a, = e,—1 + €, (a, is the longer simple root). The
set of fundamental weights (as a basis of dual of ) is

Ai=e+--+e,i=1,..,n—-2,

1
A1 = 5(61 + -+ en1—é€n),
1
(19) An = 5(61 +Fen-1ten).

We shall construct crystal graph of vector representation Vi (p,). Let E],E,
i =1,...,n be the base of Q(¢q)%?". The vector representation V,(p,) is given by

hm _ qe.-(h)m qhm_ q—e;(h)E i=1,.
ejli] = 6541,i-1] e,E] ,- e,@ 0,i=1,.,n,3=1,..,n-1,
fjm=5j,,‘m,fjm=6j+liu, i=1,.,n,5=1,..,n-1,
edi]=0, eqn] =[n-1], eon-1]=[0], &,]i]=0,i=1,..,n - 2,

(200 fli]=0, fol]=@, fE=[o1], £(=0,i=1,..,n-2.
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If i #1,...,n, we understand |{i| = O,E = 0. The crystal base (L(Viy,D,)), B(Vuyc.)))
Of qu(pn) iS

L(Vuypny) = &y (Al] + Ali),
(21) B(Vupny) = {lil,lil; i =1,...,n}.
In this case, ¢; = ¢; and j; = f; for all i. The crystal graph is described by

(]
1 2 n-2 ny \ n-2 2
B E 6 = e A

N A

(n]

In this case the underlying pattern corresponds to Dy -series |1|-graded parabolic

n-1®n

12
(even conformal) geometry with crossed Dynkin diagram »—e—— ---
n+l

2.5. Quantum Bernstein-Gelfand-Gelfand resolutions for U/, (A,). The last

piece of evidence comes from the article [7]. Opposite to the previous |1| or |2|-graded

cases, it corresponds to opposite “corner” of parabolic invariant theory - the Borel case
12

with crossed Dynkin diagram . Using Drinfeld basis instead of
the previously mentioned Jimbo one, ({h,,e,, fi} = {h,,h e, hif:}), the construction
relies on the triangular decomposition of Uy(g = A,) (in Drinfeld basis!), i.e.

Uy(8) = Uy(n”) ® Clhi] @ Uy(n*),

using the notation for triangular decomposition g ~ n~ @ § @ n*. A representation of
commutative algebra C[h;] is given by character ¥, i.e. the one dimensional represen-
tation C, is determined by x(h;) =X €C,i=1,...,n

The quantum Verma module is defined by

(22) M(X) =Uy(9) uy(vent) Ca »

where the action of U, (h @ n*) is given by (S ® 1) ® A, such that the action on
C, is trivial for n* and given by character x for h. A is standard comultiplication
(homomorphically extended on universal enveloping algebra), and S is the antipode
(acting only on the left part of the tensor product).

The standard homomorphisms of quantum Verma modules enter the definition of
quantum BGG sequence:

(23) 0VA)«CoCr+---+0,
where C; = @(w)=i M (w(A + p) — p) are free U,(n~)-modules, and V(}) is the unique
irreducible finite dimensional quotient of M ().

The main result of [7] is, that the sequence (23) is the resolution (denote it Res,)
of V(X); in particular it is exact.
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In the sense of structural morphism Res, — ¢, we have uniform family of patterns
called Hasse graphs. Even in the classical case ¢ — 1 it is not explicitly clear what
structure, in the sense of gi-module ®;>og;, classifies Hasse graphs of parabolic geome-
tries (it must be an object more complicated then the weight graph in |1]-graded cases).
However for our purposes it is sufficient the result of uniform structure Res; — g, in
particular the coincidence of “classical”pattern (¢ — 1) with the ones for ¢ # 1. The
main problem of this construction - recovering of full category of quantum groups - is
accomplished.

3. FINAL REMARKS

There are many premature questions, closely related to many natural branches of
investigations. The most interesting related to this (conjectural) extension of the
construction of quantum analogs of BGG sequences (Section 1.) via crystal graphs of
quantized universal enveloping algebra U,(g3) are of pure algebro-geometrical nature.

Let us consider the (structural) morphism U,(gj) — ¢, and associated morphism
M, — q, where M, is finite dimensional U,(g§)-module.

Definition 3.1. Let A be an associative (non-commutative, non-cocommutative) al-
gebra over the field k of characteristic zero, e.g. A = U,(g3) and k = Q(q) (g is
transcendental (indeterminate) over Q). Then the A-module M is called flat if for
every couple of A-modules K, L holds

(24) KoL = KQaM—L®sM.

Applying the procedure as in the (proved) case ¢ = 1 (Sectionl), we arrive at
the question not (only) of the flatness of ..., M;_y, M, Mi4,, ... (sitting in the sequence
<o = Mioy = M; = My, . ..), but (also) of Im{M;_; — M;} and Ker{M; = M;.},
for all 3.

Question: Let us propose, that we have (for ¢ = 1 on i-th place) the property of
complex, i.e. Im{Mi_; = M}|;=1 = Ker{M; = Mi11}|,=1; let M;, Ker{M; —
Mis1} and Im{M;-; = M;} be flat A-modules, then

K@aMi—3 LM,
K @4 Ker{M; & Miy1} = L@ Ker{M; =+ Miy,} ,
K @a Im{Mi_y = M;} & L®4 Im{Mi_y - M;}

?

=

K ®a Ker{Mi =& Mi;1}/Im{M;_y + M;} < LQ@a Ker{M; = M4, }/Im{M;_, - M;}
A
(25)  (Im{Micy > Mi} & Ker{M; = Mig1})lgm1 = (Im{Mi_1 = M;} & Ker{Mi = Mys1})lq
for all A-modules K, L.
The author of this article is for example not aware of the constructions similar to

[7] for other classical series of Lie algebras; he does not know, whether this is only
coincident with similar restricting (technical) problems in the classical realm.
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