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ON THE CURVATURE OF TENSOR PRODUCT CONNECTIONS
AND COVARIANT DIFFERENTIALS

JOSEF JANYSKA

ABSTRACT. We give coordinate formula and geometric description of the curvature
of the tensor product connection of linear connections on vector bundles with the
same base manifold. We define the covariant differential of geometric fields of certain
types with respect to a pair of a linear connection on a vector bundle and a linear
symmetric connection on the base manifold. We prove the generalized Bianchi iden-
tity for linear connections and we prove that the antisymmetrization of the second
order covariant differential is expressed via the curvature tensors of both connections.

INTRODUCTION

In the theory of linear symmetric (classical) connections on a manifold there are
many very well known identities of the curvature tensor (see for instance (1, 4]). Some
of these identities can be generalized for any linear connection on a vector bundle.

In this paper we give the coordinate formula for the curvature of the tensor product
connection K ® K' of two linear connections K or K’ on vector bundles E — M or
E' - M, respectively, and we give also the geometric description of this curvature.
We prove that the curvature of K ® K' is determined by the curvatures of K and K'.

The above results are used in the case if one of linear connections is a classical
(linear and symmetric) connection on the base manifold. We introduce the covariant
differential of sections of tensor products (over the base manifold) of a vector bundle,
its dual vector bundle, the tangent and the cotangent bundles of the base manifold.
We prove that such (first order) covariant differential of the curvature tensor of a linear
connection satisfies the generalized Bianchi identity and that the antisymmetrization
of the second order covariant differential is expressed through the curvatures of linear
and classical connections.

All manifolds and maps are supposed to be smooth.

2000 Mathematics Subject Classification: 53C05.

Key words and phrases: linear connection, curvature, covariant differential.

This paper has been supported by the Grant agency of the Czech Republic under the project
number GA 201/02/0225.

The paper is in final form and no version of it will be submitted for publication elsewhere.



136 JOSEF JANYSKA

1. LINEAR CONNECTIONS ON VECTOR BUNDLES

Let p: E = M be a vector bundle. Local linear fiber coordinate charts on E will
be denoted by (:r",.y’). The corresponding base of local sections of E or E* will be
denoted by b; or b, respectively.

Definition 1.1. We define a linear connection on E to be a linear splitting
K:E- J'E.

Proposition 1.2. Considering the contact morphism J'E — T*M ® TE over the
identity of TM , a linear connection can be regarded as a T E-valued 1-form

K:E-T"MQ®TE

projecting on the identity of TM.
The coordinate expression of a linear connection K is of the form

K=d’\®(6,\+K,-i,\yj65), with Kji,\GCw(M,R).
Definition 1.3. The covariant differential of a section ® : M — E with respect to
K is defined to be

VK =j'2-Ko?: M+ EQT'M.
Remark 1.4. From the affine structure of 7§ : J'E — E we obtain that the difference
j'® — K o ® lies in the associated vector bundle VE®T*M. From VE = E x E we
M
get the above Definition 1.3.
Let ® = ¢' b;, then we have the coordinate expression
VED = (6,\¢" - Kji,\(ﬁj) b; ® d*.

Definition 1.5. The curvature of a linear connection K on E turns out to be the
vertical valued 2-form

RK|=-|K,K]:E->VE®ANT'M,
where [,] is the Froelicher-Nijenhuis bracket.
The coordinate expression is
R[K] = RK)5\ v 6, ® d* A
= —2(00K;'y + K"K, ) v 0; @ d* A d*,
i.e. the coefficients of the curvature are
R[K]ji/\u = 3uKJ'iz\ - aAKjiu + ijquiz\ - ija\Kpi#-

If we consider the identification VE = E X E and linearity of R[K], the curvature
R[K] can be considered as a tensor field (the curvature tensor field) R(K] : M —
E*@ EQ A’T*M.

Theorem 1.6. We have the generalized Bianchi identity
[K,R[K]]=0.
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Proof. It follows immediately from the graded Jacobi identity for the Froelicher-
Nijenhuis bracket. O

We have, (3],

Proposition 1.7. Let K be a linear connection on E. Then, there is a unique linear
connection K* : E* — J'E* on the dual vector bundle E* — M such that the

followtng diagram commutes

E x E' Xy MxR

Kx K‘l lOXidR
JE x J'E’ L0, M xR
Its coordinate expression is
K*=d"® (0h— Ki»\y;0'), with K7yeC>®(M,R),
where (z*,v;) are the induced linear fiber coordinates on E* and &' = 8/dy;.
Definition 1.8. The connection K* is said to be the dual connection of K.

Proposition 1.9. We have R[K*]: M - E ® E* ® A’T*M and
RIK*['jau = —RIK]'.
2. TENSOR PRODUCT LINEAR CONNECTIONS

Let p' : E' = M be another vector bundle. Local linear fiber coordinate charts on
E' will be denoted by (z*,2%). The corresponding base of local sections of E' or E'*
will be denoted by b/, or b'®, respectively.

Consider a linear connection K’ on E’ with coordinate expression

K'=d"® (0, + K;°\20:), with  K;°, € C°(M, R).
Let us consider the tensor product E 1?} E' - M with the induced fiber linear
coordinate chart (z*, w*®). We have, [3],

Proposition 2.1. Let K be a linear connection on E and K' be a linear connection
on E'. Then, there is a unique linear connection K @ K' : E® E' - J'(E ® E')
M M

such that the following diagram commutes
ExE 25 EQE
M M
KxK'l lK@K’
J'E x J'E' L&, J(E @ E')
M M

Its coordinate expression is
K®K'=d"® (0 + (K xw® + K;*w™®)8s,) .
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Definition 2.2. The connection K ® K’ is said to be the tensor product connection
of K and K'.

Remark 2.3. We remark that this concept was introduced in another way in [2],
p. 381.

The tensor product connection is linear, so we can define its tensor product connec-
tion with another linear connection and we have by iteration

Proposition 2.4. A linear connection K on E and a linear connection K' on E'
induce the linear tensor product connection K;® K'} := P K®Q@'K* @@ K'@®°K"
on @E ® RE*Q® ®'E' ®°E" with coordinate expression

i.. 1p_1km ar

KoK =de (3A+<Kk N AR S AN el

i[ l,al Gp k 11 tpal Qy
K]l '\wk]z..qul by T Kh AWy Jq-1kb1...bs
§1...pG1...0r—1C

1 ay 1...8pCa3...0r 7] a,
+K° '\wjl...jqbl...b. +- +K w]) Jqb1...bs

_ K’b c wi.l...i?al...a,- e K'b c)‘ wt-x...:.,,al...a.- )671 qux b.)
¢

lA J]...chbz...b. ]1...qu1...b,_1c 11 l,a; OBy

where (z*, w;: ;::: W) are the induced linear fiber coordinates on @’E @ ®'E" @
M M

®?‘E/ ®s E’t
The curvature of the linear tensor product connection K ® K’ on E ® E' turns out
M

to be the vertical valued 2-form
RK®K|=-[K®K,K®K']: E% E -5 V(E ] EQAN'T'M

Theorem 2.5. The coordinate ezpression of R[K ® K'] is
R[K ® K'| = RIK ® K|y, w8, ® d* A d*
= (RIK]j 5w+ RIK'), 5 w®) 0 ® d* A d*,
i.e. the coefficients of the curvature R[K ® K'] are
RK @ K');5*x, = R[K];*\xu0; + R[K'l*\u5; -

Proof. This can be proved in coordinates. 0O

Theorem 2.5 implies that the curvature R[K ® K'] is determined by the curvatures
R[K] and R[K']. Now, we would like to find the geometric description of the curvature
R[K ® K'). First we note that the curvatures of the above linear connections can be
considered as bilinear morphisms, over M,

RK|:E x E* 5 A’T*M,
RK'|: E x E" - A’T*M
RIK®K'|: (EQ E') x (EQ® E')* —» A*T*M
M M M
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Then we have

Theorem 2.6. The curvature R[K ® K'] is a unique bilinear morphism such that the
following diagram commutes

Ex E' x E* x E" SIRKHORKL - pope g
(®,®)l 1idAgT.M

RIK®K']
—_

(EQ E') x (E* ® E") A2T*M
M M

M

where (,) or (,)' are the evaluation morphisms on E or E', respectively.

Proof. Let us assume a bilinear morphism R : (E ® E) X (E ® E')* - A’T*M and
let us put e = (') € E,, e* = (¢;) € E., ¢ = (¢"*) € E., and €'* = (¢) € E}*. Then

(¢/,€"*) R[K](e,€") = €€, R[K);' uele; d* Ad*,
(e,€”) R[K'|(€, ") = e'e; R[K"],* €€, d* A d*,
Rle®€ e ®€*) = Rjp* )\ efe’eiel, d* A d*
and it is easy to see that R(e®@¢€,e* @ €'*) = (¢, €’*) R[K](e, e*) + (e, e*) R[K'](¢,€'*)
if and only if
R s = R[K];*30; + R[K']s*3,05 -

Now, Theorem 2.6 follows from Theorem 2.5. O

Proposition 2.7. The curvature RIK?® K"}] := —[K?®K'}, K?®K'}] is determined
by the curvatures R[K| and R[K']. We have the coordinate expression

RIK?® K"y = (R[K]ki'xu witatd gt RIK e w2

_ Lk i1..ipa1.ar k i1...ip@1...0r
R[K];," Wisa...jqb1...bs R[K];," 4 Wi, ...jq—1kbi..bs

n a; i1...ipCa2...0r . n ar i1...pG1...8r —1C
+ R[K'|" Wy, ggbrby To00 R[K'|c" x4 Wi ...Ggbi...bs

= RIK' Ny sewjy P, =+ = RIK 0,3 w}i:::;-:‘;::::::_lc)
bi.i, ® b @b, , @bU-Y @dAAdH,

where we have put b;,.;, =b;, ®...®@b;, b7 = bl @ ... @ b, by, 4 =bs ®
...®b,, bhib =t ®.. @bk,

Proof. This follows from the definition of the curvature, Proposition 1.9 and the
iteration of Theorem 2.5. O
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3. CLASSICAL CONNECTIONS

Let M be an m-dimensional manifold. Local coordinate charts on M will be de-
noted by (z*), A = 1,...,m, the induced coordinate charts on TM or T*M will be
denoted by (z*,3*) or (z*,1,) and the induced local bases of sections of TM or T*M
are denoted by (y) or (d*), respectively.

A classical connection on M is defined to be a linear symmetric connection on
pm : TM — M with coordinate expression

I =d® (0 +I.,"44"9,), I eC°M,R), I, =T>,.

Remark 3.1. Let us recall the 1st and the 2nd Bianchi identities of classical connec-
tions expressed in coordinates by

R[T)*au + R[[))¥w + R[[]uf0r =0,
R[F]vp»\u;o + R[F]vp;w;A + R[F ]pr\;ﬂ =0,

respectively, where ; denotes the covariant differential with respect to I.
Let us denote by E¥ := ®"E ?} ®E* ?} TM ;8} ®'T*M. Then, as a direct
consequence of Proposition 2.4, we have
Proposition 3.2. A classical connection I' on M and a linear connection K on E
induce the linear tensor product connection K} @ I'y := @’ K @ @'K* @ @' T @ @I
on EP? :
q,8

K?®T;: Byf - T"M ® TE};

with coordinate expression

i kig..ipA1... A i $1..3p—1kA1...A
P T ¥ g 2etpAleeAr tp gttt 1BALAr
Kq ®L @® (6" + (K’“ V 1. dgheths + + K%y J1-Jqhb1-eofhs
_ . k il...ipAl...z\' e . k il...i,AI...A,
K% Ykjaudatirobts K;" Yiredg—1kisseepts
A1, 31ippAa. Ay . Ar , 81edpAlAr—1p
+ Fp v yjl...qu...u. + + FF v yj]...jqu;...y.
P b gieieMede o pdtedphieds 1ev-dai bt
F#l v yjl...jqpug...u, Fl-h v yjl---]ql‘l---l‘s—lp) i1..8pA1. A

i1 dpALe s

Yivommn.m,) are the induced linear fiber coordinates on Efy.

where (z*,

As a direct consequence of Proposition 2.7 we have
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Proposition 3.3. The curvature R{K? @ I'}] is determined by the curvatures R[K]
and R[['). We have the coordinate ezpression

R[K;’@I‘;] = (R[K]kn kig..ipAt...Ar o +R[K]ki’lllvg i1dpo1kA A

v1v2 Yjs..jopnntte Yirodqmr.ota
X k il...l'p/\l...z\r e ll lpAl Ar
—R[K]Jl viva ykjg Jqb1e. s R{K]Jq v Yj,.. Je-1kp1...pss

Ao Ar i Aedre
+ R[] v, yh ;:Z:--m +--+ BT, y;: ;:u‘n '

$10dpAl e $1.08p At e Ar
- R[P]Mlpllwz yj:...;:p;n...u. -t R[F]Ih viva Y. Ji J:‘Lll p.-m)
biy.i, ® I @8y, ®dH P @dM Ad,
where we have put b;,_;, = b;;®...®b;, bit-de = HIQ. ..Qbl, Ory.n, =00, ®...®0),,
dhr-t = dM @ ... Q dt.

4. COVARIANT DIFFERENTIALS

Let us note that the tensor product connection K?®I'y can be considered as a linear
splitting .
K’ QT : EbT — J'EPY.

Definition 4.1. Let ® € C°(E?7). We define the covariant differential of @ with
respect to a pair of connections (K,T') as a section of E7; ® T*M defined by

VKD = j'o — (KP @) 0 ®.

Remark 4.2. The covariant differential V(¥T)® is in fact the standard covariant
differential (see Definition 1.3) VX7®lig,

Proposition 4.3. Let ® € C*(EY), @ = ': 'J:"\“l A " Diy.i, @I @0y, L, @M He
Then we have the coordinate ezpression

v KF)CI) V(K F)¢u ~ipA1.. z\r bu i ®bj""j" ® aA;...A, Q dhrH @ ¢

J1e-Jqkr..
_ i1..8pA1.Ar _ i kiz...ipA1...Ar e ip i1...8p—1kA1...Ar
- (a" J1e-dqbre- s Kk LA ) P PYT R A Kk V ¥ g1 dobt e bbs

k $1...8pA1... A0 . i1..8pA1.cAr
+ KJl v ¢ka...qu...u, + + KJ v ¢ wJg—-1kp1...ps

-T AL i1.ippAa.Ar ceeT Ar 481dpAiAr—1p
PV Vgl lhs P VYV 1. el hs

i1.dp Al Ar i1.dpALe.Ar

+ Ty v duptiz e T 70T Ll J':-.~J'qm‘:-u.-|p)
" ‘p le ]q ® a/\l '\' d#l...p, ® dv .

Proof. The proof follows immediately from Definition 4.1 and the coordinate expres-
sion (see Proposition 3.2) of the connection K? ® I'. O

— U(K,T) l'.l...i?)q.../\,. — i.l--vi?Al.--Ar
In what follows we set V = V5 and ¢Jll__,q,,,,.‘m;,, AV TR
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Remark 4.4. If p = ¢ = 0 the field ® is a standard (r, s)-tensor field on M and
V& coincides with the standard covariant differential with respect to the classical
connection I'.

Corollary 4.5. We have
VRIK] = RK]j\p bV @b @ d* Ad* @ d
= (0. RIK]j'x = Kp'y RK]i% 3 + K7 R[K',
+ T2 R[K)jpu + T2 RIK] ) b @ b; @ d* Ad* @ d”.

The generalized Bianchi identity can be expressed by covariant differentials as fol-
lows.

Theorem 4.6 (The generalized Bianchi identity). We have
R[K]jiku;v + R[K]jiuvw\ + R[K]J’iw\;u =0.

Proof. This can be proved easily in coordinates by using Corollary 4.5. O

Theorem 4.7. Let ® € C*(E"7). Then we have
1 T [o.0] T *
ALV?® = —2 R[T @ K)o € C2(EZ ® A'T" M),

where Alt is the antisymmetrization.

Proof. This can be proved in coordinates by using Proposition 3.3 and Proposition 4.3.
]

Example 4.8. Let & € C*(E), ® = ¢'b;. Then

Alt V2@ = —%R[K] 0o®d: M5 EQ A*T*M,
i.e. in coordinates
ALt V2P = -% RK)j ¢ bi@d Ad-.
Examp.le 4.9. We have
At V’R[K]: M - E*® EQ A°’T*M @ A°T*M,
expressed in coordinates by
ALV RIK] = 3 (RIK]y'van B}~ RIK] o0 RIK ]
— R[[\ sy, R[K]jiwu - R[I‘],,“’,,l,,, R[K]ji,\‘,,)
b Rb;@d Ad*®d Ad”.
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