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1. INTRODUCTION

Starting with a compact manifold M, or even a finite simplicial complex, one can
consider the large time behaviour of heat on forms (or cochains) on its fundamental

The paper is in final form and no version of it will be submitted elsewhere.



140 MICHEL RUMIN

cover M. The large time heat decay exponents, called Novikov-Shubin numbers, are
known to be homotopical invariants of M. On functions this exponent is related to
the growth of m;(M). Yet, in higher degrees very few is known about their geometric
signification. ~

We will consider the case of M being a graded nilpotent group G (or Carnot group),
that is a nilpotent group with a dilation. We will show how the study on one forms, or
even on discrete one cochains, leads to introduce differential operators of high orders,
that fit into complexes. These constructions extend to Carnot-Carathéodory spaces,
that is manifolds with a bracket generating distribution given in the their tangent
bundle. The ideas and results will be precised on examples.

This paper is based on (the two first) lectures given at the 24" Winter School in
Geometry and Physics that held at Srni, Czech Republic, January 2004. It is a pleasure
to thank Vladimir Soutek and the other organisers for their invitation and welcome.

I have tried to follow an elementary and self-contained presentation, in order to keep
it the most accessible. Related developments around the topics presented here, but
relying on more analytic techniques, may be found in [39, 40].

2. SOME MOTIVATION FROM SPECTRAL GEOMETRY

2.1. Discrete groups, Cayley graphs and cochain complex.

Discrete groups seen as graphs. The spectral geometric problem we want to discuss
actually makes sense not only on fundamental cover M of smooth compact manifolds
M, but on any finitely presented discrete group T

One says that a discrete group I' has a finite presentation if

o ' is generated by a finite set S = {s1, sz, ..., 8}, meaning that any element of
T can be written as a word (product) of sf* € SU S,

e any relation in I', that is any word w in the s{! such that w = e neutral element
of T, can be factorized as a product of elements of the form y~1rly, where
the r; runs within a finite set R = {ry,rs,...,7x} of “elementary” relations.

In other words, that means that we can identify I' with the quotient of Free(.S), the free
group on S, by the normal subgroup of relations generated by R. The basic examples
of such groups are fundamental groups m (M) of compact manifolds M.

Associated to any choice of generating set S of I is a graph C, called Cayley graph,
and defined as follows

o vertices of C are elements of I'

e two elements v, 7' of I are related by an (oriented) edge in C if 4/ = ysF! for
some §; € S.

Figure 1 shows two Cayley graphs associated to Z2.

In the left one we see Z? as generated by two elements, while three (!) are used on the
right one. (This academic example is just here to stress on the fact that they are many
Cayley graphs associated to a single group, and that in general there is no preferred
presentation.)

We observe that, given S, relations of I' appears as closed loops in C. So one can
naturally complete C by adding two dimensional disks at any vertex -y, along the chosen
elementary relations r; € R. One obtains then a two dimensional polyhedra P called
Cayley polyhedra. For instance, in the left part of fig 1, one adds squares corresponding
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FIGURE 1. Dupond and Dupont.

to the relation 7, = 51525755, while one the right one we have to choose two basic
relations, for example 7, = 5,253 and 73 = 5;5153 ", and glue corresponding triangles.
For a general I, the polyhedra P is simply-connected as comes from the fact that R
generates all the relations of I'. In fact P can be seen as the fundamental cover of a
finite two dimensional polyhedra P/I" where I' acts on P by left translations.

The presentation complex. We now describe two natural operators associated to
P. Let £X(T), €%(S) and £*(R) denote respectively square integrable functions on T,
I'x S and I x R. These interpret as the £2 functions spaces on the vertices, edges and
two cells of P (or basic loops of C).

The first operator do goes from £%(T") to £2(S) and is defined by

1) (dof)(v,8) = flys) = F (),

this is the difference operator of the function f along the edges of P (or C). One can
also define a circulation operator d : £2(S) — €2(R) by

) @wmm=% o

to be understood as the finite sum of values of @ encountered in the oriented closed
loop in P (or C) starting at < and travelling along the elementary relation .

One sees that d; o dg = 0. Moreover one has, at least locally, ker d; = Im dy, as seen
using the fact that any relation in I' (closed loop in C) can be solved by elementary
relations (filled by two cells in P). The piece of complex we described

(3) 2 2 2(5) & 2(R),

will be called the presentation complez in the sequel. It is the beginning of the (£2)
simplicial cochain complex one can introduce on the two dimensional Cayley polyhedra
P. The maps dy and d; are actually dual to the two boundary operators &, and &,
available here. These linear &), 8; are defined respectively on (£2) sums of oriented
edges and two cells of P by

O (edge €) = end e — origin e,

and
Oa(two cell ) = Z edges bounding r.
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Then the formula (2) for the circulation operator d; reads
(d1a, two cell 7) = (e, Gor) .

The simplicial cochain complex (3) may be extended if (locally finitely many) higher
dimensional cells are available. This happens for instance on coverings of triangulations
of smooth compact manifolds. Again the coboundary maps are dual to the boundary
operators on the extra simplexes.

2.2. Measuring the heat decay and the spectrum.

Heat operators and spectra. Let & : £2(S) — £(T') and §; : £*(R) — ¢(S) denote
the adjoints of the (bounded) simplicial differentials dy and d;. We have two positive
self-adjoint Laplacians

Ao = 8ody  actingon  £3(T),

and
A] = d060 + 51d1 acting on EZ(S)

~ We can consider the associated heat operators. By spectral resolution (see [37]) we
have,

o0
e"m=/ e dEa()),
0

where Ea()) denotes the spectral projection associated to [0, A] by A = Ag or A;. We
see that for ¢ — +00, the heat operators e~*4° and e~*A! strongly converge towards
orthogonal projections onto ker Ag and ker A;. (Recall that P, — P strongly if
P.f — f in norm, for any fired f.) As there is no harmonic £2 functions, if " is
infinite, the first space actually vanishes. This is not necessarily the case for the space
of Aj-harmonic £2 one cochains, which is isomorphic to

CHL (T) = (kerd; N €2)/Tmd,,

called the first reduced £2-cohomology of T' (see e.g. [34] for an introduction).

According to [8], this cohomology group vanishes on amenable groups and in par-
ticular in the case of nilpotent groups we will study. In general anyway, one can split
the asymptotic analysis of e~*A* more precisely. Using Hodge decomposition

82(5) = kerA1 @Imdo @ ImJl,

we see that e~*4! may be written

(4) et = M, + e"d°6°HImdo + e'““"f[—-lmé1 .

Therefore the study of large time behaviour of e~*41 divides in two cases,

(1) study of e~*%% on Imdy = (kerdo)*, where in fact this heat is conjugated by

8o to e~*49 on functions,
(2) study of e~*%1% on Im 4, = (kerd;)*, which a priori contains the new spectral

information with respect to functions.
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I'-trace and the spectral density function. We now describe a way to measure the
speed of the strong convergences we faced. All the operators P we met act on £2(I')®V/,
for some finite dimensional space V, and are I-invariant under left translations. So
their (End(V') valued) Schwartz kernels k(71,72) are actually of the form k(75 'y, €).
In particular they are determined by their value on é., the characteristic function of
the neutral element e € T', through the formula

Pé. =Y k(1,€)d,.
~er
Furthermore the single k(e, ) controls all the k(v, e) since, by positivity and symmetry
of P, one sees that for all u, v € V,
|(k(7, €)u, v) | < (k(e, €)u, u) (k(7,7)v,v) = (k(e, e)u, u)(k(e, €)v, ),
and in particular using the trace on End(V),
Trv (K (1, 0)k(r,0)) < (Trv (k(e,e)))”

Definition 2.1. Let P be a I-invariant bounded operator acting on some ¢2(I') ® V,

the number
7(P) = Try(k(e,e)) = Try ((P&e)(e))

is called the I'-trace of P.

We have seen that, for P positive symmetric, one has

e 7(P) > 0, and also 7(P) =0 iff P =0.
We can use this 7 to define the spectral density function of P by
(%) Fp(A) = 7(Ep(X))

where Ep(]) is the spectral projection associated to [0, A] by P. When T is trivial, Fp
reduces to Weyl’s repartition function, counting the eigenvalues lower than .

By the spectral theorem this increasing function is the building block to express the
trace of f(P) as the Stieljes integral

r(7(P) = [ 1VaFe().
Applying this to f(\) = e=** we have
+o0
(6 )= [ ePary,

meaning that the function 7(e~*F) is actually the Laplace transform of the spectral
density function of P. In particular by dominated convergence, we see that when
t — 400,

7(e7*F) = Fp(0) = 7(ker p) -
More precisely it is a classical result (see appendix of [23]), that the asymptotics of
the two functions 7(e~*F) when t — +00 and Fp()\) when A\ — 0% are related in the
following way. There exists a € [0, 4+00] such that,

7(e™*f) — Fp(0) <t when t — 400
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iff
Fp(z\) - Fp(O) =<A* when A— 0+,
where f < g means J¢,¢ > 0 such that ¢f < g < Jf. Observe that @ = +oo in
the case e=* — Il p has a super polynomial decay, for instance an exponential one,
which happens when P has a spectral gap around zero.
A more general definition of this exponent « is

w a(P) = tipige (2EEQL O

which always exists in [0, +00].

Remark 2.2. We could have considered a limsup instead. All the results we will
mention here will be independent of this choice. Also, as far as we know, there is
no geometric example where these limits are distinct (for natural operators acting on
Galois coverings of finite simplicial complex). Very few of these exponents have been
computed so far anyway!

Novikov-Shubin numbers. Going back to our problem, we can now define two
analytic exponents of the Cayley polyhedra P we have described in 2.1.
Definition 2.3. The Novikov-Shubin numbers of P are
ao(P) =2a(l) and o1(P) = 2a(d1dy),

describing respectively large-time heat decay on functions and one cochains in Im¢; =
(ker dq)*.
Remark 2.4. According to (4) we could have also defined a third exponent a(dodo),
describing heat decay of e=*! on one cochains in Imdy = (ker dg)*. Yet, one always
has a(dodo) = a(Ag), as will be seen in §3.2.

As mentioned in §2.1 the presentation complex (3) can be continued if higher di-
mensional cells exist. Namely, let K be a (p+ 1)-dimensional finite simplicial complex
K and K denotes its universal cover, or even any Galois cover I' — K — K withT a

quotient group of m (K). N
Then for k < p the kth Novikov-Shubin exponent ax(K) is defined by

(8) ax(K) = 20(8kdy)
where dj, is dual to the boundary map between k + 1 and k-simplexes.

Remark 2.5. About the 2 factor in these formulas. This is a convenient normalisation
as we will see for ag. Also it disappears if one uses instead in the definition |di| =
(6xdx)¥?, the symmetric part of the polar decomposition of dx. Namely, one has

Ct(ldkl) = 20(6kdk)
as follows from Ep2(\?) = Ep()) and Fp2(A\?) = Fp()) for positive P, .
So far we have only considered analytic exponents associated to the discrete sim-

plicial cochain complex. One can do a similar work for the de Rham complex on a
smooth manifold. There is a notion of de Rham Novikov-Shubin numbers that can be

defined as follows.
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Let M be a smooth compact manifold. De Rham differential d acts between smooth
p and p + 1-forms on the universal cover M. One is interested again in the bottom
of the spectrum (or the speed of heat decay) of the essentially self-adjoint Laplacian
A = d§ + éd, or more precisely of dd as acting on (ker d)*.

In order to get numerical invariants, one has to extend the function 7 introduced in
the discrete setting in Definition 2.1. One uses again the Schwartz kernels, but now
doing some average of the values taken on the diagonal of M x M. Precisely it is well
known, as a consequence of ellipticity, that the heat operators e=** and the spectral
projections EA(ALare smoothing operators. Therefore their Schwartz kernels k are
smoothon M x M.

In general, let  C M be some fundamental domain of the ' = m;(M) action and
P be a smoothing Iinvariant operator P acting on a [-invariant bundle V over M.
Then following Atiyah [1] we define the I-trace of P as

7(P) or Trp(P /'I‘r (z,z)) dz,

where Tr represents the point wise trace on End(V;). Finally the pth de Rham Novikov-
Shubin number of M is defined (nearly) as in (7) and (8) by,

(ln F'(/\))

AR(T7Y — 9 Tim ;
9) a5 (M) = 2liminf )

L A—0

where

F(A) = 7(Esa(10, )
is the I'-trace of the spectral projection associated to |0, A] by dd acting on p-forms
(which is also the projection Ea,(A) o I3).

2.3. Topological invariance and around.
Basic results. It turns out that these various analytic exponents, as defined on de
Rham and discrete cochain complexes, tend to coincide for a given degree. Even more
they are known to be topological invariants.

Theorem 2.6 (Gromov-Shubin [23, 24], Efremov [17], Lott [29]).

e Let K be a finite simplicial complez and T' — K — K some Galois covering.
Then ap(K ) only depends on the choice of I' and the homotopy class of the
(p + 1)-skeleton of K (cells of K of dim <p+1).

e Let K be a triangulation of a compact smooth manifold M, and T some covering
group. Then the pth simplicial Novikov-Shubin number o, (K) coincides with
de Rham’s one adR(M ). In particular, given T, these numbers are homotopical
invariants of M.

An interesting particular case here is the following, corresponding to K = P/,
where P is a Cayley polyhedra of " (see §2.1).

Corollary 2.7. o Let P be a Cayley polyhedra associated to a presentation of
a discrete group I'. Then the two Novikov-Shubin numbers ap(P) and a;(P)
actually do not depend on the choice of the presentation (and P) but only on T.
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o If M is any smooth compact manifold with m,(M) =T, then
(M) = p(T) and o(M)=ay(l).

We will describe the basic ideas and £2 tools involved in the proof of these results
in §2.

For the moment, we recall that the geometric signification of the first of these
analytic exponents, ao(T"), describing large-time heat decay on functions, is known.

Theorem 2.8 (Varopoulos [43], Gromov).

o op(T") < +oo iff T is a group of polynomial growth,
e that is iff T' is virtually nilpotent (has a finite nilpotent cover), and then

1 d(BE(N
0o(") = growth (I') =get NETM _n(c;”ln(NL()_))

=) “nrankg (Ta/Tnt1) €N,

where BE(N) stands for the set of elements of T that can be written as a product
of at most N terms from a generating set S of T,

and T, is the lower central series : defined by 'y =T and T, = (I',T',,—1). This
is the normal subgroup of T' generated by iterated commutators

(1, (- (m-1,7))) -

From the geometric side, it appears clearly that the growth, and therefore o (T), is
a large scale invariant of I'. We can also easily see that the growth does not depend
on the choice of generators.

Indeed, suppose given two generating sets S = {s1,...,5p} and S’ = {s},...,s,}.
One can write each s; in a finite product of elements of S’ and reversely. Let ¢ and ¢
the maximum lengths needed. This gives bounds to translate words in S in ', and
reversely, so that one gets inclusions

B3(N)c B (cN) and Bf(N)c BE(¢N),
from which follows the claim.

Analytic and geometric aspects. Hidden in the statement of the previous theorem,
but crucial in Varopoulos proof, is that ap is also related to other important analytic
and geometric properties of I'.

One of them is that o rules the Sobolev injections. Namely one has in €7 norm for
p < ay,
(10) 17l < Clldofl, with + =2

= e ¢ P o

for functions with finite support on I'. This provides a link to the geometrical in-
terpretation of ag. Indeed, using (10) with p = 1 and f = 1 gives the following
isoperimetric inequality, between the size of sets 2 C I' and their boundaries 992,
(11) card(2) < C(card((')ﬂ)

20
) ap-1
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Applying this to the balls 2 = Bf(N) and summing (see [11]), one obtains then
card(BE(N)) < C'N*,

which gives the relation with the growth upper bound.

The relationships between large-time heat decay, Sobolev inequalities, isoperime-
try and volume bounds has been much clarified and extended by many authors since
Varopoulos work, see for instance the survey [10]. In all these approaches the use
of £7 spaces and analysis is required to translate the basic £2 spectral invariant aq
into a geometric information, and reversely. Unfortunately (or luckily for geometers),
most of the interpolation techniques needed deeply rely on the fact we are dealing
with functions here, at least through the maximum principle that heat operator =2
decays sup (or £!) norms. (As was patiently explained to me by Thierry Coulhon.)
They do not extend automatically when working on forms.

Let us mention anyway that a more elementary’ approach (with respect to analysis)
exists in the particular case we will restrict of graded nilpotent (Carnot) groups, that
is nilpotent groups with dilations. Namely, we will see there that a direct link of
ap with the volume growth can be obtained from an homogeneity argument. The
trick, from the geometric side, is to use a more convenient (homogeneous) differential
on functions, instead of the standard one, to compute c. This is suggested by the
underlying idea, in Theorem 2.6 and Corollary 2.7, that aq is a very ’stable’ number
that can be computed using many geometric approaches.

We will play a similar game, based on homogeneity of modified differentials, to
estimate the next Novikov-Shubin exponent «;(T") on such groups. This will allow us
to relate it to the depth of the relations necessary to present I from the free group.

Yet, there are many examples where such an elementary approach only gives a
geometric pinching of a;(T'). Going ahead, even in the case of Carnot groups, should
rely on #° techniques, or more powerful analytic tools, as was the case for ay.

Some relevant analysis, based on hypoellipticity notion has been presented in [38,
40]. Nevertheless, we would like to stress on the fact that the picture of possible results,
both from the geometric and analytic viewpoints, is still very unclear. In particular, a
large part of the £# machinery used on functions is not available here, due as already
observed, to the lack of basic tools like the maximum principle on forms (or discrete
cochains) in non-positive curvature.

Discrete time. We conclude with an alternative “discrete in time” presentation of
the exponent ¢, more attractive from the numerical viewpoint.

Recall that ¢; has been introduced as being twice the (continuous) large-time heat
decay exponent of e~*%1% on the one-cochains in H = (kerd;)* C £2(S). This abstract
Hilbert space H is not so convenient to use numerically. A first fact is that, on nilpotent
groups, one can use instead the heat decay of the full discrete Laplacian

Ay = dobo + 61dy

acling on £%(S). This is because, as we will see (see also [31]), the heat decay associated
to dodo (conjugated to Ag = dodp on functions) is always quicker that the one induced
on H by d;d;. From the numerical viewpoint, A, is a I-invariant linear operator
acting on functions on the discrete space I' x S (space of edges of the Cayley graph of
I’ associated to the generating set S). Moreover, A, is a local operator in the sense
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that the value of Aja at (7,s) € I' x S is a linear combination of a(y’,s’) with y'4~!
in a fixed finite neighbourhood of the neutral element.

Now we describe the discrete time approach, starting with the case of functions.
Recall that for functions on I', the (continuous in time) heat decay can also be obtained
from the asymptotic return probability of random walk on I" (see [10]). This is due to
the relation

Ay =1d-P,
where P, is the Markov operator of the standard random walk on the Cayley graph
C (a particle on a vertex of C jumps to any of its neighbours with equal probability).
Using instead the more convenient random walk associated to
Id+P, Ag
=1d-=2

2 d 2
(here the particle doesn’t move with probability 1/2), we see that the return to origin
probability after n steps is given by

P*(4.)(e) = (P™),
with notation of Definition 2.1. By the spectral theorem, and ||P,|| < 1, we have

(12) P=

13) (P = [ (1= 3 dFa),

where, following (5), Fa,(A) = T(Ea.(A)) is the spectral density function of Aq. This
gives that the rate decays of 7(P") when n — +o0o and Fa,(\) when A — 0% are the
same, more precisely

(T (PP L Fan (M)
04 iminf (T ) =tmipf (S =200,

(and the same for limsup).
Proof. Cutting the integral (13) for A < A, = 2(1 — 27/7), gives

7(P") 2 5 F0(0)

and a first inequality in (14), using In A, ~ —Inn when n — +oo.
In the opposite direction, if Fa,(A) < CA%, integration by parts gives
2
A\ n-
(") = / 5 (1= 5)" Fag(Ndr
0
2

/ 2n tn—lta
=0 [T- ) G

2
< 9/ n(1 = 2)""Adx
2 Jo

n

+o0
~ C'n"’/ e t?tedt for n — 400.
0



AN INTRODUCTION TO SPECTRAL AND DIFFERENTIAL GEOMETRY IN CARNOT-CARATHEODORY SPACES 149

This approach does not rely on probability techniques (except for its intuitive mean-
ing) but only on the spectral theorem, and therefore applies also for other combinations
of operators. In particular, on discrete one cochains, one can use instead of (12),

P=1Id-kA,,
for any k such that k < ||A, ||(_2f2) Then using the trace at e,
T(P™) = Tr((P"6.)(e))

as defined in Definition 2.1, one obtains similarly that

P‘n
09 imint (") =t () =30,
which is also the large-time heat decay, as mentioned in §2.2.

From the numerical viewpoint, the computation of the iteration P"$. on a nilpotent
group I uses a memory space polynomial in n (of degree ap(I") = growth(I'), since the
kernel support of P™ spreads this way), and a polynomial time. In practice however
the convergence in (15) may be slow since this is a In /In limit.

3. QUICK REVIEW OF THE BASIC £? TOOLS

3.1. Homotopy of Hilbert complexes.
Homotopies from the analytic viewpoint. We now present the basic ideas leading
to the homotopical invariance of the Novikov-Shubin numbers, as stated in Theorem
2.6 and Corollary 2.7.

At first sight, it seems unlikely that exponents built from the spectrum may possess
a strong topological invariance. Indeed, spectrum of Laplacians depends on the metric
and thus should only be isometry invariants of the manifold. This is (more or less) the
case for the full spectrum, but we are only concern here in the near-zero spectrum,
more precisely in the asymptotic behaviour of the spectral density function at zero.
Then, the topological invariance of this behaviour may be understood as an extension
of the well known fact that the kernel, or zero spectrum, of Laplacians has actually a
topological sense, since it represents cohomology.

The tools needed to grasp this idea have been introduced by Gromov and Shubin in
[23, 24]. The general setting of the problem is on Hilbert complezes. Indeed we have
met several sequences of Hilbert spaces H

(H,d) 0— Ho 2 Hy 25 H,y...

with closed densely defined operators di such that di4y o dr = 0 on the domain D(dy)
of di. A relevant notion of homotopy here is the following.

Definition 3.1. Two Hilbert complexes (H,d) and (H’,d’) are said homotopy equiv-
alent up to degree p, if there exists bounded maps

fe:He— H;, and g : H, — H;
for k < p+ 1, such that for k < p,
ferrdy = diy 1 fuon D(dx) and  geyady = diyage on D(dy),
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with

gkfk = Ide +dk_1hk + hk+1dk on D(dk)
and

fegr = 1dpy +dy_ by + hyydy on D(dy),
for some bounded maps hx and hj. The corresponding diagram is

de—y dy
Hyy == H, — Hiy1

hy hikya
gk—l“fk—l 9k “fk Ik+1 kan
dj d

k-1
! — ] — !
k=15 Hy == Hpyy

k k+1

Remark 3.2. If moreover some discrete group I' is acting both on H and H’, one
asks that all involved operators commute with this action.

We give some examples useful to our study.
The case of the presentation complex. Consider first two Cayley polyhedras P
and P’ associated to two presentations of a finitely presented discrete group I, as in
§2.1. We have two presentation complexes as described in (3)

AT) 2, 2(5) 25 2(R) and A(T) -2 (5 L (R).
As a first step to Corollary 2.7, let us show:

Proposition 3.3. These Hilbert complezes are homotopy equivalent up to degree one.
In particular, their homotopy class only depends on T'.

Proof. The required maps are maybe easier to see on the dual chain complexes
20 2 2(5) & 2(R) and AT) & 25 E 2(R),

so that we focus on them.

Let S = {s1,...,8n}, 8" = {s,..., 8.} be the two generating sets of I. Each s € S
can be written as a word fy(s) in elements of S’ U S'~!, and reversely, each s’ € &' is
a word ¢;(s') in SU S~1. These fi(s) and gi(s) correspond to paths in the Cayley
polyhedras P’ and P (see §2.1). To these paths are also associated one chains which
are the sums of the edges encountered. The boundaries of these chains satisfy

0i(fi(s)) =s—e=01(s) and Oi(q(s) =" —e=0i(s),
so that
(16) Oifi=06, and Oig1=9.
WEe still denote by
fi:2(8) = 62(S') and gy : £(S') — £(S)
the linear T left-invariant extensions of the previous maps.
For each s € S, (16) gives that ¢1(f1(s)) has same endpoints (boundary) than s

. Therefore, by simple connectivity of P, one can fill the cycle g1(fi(s)) — s with a
(finite) two chain h,(s) € Vect(R) C ¢2(R), that is

91(f1(s)) — s = B2l (s),
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which extends as before on £2(S) in
gifi =1d+0:h; .
Lastly, for each two cell 7 € R attached at e, one has by (16)
01(f102r) = 6,001 =0 A
Again, one can choose some two chain f,(r) € Vect(R') C £2(R’) such that
f1a1 = 85(fa(r)) -
Therefore by extension we have a map f; : £2(R) — ¢2(R') satisfying
f182= 03 fa,

and a similar one g; : £2(R') — £*(R), completing the picture

2(T) === 2(S) %eZ(R)

0 1
| 2ol ol
A %
&(r) === £4(8") == (R

1

All these I'-invariant maps are bounded and even local. O

The previous proof is purely combinatorial and is indeed a special instance of general
topological constructions on simplicial complexes [42]. Here, the analytic (partial)
homotopies of these Hilbert complexes are induced from the geometric ones, between
the two finite simplicial complexes K = P/I"' and K’ = P'/T". The existence of the
latter is due to m (K) = m(K') =T

More generally, if K and K’ are two finite simplicial complexes which are homotopy
equivalent up to degree d, then there exists a simplicial map f : K41 — KJ,, which
formally induces an homotopy equivalence, up to degree d, between the £2 cochain
complexes of given regular covers of K and K'.

From de Rham to simplicial complexes. The previous principle, that homotopy
in the topological sense implies homotopy of relevant Hilbert complexes, also applies
between L?-de Rham complexes on covers of smooth compact manifolds. This was
proved by Gromov and Shubin in [23, 22].

Theorem 3.4. Let M and N be homotopic smooth compact manifolds and T' some
covering group. Then the L?-de Rham complezes on the I'-coverings M and N are
homotopy equivalent.

Given a triangulation K of a smooth manifold M, it remains to_compare the L?
de Rham complex of M with the £2 simplicial cochain complex of K. They are also
homotopy equivalent. Some natural but delicate proof, working in L?, is given by
Gol'dshtein, Kuz'minov and Shvedov in [19]. As in earlier work of Dodziuk [15], it
relies on the use of (regularized) de Rham and Whitney maps, between de Rham and
cochain complexes.

Another approach, unifying these results, and much more elementary analytically,
has been proposed by Pansu in [33] and [34, Chapter 4]. It consists in adapting classical
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principles from sheaf theory (see eg (18] or [20, Chapter 0.3]) to complexes of Hilbert
sheaves (or more generally Banach sheaves).

Loosely speaking (see [33, 34] for more precise and general statements), one obtains
that any I'-invariant Hilbert complex of sheaves on a cover X of a metric space X,
which is uniformly acyclic relatively to some open covering U of X, is homotopy
equivalent to the £2 Chech complex of the covering U of X, also the ¢*-simplicial
cochain complex of the nerve of the covering.

The uniformity assumption is easily checked on Alexander-Spanier cochain complex
of small size, but also on the de Rham complex, where it reduces to the following local
integration lemma.

Lemma 3.5 (L? Poincaré Lemma on the unit ball, [33, 34]). Let B™ be the unit ball
in R™. There exists a constant C such that any closed L* form o on B™ can be written
dg for some B with |||z < Clla|l2-

This is proved by averaging over the ball Poincaré’s integration formula.

3.2. Near-cohomology and I'-trace.
Quadratic forms versus spectra. Now we return to the presentation of the tools
leading to the homotopy invariance of the Novikov-Shubin numbers. Let (H,d) and
(H',d’) be homotopy equivalent Hilbert complexes.

By Definition 3.1, the maps f: H — H' and g : H' — H, induce inverse topological
isomorphisms between the cohomology spaces H = kerd/Imd of H and H', and also
for the reduced cohomology H, = kerd/Imd, but not at all between the spectrum of

say, the induced Laplacians A and A'.
In comparison to these quite delicate analytic data, the (Dirichlet) quadratic forms,

defined on D(d) by
Qa(e) = [|de?,

better behave since one has obviously
Qu(fa) £ CQu(a) and Qu(ga) < C'Qu(a),

for fixed constants C = ||f||2 and C' = ||g||*.
Taking account of this fact, Gromov and Shubin considered in [23, 24] the family of

closed cones for € > 0,
(17) Cae) = {a € H=H/kerd| Qu(a) < %[} .

These cones are shrinking to {0} when € — 0%, and contain forms which are ’nearly’
closed. One defines an equivalence relation called near-cohomology on such families of
cones.

Definition 3.6. Two Hilbert complexes (H, d') and (H, d) have same near-cohomology
if for € small enough there exists a constant k¥ > 0 and bounded injective maps f :
Cd(E) — C’d:(ke) and g: CdI(E) s Cd(k‘E).

This notion is compatible with homotopy equivalence as defined in 3.1.

Theorem 3.7 ((23, 24]). Homotopy equivalent Hilbert complezes, up to degree p, have
the same near-cohomology, up to degree p.
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Proof. We givé the proof for completeness. With the notations of Definition 3.1, we
want to show that f : H — H' induces an injective map from Cy(¢) into Cy(ke), for
¢ small enough and some k& > 0. Let

f:H=H/kerd~ (kerd)* — H' = H'/kerd
be the quotient (or projection) map induced by f, and let o € Cy(e) C H, then
ld'(fo)ll = ld(f)ll = || fda]
< Ul deell < ell flllleell -

We need to control a by fa. One has fa = fa +ﬂ with 8 € ker d', so that using the
homotopy formula for g o f (valid on Hy for k < p),

9(Fa) = g(fa) + g8 = o + dha + hda + gB.
In this decomposition, o € (ker d)* is orthogonal to dha + g8 € ker d, and therefore,
lodl < llee + dher + g8 = llg(fa) - hdal

< llg(F)ll + IRllellee] -

(18)

Hence, for € < ||A||7?,
llgll
lel < 3= T=elAl —=— | fal.
This proves the injectivity of f acting on Cy4(¢) and, together with (18), that f(Cy(e)) C
Cu (ke') for € = (2||hl)~" and k = 2|/ f]lllgll. a]

" Basic properties of 7. We still have to relate this abstract notion to numerical
information as contained in the Novikov-Shubin invariants. This will rely on properties
of the I'-trace 7 introduced in §2.2. We briefly review them for the reader’s convenience.
More details can be found in Atiyah’s original work [1], or the survey [34, Chapter 2].

Recall that we are working on Hilbert spaces H of the type £*(I') ® V. Here V is
either finite dimensional, in the case of the £2 cochain complex, or for the de Rham
complex, an Hilbert space L%(F, A*M) of L? sections of the exterior bundle A*M over
a fundamental domain F of the I action. In any case, one can define the trace Try
on positive operators acting on V' by
(19) Try(P) = Y (Pvj,v;) € [0, +o9],

J
for any Hilbert basis v; of V. Let 4. : V — H be the injection defined by i.(v) = §. Qv,
and 7. = ¢t : H — V be the evaluation map at e. Then (19) extends on positive I'-
invariant operators P acting on H = £*(I') ® V, by
(20) 7(P) = Try(mePic) = Y _(P(6. ® v;), 8. ® v;).
j
Here the important facts about T are the following.
Proposition 3.8. 7 is a positive faithful trace, meaning that for I'-invariant bounded
operators P
o 7(P*P) >0 and 7(P)=0iff P=0,
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o 7(P*P) = 7(PP*).
Proof. The first property has already been seen in §2.2. For the second one, by (20),

ZuPa ®u)|* =D 1(P(b. ® v;), 8, ® v;)[?

i
—Z, "0, ®v5), 8. ® ;)
i
= 2 |(P*(8e ® vj),6,-1 ®v;)[°, by I invariance,
iy

= Y IP'6. @ u)I* = (PP
a

Using 7, we can 'measure’ a -invariant subspace L C H. We define its [-dimension
by
(21) dim [‘L = T(HL) ,
where I, is the orthogonal projection on the closure L of L. A striking property of
dimr is the following invariance.

Proposition 3.9. Let L be a closed I'-invariant subspace of H, and f : L — H be an
injective closed densely defined I'-invariant operator, then

dim p(f(L)) = dim r(L) .
Proof. Let fII;, = US be the polar decomposition of fII;, (see [37, Section VIIL9]).
Recall that S = |fII.| is positive and self-adjoint, while U is a partial isometry from
(ker(fTI;))* = L (by injectivity of f on L here) to f(L). Hence

U'v = Hz, and UU* IHI(L)7

and Proposition 3.8 gives
dimp(L) = 7(U*U) = 7(UU*) = dimr(f(L)) . 0

Example 3.10. As a first use, let us apply this to the problem in remark 2.4. We
want to show that the heat decay of e~*4° on functions is the same as for e~*% on
one forms Imd. By Laplace transform (6) we need to compare the trace of the two
spectral projectors Ea,(]0, A]) and E54(]0, A]). In fact by Proposition 3.9 they are even
equal, since d maps injectively Im Ea,(]0, A]) into Im Es4(]0, A]) and reversely for 6.

Measuring near-cohomology. We conclude by relating the near-cohomology to the
Novikov-Shubin exponents. Recall they were defined in §2.2 as the polynomial decay
when A — 0 of the spectral density function

F3a(N?) = 7(IL),
where IT, = E;s4(]0, A?)) is the spectral projection associated to ]0, A?] by dd.
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By the spectral theorem, the space Ly = Im I, is a closed I'-invariant linear subspace
of the (near-cohomology) cone

Ci(A) ={a € H= (kerd)* | |da|® = (6da, @) < A%|||?}.
It is in some sense the largest one. Namely, if L' C Cy4(A) is another such space, then
it projects injectively on Ly by II,, since the spectral theorem gives,
lde]|? = (§der, @) > A*[lc?

for any non zero o € kerIly N H = Im Esy(]A%, +o0[). Using the I-dimension this
translates numerically into the following variational principle, due to Shubin.

Lemma 3.11. [23] Let L, be the set of all T-invariant linear subspace in Cx(d). Then
Fs54(\?) = sup dimrpL.
LeL,

Proof. If L € L, then by the previous argument and Proposition 3.9,
dimpL = dimp(II)(L)) < dimp(ImIIy) = F5a(\?),

since dim is an increasing function by positivity of 7. O

Connecting this with Theorem 3.7, and using again Proposition 3.9, we can now
compare spectral functions of homotopy equivalent Hilbert complexes.

Theorem 3.12. [23, 24] Let (H,d) and (H',d’) be homotopy equivalent Hilbert com-
plezes (of type £2(T') ® V). Then there ezists C,C’ > 0 such that

F54(CX) < Fya(X) < Fu(C')),

and in particular (H,d) and (H',d') have the same Novikov-Shubin numbers (like any
other dilatationally invariant limit built from Fsq(N)).

This together with the results of §3.1, linking homotopy of Hilbert complexes to
homotopy of metric spaces, implies the topological invariance of these numbers as
stated in Theorem 2.6 and Corollary 2.7.

These general techniques will also be very useful in the particular case we will restrict
now of Carnot groups.

4. THE PRESENTATION COMPLEX SEEN FROM FAR

4.1. Carnot groups.

Why ? We would like to describe here some formal asymptotic rescaling of the pre-
sentation complex (3) that can be done for discrete groups embedded in nilpotent Lie
groups with dilations.

Nilpotent groups provide an interesting class with respect to the study of Novikov-
Shubin numbers. Recall that by Theorem 2.8 they are, up to finite coverings, the only
groups with finite first exponent o on functions. Moreover, on forms or cochains of
higher degree, one can show that for such groups, zero is never isolated in the spectrum
of the Laplacian [30, Prop. 20] : a first necessary condition for finiteness of the next
exponents o.

Lastly by a theorem of Mal’cev [36, Chap. 2], any finitely generated torsion-free
nilpotent discrete group I' can be cocompactly embedded into a nilpotent Lie group
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G. This Lie group G, called Mal’cev completion of I', is such that InT" spans g, even
more, InT is a finite index subgroup of a lattice (additive subgroup) of g. Reversely,
Mal’cev has shown that a nilpotent Lie group G admits a cocompact discrete group I'
iff its Lie algebra g has a rational structure gg, i.e. admits a basis with brackets given
by rational coefficients.

By Corollary 2.7 these contractible Lie groups G provide us natural smooth models
with the same Novikov-Shubin numbers as their discrete cocompact I'. Thus differen-
tial geometry, and even Lie group techniques, are available to investigate the problem
on nilpotent groups (a pity for the pure topologist but a chance for us!).

We note that the irruption of smooth structures is not so artificial in this study.
After all these exponents are large scale invariants (stable under finite coverings), and
one knows for instance on Z¢, that at large time the random walk

Pr = (1d—A5™)"
(see §2.2) do converges under appropriate rescaling to the kernel of the ’smooth heat’

on R? (the Gaussian law),
_tAamooth(

nd Pl ([nz), [ny]) —— e z,9).

n—+400
Such a rescaling (central limit) result actually holds on nilpotent groups with dilations
[13].
Definition 4.1. A connected nilpotent Lie group G is called a Carnot group if its Lie
algebra g splits in
g=01® - @g, with [g1,0k] = grs1.
The one-parameter family of Lie group automorphisms induced by
he =€*Id on Ok
are called dilations of G.

Remark 4.2. ’Carnot group’ seems to be a relatively recent terminology. In other
places, like in subelliptic theory, such groups have been called filtered nilpotent Lie
groups. This is a particular case of graded groups, where one only asks

[glygk] C Ok+1,

and which also possess dilations.

Shrinking dq. Suppose given now a rational Carnot group G together with a discrete
cocompact group I'. We assume moreover that I" is generated by elements y; =
exp X; with X; € g;. Choose some ’elementary’ relations R = {r;} associated to
this generating set S = {7;} of I (see §2.1). We would like to look at the presentation
complex (see (3))
A(T) 2 () 25 A(R)

at large scale. Equivalently we can consider the presentation complexes of the shrunk
groups I'; = h.I" at fixed scale. We don’t deal with analytical problems here since we
just want some formal hint of what’s happening when ¢ — 0.
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Recall that the first map dy is the difference operator (1) so that for smooth functions
f restricted to T,

dge f(y, hers) = f(vhe(1:)) = £(7)
= f(vexp(eXi)) - f(7)
~g(Xi.f)(7) = edf (v)(X:) when €—0.

Hence e~1d5 f converges to d f : the differential of f along the horizontal bundle
H = g; (= spang(In S) also here). :
Our next issue will be to describe the asymptotic of the differential d;

(22) gmanga

on a shrinking relation r. = her or ..

4.2. Discrete and infinitesimal relations.
For free. In the treatment of shrinking relations, as in (22), it is useful to introduce
an analogous notion of infinitesimal relations for Lie algebras. These are defined with
respect to free Lie algebras. We briefly describe this framework.

The free associative algebra A(H) over the vector space H = g is the direct sum
of all tensor products ® H. Given a basis {X,...,X,} of H, A(H) identifies with
the space of non-commutative polynomials in X;. The bracket

[P,Qla=PQ-QP

defines a Lie algebra structure on A(H), and by (one possible) definition, the Free Lie
algebra generated by H is the Lie sub-algebra F(H) C A(H) generated by H C A(H).
In other words
FH) =DF
p21
with
Fl = H
{F;,.H = [H, F]a = span{XP - PX | (X,P) € H x F,}.

Now since our Carnot Lie algebra g is bracket generated by H = g;, it can be
naturally identifies with the quotient
(23) g = F(H)/R(g)

where the ideal R(g) stands for the infinitesimal relations of G. This is the Lie version
of the presentation of a discrete group by generators and relations as described in §2.1,

namely
I = Free(S)/R(T),

where S is a generating set, and R(T) is the normal subgroup generated by the chosen
‘elementary’ relations of I'. We can take profit of the two viewpoints here.
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From discrete to infinitesimal relations. From the discrete side, a relation r of I'
is a finite product of the generators v; € S, equals toe in I". Since S Cexpg; =exp H
here, 7 can be lifted as an element 7 € F(H) using Baker-Campbell-Hausdorff formula.
Namely this formula expresses

X Y =In(expXexpY)

(24) =X+Y+ (XY -YX)/2+...

1
=X+Y+5[XY]a+ ...

as a formal polynomial series in brackets of X, Y, and provides a product on F(H)
compatible with the one on G = expg. Since r = e in I' C G, one has necessarily
7 € R(g).
Actually this lifting map from R(I") into R(g) induces an isomorphism between the
vector spaces
R.(T)=R()/(F,RT)®R and R.(g)=R(g)/[F(H),R(g)].

This comes from two classical facts (see e.g [4, Thm. 5.3] and [36, Prop. 7:18])

e Hopf’s formula identifying R.(I') with Hy(T",R) and R.(g) with H,(g,R).

o The isomorphism Hy(T', R) ~ Hy(g,R) coming from the cocompact embedding

of 'in G. -

Therefore in our situation, the lifts 7 of the elementary relations r of I" also generate

the infinitesimal relations ideal R(g).
Lastly we observe that the series ¥ may be decomposed into its homogeneous com-

ponents
(25) 7= 3 F
p2d(r)
with 7, € F},, and 74(r) # 0 or d(r) = +oo.
Definition 4.3. We will call d(r) the order of r and D(r) = 7y its direction.

Since G is a graded Lie group, its relation ideal R(g) is too. In particular the
directions of elementary relations of I still belong to R(g) and generate it.
A few examples. We give simple examples to clarify previous things.

e Consider ' = Z" C G = R™ Since g = g, = F, the relation ideal of R" is
R(R™) = @ F,. 1t is generated by

p22
F; =span{[X,Y]a=XY -YX | X, Y € H=g, =R"}.
Given the canonical basis {€;} of Z", the elementary relations
i = (ei,€5) = e,-e,-e,-‘le‘,-'1 )
describing closed rectangles in the Cayley graph of Z*, lift to
Ty = Xix Xj* (= Xi) x (- X;)
=X, X;la+... by (24).
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Hence 7;; are relations of order 2 (or quadratic) and their directions are the previous
infinitesimal relations D(ry;) = [Xi, Xj]4 in F3.

e The Heisenberg group of dimension 2n + 1, denoted by H?**1, can be defined as
R = H x R with the product

1

(2,1) * (&',1) = (@ + 2t + ¢ + Sw(z, 7)),
where w is a non-degenerated skew-symmetric two-form on H ~ R?". The correspond-
ing Lie bracket on h?*t1 = H @ RT is given by
(26) [X +tT, X'+ ¢T) = w(X, X)T.
Hence H?**! is a 2-step Carnot group whose Lie algebra h2"*! is generated by H.
Given a reduction basis {X;,Y;} of w in H, one gets the defining brackets
(27) [4\’,',Xj] = [K,Y;] = [H, T] =0 and [X,,}/J] = 5,']'T.

Let us see that, with respect to the free Lie algebra F(H), the infinitesimal relation
ideal R(H?"*!) is generated by elements of order 3 for n = 1, but only 2 for n > 2.

H? has no quadratic relation. Indeed 7' = [X, Y] is not a relation, but rather a nota-
tion, with respect to F(H) = F(X,Y). In comparison all order 3 brackets [X, [X,Y]]
and [Y, [X, Y]] vanish in b and lift in F(X,Y) as [X, [X, Y]] and [Y, [X, Y]] 4 spanning
F3. Therefore R(H?) = @ F,.

p23
In contrary for H**+1, (27) gives us a lot of true quadratic relations

[Xo X51=[¥;,Y;] =0 and [X;,Yj]=0if i #j.
But they are also 'hidden’ ones, namely
(Xi, Y] - [X;,Y;] =0 for 1.
Calling T the common value of [X;, Y;] in h2**+?, one recovers easily the missing defining
brackets [H,T] = 0 in (27). Indeed, given ¢, we can choose a j # %, then using Jacobi
identity
[Xi, T] = [X, [X;, Y5]] = =[5, [ X, X5]] = [ X5, (¥, Xl = 0
This gives that, for n > 2, H?***! can be quadratically presented, meaning that
R(H?"t1) is generated by elements of order 2, namely
(28) [XHXJ]A ) [ i) ]]A ) [Xi)xi]A (lf i #J)a
(29) [X:,Yila = [X;,Yjla.
In fact we can see that the quadratic relations we gave span the hyperplane kerw in
= A%H, and finally

(30) R(H**) = (kerw) @F

p23

We now study the discrete viewpoint. The Heisenberg groups H**+! admit discrete
cocompact groups

HZH = {Zx.-xi +yYi +1T/2 | zi,yi,t € Z} :

i=1
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Given the horizontal generating set X;,Y; € H, one gets again different types of
possible elementary relations in the Cayley graphs of Hz**2.

For n =1 a choice may be r; = (X, (X,Y)) and r; = (Y, (X,Y)). They correspond
to closed loops in the Cayley graph that look like a figure 8 as seen in figure 2. Their
directions are the order 3 previous infinitesimal relations [X, [X,Y]]4 and [X, [X,Y]]4.
These loops span a zero area, at order 2, but still have an order 3 moment.

FIGURE 2. (X,(X,Y)) in H3.

For n > 2, one can choose again relations (X;, X;), (Y;,Y;), (X, Y;) (¢ # j), describ-
ing rectangles in the Cayley graph, and whose directions are the order 2 Lie relations
in (28). We have to complete the list by adding

ri = (X, ) (X5, Y5) 7,

which now look like a twisted figure 8 in the Cayley graph, see figure 3. Using (24),
they are still relations of order 2, with directions [X;, Yi]a — [X;,Y;]4 as in (29).

FIGURE 3. (X,,Y:)(X;,Y;)™! and its horizontal filling.

To complete the picture, we remark that the directions D(r;;) = [X;, Yila = [X;, Yj]a
are not pure in F> = A%H, and therefore are not directions of plane loops (staying in
an horizontal plane in H). Anyway one can find a presentation of H**! using only
planar relations.

Namely, we can add the generators Z;; = X' xY; with ¢ # 5 to the previous ones Xj,
Y;. They are also horizontal (in H = g;) since Z;; = —X; +Y; as comes from [X;, Y;] =
0. Then, as shown in figure 3, r;; can be horizontally filled in this extended Cayley
graph, using the flat triangles (X;,Y;, Z;;) and the horizontal rectangles spanned by

the commuting Z;;.
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At the Lie level, the existence of this *horizontal’ Cayley polyhedra for HZ**! is
reflected by the fact that in (30),

Ro(H™) = kerw C F, ~ A’H,

is spanned by its pure forms X AY. This is not automatically satisfied for general
quadratically presented Carnot groups, so that such groups don’t always admit 'flat’
Cayley polyhedras. This subtle matter enters in the geometric problem of horizontally
filling horizontal loops (see §6.2), but not at the cohomological level of the presentation
complex we are studying.

4.3. The asymptotic of df‘.
From relations to differential operators. We now return to the asymptotic holo-
nomy problem. A priori, in the circulation formula (22) :

dll“a(re) = }{ a,

the form a need only to be a discrete function on the horizontal edges of the shrinking
Cayley graph of I'.. However in order to estimate this sum, we will assume that o
actually comes from a smooth horizontal one form on G. We note

Q'H = C*(G,A'H*)

this space of smooth partial one forms on G.

We would like to use the direction D(r). Recall that it belongs to the free associative
algebra A(H) (and even to the free Lie algebra F(H)). There is a canonical mean to
transform an element P € A(H) into an operator on Q' H.

This follows from the remark that, given any basis {Xj,..., X, } of H, a polynomial
P € A(H) uniquely factorizes in

(31) P=c+)Y PX,
i=1

with ¢ scalar and P; € A(H). We can then define a differential operator iy (P) acting
on Q'H by

(32) in(Pla= Y Pa(X).

More invariantly, using the splitting A(H) = R1 ® A(H) ® H, we first define
ig: A(H) —» AH)® (A'H*)
by
i(1)=0 and iy(PX)=PQint(X) for X € H,

where int(X)a = a(X). Then we view A(H)® (A'H*)' as differential operators acting
on 'H = C*(G) @ A'H".
From the definition we note that

(33) ig(P)ody =P
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for any P € A(H) without constant term, in particular for P € F(H). Recall that dy
is the horizontal part of the differential on functions. We have also

(34) in(PQ) = Pin(Q)

for any P,@Q € A(H) such that @ has no constant term.
Given a partial one-form o € Q' H, the components iz (P)a have a simple geometric

meaning when put all together. Let
& € Q' F(H) = C=(G,A'F(H)*)
be defined on P € F(H) by
(35) a(P) =ig(P)a.
Proposition 4.4. & is the unique closed extension of o in Q' F(H).

Proof. For X € H one has a(X) = iyg(X)a = a(X) so that @ extends a.
Also, given P and Q € F(H) one has
da(P, Q) = Pa(Q) — Qa(P) — &([P, Q)
= Pig(Q)a - Qin(P)a - in([P,Q))e
=ig(PQ-QP-[P,QNa by (34),

=0.
Lastly, a closed form 3 € Q1F(H) satisfies B([P, Q]) = PB(Q) — QB(P) and is thus
determined by its restriction to the bracket generating H. a

Each individual component &(P) may be considered as the “infinitesimal holonomy”
of a in the direction P. More precisely we can express the asymptotic of df‘ along a
shrinking relation 7.

Proposition 4.5. Let a € Q'H. Then for e — 0,
dia(re) = e¥Ma(D(r)) + O(e¥*1)
= iy (D(r))a + O(e¥M*?)
where d(r) is the degree of v and D(r) its direction (see Definition 4.3).

Proof. Let & be the closed extension of e, and 7, be the lifting in F(H) of the loop
7e (using Baker-Campbell-Hausdorff formula). Since . is horizontal and @ = « on H,

one has
df‘a(r£)=}{a=/ Q.

The form & being closed, this last integral only depends on the ends of the path, and
is therefore the same as on the straight line tangent to 7. € R(g), that is

di““("’:) = a(Te)
= eMa(D(r)) + 0(e*"),
since 7. = e D(r) + O(eX*) by (25).

Of course these computations have to be taken in the sense of jets on the infinite
dimensional F(H). Anyway this asymptotic can also be obtained staying in finite
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dimensional groups. Given ann > d(r), one can restrict & on the ’free’ n-step nilpotent
group, whose Lie algebra is F(H)/Fn41. The extension @j is now only closed at order
n, hence its use in the previous computations gives the same asymptotic at order d(r).

O

Examples, continued. ¢ On Z" C R", the discrete relations r = (X,Y’) have direc-
tions D(r) = [X,Y]a = XY — Y X, for which by (32)
(36) in(D(r))a= XaY)-Yao(X) =do(X,Y),

giving the comforting

&P a(r,) = a~elda(X,Y).

»%ectmgle(sx £Y)

e In the same spirit, the Heisenberg groups H***! and their discrete cocompact
' = HZ**! are quadratically presented for n > 2. We therefore find again quadratic
holonomy and first order iy (D(r)). For instance the twisted 8
ri = (X i) (X5, Y5) ™
of figure 3, gives
D(ryj) = [Xi, Yi]a - [X;, Yjla = XiY; = YiXi - X;Y; + Vi X;
so that
di*afhers) ~ € (Xia(Y:) - Yia(X:) - Xje(Y;) + Yi(X;))
e For the 3 dimensional Heisenberg group H?® and its cocompact H}, we have cubical
relations r; = (X, (X,Y)) and r; = (Y, (X,Y)) leading to
a7 D(ry) = [X,[X,Y]la = X(XY - YX) - [X,Y]X
(87) {D(rg)=[Y,[X,Y]]A=Y(XY—YX)—-[X,Y]Y,
so that by (32),
tg(D(r))a=X(XaY)-Ya(X)) - Ta(X)
ig(D(rg))a=Y(Xa(Y) - Ya(X)) - Ta(Y),
where T = [X,Y]. This gives us the first term, in €3, for the holonomy of & along
the shrinking 8-loops h.ry and hers seen in figure 2. Observe that the limit of the
'rescaled differential’ e~2d* is now given by a second order differential operator, to be
compared to the function case, where e71d;* always leads to a first order dy. That

can be taken as a hint that, at large scale, d} should more behave like a second order
operator rather than a first order one.

(38)

Remarks 4.6. Note that in the computation of iy (P), like in (38), one doesn’t need
to fully develop P, but only the relevant part giving the tails of the monomials, as due
to (34).

We remark also that, since the iy (P) are used in Proposition 4.5 as differential
operators on G, one can identify in the final expression the A-bracket with the one on
g = F(H)/R(g). For instance T = [X,Y] in (38), may be seen as [X, Y]y, € bs.
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4.4. The infinitesimal presentation complex.
Summary. We sum up what has been seen. Given a cocompact discrete I, horizon-
tally generated in a Carnot Lie group G, the simplicial presentation complex of the
shrinking ', = AT’

a5+ e
(39) C(Te) = C(Se) — C(R.)
rescales, when restricted on smooth traces, towards an infinitesimal presentation com-
plex

(40) C°(G) 25 Q1H 2= Q'R(g).

where
e dy is the horizontal part of the differential d on functions,
e (dra)(P) = &(P) = ig(P).c for any infinitesimal relation P € R(g) and
horizontal one form a.
We gather some features of this construction.
e The property dr o dy = 0 can be seen either as a limit of the corresponding fact
on the presentation complex, or using (33) :
(drduf)(P) = in(P)duf = Pf=0,
since f, being a function on g = F(H)/R(g), is invariant along P € R(g).
e Fractness. One has ker dg = constants and kerdg = Imdy.
Proof. If f € C*(G) is such that dgf = 0, then df = 0 along all brackets of H, that
spans g.
If dra = 0, then the closed extension & of a vanishes on R(g). Hence @ is a closed
one form on G itself. Then there exists f on G such that & = df, and in particular
a=dyf. a

e Actually, by Proposition 4.5, the only components of dr that appear in the limit
of (39) are (dra)(D(r;)) for the finite set of directions D(r;) of the chosen elementary
relations 7; of I'. As already observed, these D(r;) generate the ideal R(g). This
implies that all the components of dga are determined by these (dra)(D(r)).

Indeed, given X € H, P € R(g) and o € 2'H, one has

dra([X, P]) = a([X, P])
= Xa&(P) — Pa(X) for & is closed,
(41) = X - dra(P)
since &(X) = a(X), being a function on g, is constant along P € R(g).

Staying on G. Thanks to the previous remark and Hopf’s relation, one can replace
the last space Q'R (g) in (40) by a more convenient bundle on G.

Recall that, in the Lie algebra setting, the second homology group H»(g, R) is defined
as follows. The Lie bracket on g induces a complex

Ag 2, A%g B, g
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with
{c’),()(/\l//\Z)=X/\[Y,Z]g+}’/\[Z,X]‘,+Z/\[X,Y]g

Oy(X NY) =[X,Y],
leading to define
Hj(g,R) = ker 0g/ Im §;..

Moreover, since g = F(H)/R(g) here, one can consider the canonical map
9+ Hy(9,R) — Re(0) = R(g)/[F(H), R(g)]
defined by
5(2 a;;X; A X; [ Imd) = Zaij[)?iv)?j]A / [F(H),R(g)]
for any choice of lifts X; of X; in F(H).

Hopf’s formula [4, 36], in this setting, states that 8 is an isomorphism. Therefore,
given any supplementary subspace V of [F(H),R(g)] in R(g), one can project the
map dr by defining

dy : ' H — C*(H*(g))

such that for Y € Ha(g,R)
(dva)(Y) = (dra)(IIvAY),

where Ily is the projection of R(g) on V along [F(H), R(g)].
The reduction of the complex (40) given by

(42) C>(G) 24 a'H 2% o> (H (g)),

is still a resolution, since V' generates the ideal R(g), but now depends on the choice
of V.

For instance, if some cocompact I' C G is given, one can take for V the subspace of
R(g) spanned by the directions of chosen elementary relations of T

Also, it may happens that some invariant (with respect to automorphisms of G)
choice of V' may be done. That’s the case for Carnot groups which are homogeneously
presented. That means that the graded relation ideal

R(g) = EB Ra(9)

d2dmin

is generated by its elements of lowest degree, so that we can take
V =R (9) -

The differential dy is not invariant in general. However, it is a convenient reduction
of the canonical dr : Q'H — QIR(g), using a bundle over G of minimal possible
dimension dim H?(g).
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Connection with d. Even if dy may be an operator of high order (equals to the
maximal order of generating relations of G — 1), it is closely related to the standard
first order d, but now restricted to some particular space of forms and directions.
Namely, pick some lifting map X — X from g into F(H), and extend it from AZg
into A2F(H). Choose also a subspace H, C ker ;N A%g isomorphic to Hy(g, R) (as for

instance 9, +0; harmonic vectors relatively to a given metric on G). Then V = 0 (Hy)

is supplementary to [H, R(g)] in R(g) by Hopf’s formula.
Proposition 4.7. Fora € QH , let @ be the one form on G defined by
a(Xx) =a(Xx)
Then one has dva = d@, in restriction to Ha.
Proof. LetY =3 a;;Xi A X; € Ha. Then since §,Y = Y a;5(X;, X;]g = 0, Cartan’s
formula gives .
da(Y) =) ay(Xaa(X;) — X;@(X))

=Y a;(Xia(X;) - Xaa(X;))

= () a;[X:, X;l4) since da=0,

= a(0rY) = dva(Y).

Observe that more generally one obtains on A2H
(43) da(Y) = a(0rY — §;Y),
so that in particular d& vanishes on the kernel of the curvature map
R:YEA?Q——-»BF)_’—(%_YGR(Q).

We finally point out that one can make some choice of lifting g — F(H) that allows
to characterize and compute @, and finally dy|»,, while staying on G, without referring
to & and the free Lie algebra F(H).

By Definition 4.1 we have gr41 = [g1, gk]g and in particular

39 1A C Ai+19 — Gk+1

is surjective. We can choose then a subspace Wiy C A7, g such that 8, induces an
isomorphism between Wy, and gi+1. A convenient choice may be given by W = Im 6;
if some metric is fixed.

Now we can define a lifting map step by step, starting with X = X for X € g; =
H C F(H), and satisfying 6,Y = 8£Y for Y € Wiy;. Then the one form @ on G,
introduced in Proposition 4.7, satisfies the following properties.

Proposition 4.8. @ € QG is the unique extension of the horizontal « € Q' H, such
that da =0 on W. It can be computed step by step on gr41 using

(44) | a(9,Y) = Zaij (Xa(X;) - X;a(X;))
fO'f' Y = Z a,—,-X,- A Xj € Wk+l-
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Proof. The vanishing of d& on W comes from (43) and the construction of the
lifting. Then (44) is just a rewriting of this property, showing in particular the required
uniqueness. a

This aspects of dy will be convenient to generalize to any degree on the large class
of Carnot-Carathéodory manifolds in §4.

Examples. ¢ G = R" is quadratically presented and one can take V = F, ~ A?R".
Of course Hp(R™, R) = A’R", and by (36), the complex (42) is just (the beginning of)
de Rham’s one.

e We know that the Heisenberg group H3 is cubically presented, with
R3(b3) =k= Spa‘n([Xv [X, Y]]A» [},’ [X7 Y”A) .

One sees easily that Ha(h% R) = HAT, where T = [X,Y]. Dually, H?(h%, R) identifies
with the vertical 2-forms @ A H* (where ker§ = H). Taking V = F3 the map dy is
given by (38), namely

dva(X AT) = X(Xa(Y) - Ya(X)) — Ta(X)
{ dva(Y AT)=Y(Xa(Y) - Ya(X)) - Ta(Y).

As stated in Proposition 4.7, we observe that in restriction to H A T, one has
dva = da, where @ is the extension of a to g such that

a(T) = Xo(Y) - Yo(X) = &([X,Y]a).

From Proposition 4.8, it is the unique extension of a such that da(X AY) = 0.
Note that this is an invariant condition here, due to uniqueness of possible choices of
Hy=HAT and W = A%H.

e By (30), the higher Heisenberg groups H?**1 are quadratically presented for n > 2
with
RQ(b2n+1) =kerw )

where w € A2H* is the non-degenerate form defining H?**! as in (26). One finds that
Hy(h 1 R) = kerw N A%H. Dually, H%(h*+1,R) identifies with the quotient space
A%H* [Rw of horizontal two forms modulo w. Given V = kerw, and

Y=Y a;Xi A X; € Hp(h?",R) = kerw N A’H,
one gets that
MyAY =Y aylXe, Xjla = Y ay(X:X; — X;X:),
so that
dva(Y) = (dra)(Iy8Y) = ix(Iv8Y)a
=Y a(Xia(X;) - Xja(Xi)e by (32),
=da(Y),

for even any vertical extension @ of a here.
This points out the fact that dy is also given by the action of the standard d modulo
the differential ideal Z generated by vertical one forms.
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Indeed let 0 be the one form defined by 8(T") =1 and § = 0on H. By (26), w = —d6,
hence
I={0Na+wApB},
giving the isomorphisms

(45) OUH ~ Q\G/TF 22 oo(H2(g)) ~ 0°G/T2 .

From this viewpoint, it is clear that such a quotiented differential can be invariantly
defined on contact manifolds. These are manifolds M endowed with a codimension one
subbundle H C TM such that, given locally (any) one form @ satisfying ker = H,
then w = df is non-degenerate on H. (The ideal T is independent of the choice of such

a 0 called contact form.)

¢ Consider now the following example G, called Engel’s group. It is the (unique)

three-step four dimensional Lie group, such that g is generated by H = R(X,Y’) with
the defining brackets
s XY1=Z, X2)=T,
1o {21 51— w11 -2~
With respect to the free Lie algebra F(H) anyway, the first two brackets are notations,
while only the two relations [Y; Z] = [X, T] = 0 are needed, since then

Y, T]=[Y,[X, 2] = [, [X,Y]] + [X, [\, Z]] = 0,

[Z7T] = [[Xa Y]:T] = “X:T]’Y] + [[T’ Y]aX] =0.

That means that the infinitesimal relations ideal R(g) is generated by
(47) ™= [Yv [Xa Y]]A and 7= [Xy [Xy [Xy Y”]Ay

so that we can take V = R(ry,72). This choice is not canonical this time. Indeed the
map X — X +cY and Y — Y induces an isomorphism of G, which preserves r, but
replaces ro by 72 + [2¢X + ¢2Y,11].

Using Hopf’s relation, or a direct (co)homological computation, one sees also that
Y AZ and X AT give a (non canonical) choice representing the quotient Ha(g,R) =
ker 8/ Im@. One can readily compute the differential here. Namely developing (47)
with remarks 4.6 gives

rn=YXY-YX)-[X,Y]Y
ra=X(X(XY -YX) - [X,Y]X) - [X,[X,Y]IX

so that by (32) and (34),
(48) dva(Y AZ) =ig(r)a=Y(Xa(Y)-Ya(X)) - Za(Y)
and

dya(X AT) =ig(rs)o
(49) _ = X(X(XaY) - Ya(X)) — Za(X)) — Ta(X).
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Again as given by Proposition 4.7, we see that in restriction to Y A Z and X AT
(representing Ha(g,R)), dva = da for the extension @ of a to g defined by

{E(Z) =XaY)-Ya(X)=a(X,Y]s)

&(T) = Xa(2) - Za(X) = &(1X, Z)),

and which by Proposition 4.8 is also the unique extension of ¢ such that
Cda(X AY)=da(X AZ)=0.

(50)

5. EXTENSION TO CARNOT-CARATHEODORY SPACES

5.1. Carnot-Carathéodory geometry.
Definition. The previous construction can be adapted to a class of manifolds whose
tangent space is “modelled” on Carnot groups.

A Carnot-Carathéodory (or C-C) structure on a smooth manifold M is, by definition,

a bracket generating subbundle H of the tangent bundle TM. This gives an increasing
filtration of TM by distributions

(51) Hk+1 = [H, Hk] with H,- =TM

for some minimal number of steps r. All C-C structures will be assumed regular here,
meaning that the Hy have constant dimensions over each point of M. These Hj can
then be seen as subbundles of TM.

To each point 2o € M is associated a tangent Carnot Lie group G, in the following
way. The Lie bracket induces a quotient map

[ Jo: He/He—y X Hp/Hp_y = Hiyp/Hitp-1,
which turns out to be a zero order (algebraic) operator here since
(X, fY] = fIX, Y]+ (X - f)Y = f[X,Y] mod Hgyp—1.

Therefore, given any zo € M, [, |o defines at zo a Lie algebra structure on the graded
tangent space at

820 = Gr(TzoM) = @ Hizo/ Hi-1,2, -
k=1

By Definition 4.1, this Lie algebra defines a Carnot group G, since it is graded,
nilpotent and generated by its first layer H. Details on the relationships between C-C
structures and their tangent Carnot groups may be found for instance in [2, 32].

Examples. ¢ Any Carnot group is a C-C manifold everywhere tangent to itself!

e The trivial C-C structure is H = TM, giving [, Jo = 0 and g, = R* = T, M,
meaning that the tangent group is the tangent space.

e Contact structures have already been defined in the previous section. This is the
special instance of codimension one C-C structure H where, for any choice of one form
0 with ker @ = H, one has w = df non-degenerate on H.

Given locally any 7' € TM \ H, and a contact form 6 with 6(T") = 1, one sees that
the tangent bracket [, Jo : H x H — RT is [X,Y]o = —=df(X,Y)T. This implies
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by (26) that a contact structure is everywhere tangent in the previous sense to the
Heisenberg group H***1| with dim M = 2n + 1.

Even more here, by a classical result of Darboux, a contact structure can be locally
embedded into an Heisenberg group. But this is a very particular case since in general,
a C-C structure with a constant tangent group can’t be embedded in it, except in a very
few “stable cases”, see [32, Chapter 6], where some Darboux normal form Theorem

holds.

o A k-dimensional distribution H* in R™ or TM™ is generically locally bracket
. generating, and thus defines a C-C structure. For instance the case k¥ = 2p and
n = 2p+1 corresponds to the previous contact structures. A generic plane distribution
H? in R* leads to a tangent 3-step 4-dimensional Carnot group. It is the Engel’s group
we considered in §4.4. Many other examples are given in (32].

5.2. Retracting de Rham complex.
Filtrations. From Propositions 4.7 and 4.8, the infinitesimal presentation complex
(42) of a Carnot group, reduced to be some components of the standard differential,
but acting on a particular family of one forms. Counterparts of these structures exist
on C-C manifolds.

We will follow closely presentations given in [38, 40].

Firstly, the increasing sequence of bundles Hy in T M gives rise to a natural decreas-

p
ing filtration on p-forms by forms in Afk)T*M vanishing on all p-vectors of ® Hy,

i=1
P
such that Zk" < k. If we see vectors in Hy as being of weight < k, then forms in

Azk)T*M a.zrelof weight > k.

By Cartan’s formula and (51), each QM = C*(M, Ay, T*M) is preserved by d.
We get in particular that de Rham’s complex is filtered by these {2fy) M, and one can
consider the quotiented differential dy induced from d on

(52) Q;M = sz)M/sz+l)M .
Cartan’s formula again gives on QM that
doc( X1, .-y Xpt1) = Z (=1)"* ([ Xs, Xjloy X1y -y Xigs -+ Xpt1) s

1<i<ji<p+l
is a 0-order (algebraic) operator, with [, ]o the Lie algebra bracket on the tangent Lie
algebra g., of the C-C structure. This dp is the Lie algebra coboundary on A*g} . It
can be seen as de Rham differential acting on left invariant forms on G, or also as dual
maps to the boundaries 0, already met. Its cohomology ker do/ Im dj is by definition
the Lie algebra cohomology H*(g,,R), dual to the homology introduced in §4.4.

We will note H*(g.,,R) = Ej, in reference to spectral sequence techniques (see
eg [20, Chapter 3.5]). Indeed, this Ej is really the first space arising in the spectral
sequence associated to the natural filtered complex ()M, d).

In order to get bundles on M, we will suppose that the C-C structure has some
extra regularity hypothesis (always satisfied at least on an open dense set).
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Definition 5.1. A C-C structure is called Fy-regular if each Ef has constant dimen-
sion.

In that case we can consider the bundle, still called Eo, of smooth sections of these
Eoz,- We note that, since

H'(g20,R) = (g/[g, 0))" = g1 = A'H",
one has E} = Q'H, while E2 = C*(M, H*(g,,,R)). They correspond, in this varying
tangent group situation, to the two bundles of the infinitesimal presentation complex
(42).

Extra choices. We would like now to adapt Propositions 4.7 and 4.8 to our setting.
We have to describe some relevant spaces of ”true” forms on which we could restrict de

Rham’s complex while staying a resolution. Such a result is achieved when applying
an homotopical equivalence r = Id —Ad — dA.

As in these propositions we first have to fix some choices of spaces representing
the quotient spaces, gr = Hi/Hi-1, Eo = H*(gzo, R) and T*M/ ker do. Therefore we
choose

o Vi such that V] = H and Hyyy = Hy ® Vi,
e & such that kerdy = Imdp @ &,
e W such that A*T*M =kerd, @ W.

Here dp is viewed as acting on true forms on M, as allowed by the choice of Vi =~ g,
that fixes the weight of vectors and forms. Of course, if some metric is available on
M, one can take orthogonal spaces as supplementaries :
(53) Vk+1 = Hk+1 n f.{lﬂ', 80 = ker6o ﬂkerdo = H(QIO,R) s W= Im&o ,
for 8, = d§ adjoint of dy.
Remarks 5.2. e There are no C-C invariant such choices in general (depending only
on H C TM). Anyway, for the problems we are dealing with here, one breaks the
invariance sooner or later, when introducing a metric and use adjoints.

e Anyway, there may be non (completely) invariant choices which, in some particular

situations, like contact geometry, quaternionic contact geometry (see §5.3), and maybe
more or less flat parabolic geometries (?), finally lead to invariant operators.

We observe that do, when seen as acting on QM is actually the component of d
which preserves the weight of forms :

(54) d=do+dy+---+d,

where dj increases the weight by k. The fact that do is an algebraic operator allows
us to partially inverse it. Let dy* be defined by

dy'do=1d on W and dy'=0on W@ &,
giving
dy'do = Twkerdy s dody” = Mimao/e00w »
(55) Id —dg'do — dody? = Ngoj tmacew -
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An homotopy. We can now define a retraction of de Rham complex by
(56) r=1d—-dy'd — ddg’.

This is by definition an homotopical equivalence, that (non-strictly) increases the
weight of forms. By (54) and (55), the component o of © preserving the weight is
I,/ 1mdoew, the projection onto & relatively to Imdy @ W.

In order to retract de Rham complex on the minimal possible space of forms, we
can iterate . The basic fact is that these 7¥ do stabilize for k large enough to a
map IIg/r, which has to be both an homotopical equivalence, and a projection onto a
sub-complex (F, d) along another (F,d).

The following lemma is useful to identify £ and F.

Lemma 5.3. The map d;'d induces an isomorphism from W into itself, whose inverse
is a differential operator P.

Proof. On W, one can write
(57) dy'd = dj'do + dy'(d — do) = Id +N,

where N = d3'(d — dy) is a nilpotent differential operator since it strictly increases

the weight. _
Then P = Y ™" (_1)*N* is the required inverse. 0

This lemma points out the fact that, when restricted to W, de Rham differential
itself has a left inverse Q = Pdg*, meaning that Qd = Id on W. Thus this subspace
W can be cut out from de Rham complex, using the homotopical equivalence Id —Qd.
One can also get rid of dW and identify the remaining space.

Theorem 5.4. [38] Let (M, H) be a Eq-regular C-C manifold with the above structures
and notations.

(1) De Rham complez (*M,d) splits in the direct sum of two sub-complezes

E =kerdy! Nker(dg'd) = {a € &0 W | da € &0 W)

F=1Imdy' +Imdd;' = W +dW.
The projection Ilg/r, onto E along F, is an homotopical equivalence given by
Id -Qd — dQ, with Q = Pdy" as above.

(2) The retractions r* stabilize to Igp.
(3) Let I, = HEO/ImeQBW and IIg = gp. One has

Hgor[E =1Id on 80 and HEHgO =Id on E.

In particular, the complez (E,d) is conjugated to the complez (£,d.) with
d. = ¢, dlple,.
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These complexes are gathered in the following commutative diagram :

PM=E®0F-2-Q0'M=E®F

ms s d me [

E E
Mg, “ng I, HHE
& & &

Proof. 1. We consider IT = Id —-Qd — dQ and recognize it as a projection.

One has Q = Pd;' = 0 on W. Moreover Qd = Id on W by Lemma 5.3. Thus II =0
on W, but also on F = W + dW since I1d = dII, and finally F' C kerIL

Reversely, InQ C W and ImdQ = ImdPd;' C dW by construction. This gives
that kerII C Im(Qd + dQ) C W + dW = F and the equality ker II = F.

About ImTI, since d3'Q = 0, we have

dy 'l = dy' — dy'dQ = dj' — (dg'dP)dy* = 0

by definition of P. We have then also dj'dII = dy'Ild = 0, and thus ImII C E. Lastly
since Q = Pdy"* = 0 on kerd;", we have dQ + Qd = 0 on E = kerd;' Nkerdy'd so
that IIg = Id on E, and the conclusion II = IIg/p.

2. One has directly r = Id on F from the definitions.

By (57), we have r = Id—dy'd = —N on W, with N = d5'(d — do) nilpotent.
Therefore r* = 0 on W for n large enough, but also on dW and F = W + dW since
r*d = dr™.

8. Since & C ker Q = ker Pdy* and ImQ € W C ker Ilg,, we have that

g Ellg = g (Id —Qd — dQ)Ile, = T, -
Lastly, we have Iz = 0 on W C F. Therefore, we have IIgllg, = IIg = Id on
ECkerdy' =W o &. a

For convenience, this construction will be referred as “Carnot complex” in the se-
quel, also we emphasize it is indeed de Rham complex, but restricted to a particular
subspace of forms.

Comparison to the presentation complex. In the case of M being a Carnot group
G, the two first steps

C®(G) % g} X, g2
of the previous construction are actually equivalent to the infinitesimal presentation
complex, as considered in Propositions 4.7 and 4.8

C=(G) 25 O'H 2% ¢=(G,HY).
Indeed, we have already observed that £} = Q'H. Also by definition £ =

C*>(G,H?*(g)), where H%(g) is a choice of subspace of A%g* representing the coho-
mology, dual to a Hz(g) C A?g representing homology.
Now we show that d. = dy. Given o € Q!'H, Ilga is an extension of o to Q!G,
since when restricted to H,
HEa = HgOHEa = .
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By definition of E, we have d(IIga) € W & H?(g) which is supplementary to Imdg in
A%g*. This condition is equivalent to d(Ilga) = 0 on W’, dual space to W &@H?(g), and
which is supplementary to ker 8, in A%g. Therefore, by Proposition 4.8, IIga coincides
with the special lifting @ described there. And by Proposition 4.7, one has finally on

H2(g))
dva =da= dHEa = dca.

Liftings and spectral sequence. The previous remark that for a € £ = Q'H, lIza
may be seen as a particular extension of a in Q!M, is true in any degree, as comes
again from the relation IIg Il = Id on &. In the spirit of Proposition 4.8, we have
the following characterization :

Proposition 5.5. For a € &, Iga is the unique extension @ of @ modulo W such
that dy'dz = 0.

Proof. On &, Ilg reduces to Id—Qd since dQ = dPd;' = 0 here. Moreover
Im@Q C Im P C W by construction. Therefore Ilga € oo+ W is an extension satisfying
the conditions.

If @ is another one, then dj'dw = 0 with w =@ — lIga € W, and w = 0 by lemma

5.3. .

In practice, computation of this extension may be done by iterating r which reduces
to Id —d;'d on kerd;’, to be compared with (44).

This viewpoint on liftings over & is also related to the natural spectral sequence
associated with the filtration by weight ()M, d) of de Rham complex.
More precisely fix a p and an a € Ej, of mazimal possible weight k. Then given

any lifting @ of a in Q) M, the class in EZt! of the component of minimal weight &’ of
d.@ is easily seen to be invariantly defined, independant of choices of supplementaries
and @ It is indeed the (k' — k)™ differential of « arising in the spectral sequence,
and giving the first obstruction to finding a closed extension @, as seen by diagram
chasing. (If not working with p-forms « of maximal possible weight in EY, quotients
appear in the spectral sequence differentials.)

In particular, if the dq-cohomology bundles Eo have pure weights in degrees p and
p+ l1, then d, : 2 — EZ*! actually represents a C-C invariant operator [d] : EZ —
EPt,

This happens for instance for all degrees in contact geometry as we will see in the
next section. In general this happens between one and two forms iff the tangent group
is homogeneously presented. If not, it may be observed that in constrast to general
spectral sequences, components of high order of differentials are always defined in the
Carnot complex, and not only on kernels of lower order ones. In the case of a fixed
Carnot group, we recall that following §4.4, d. interprets as giving the infinitesimal
holonomy of an horizontal & € Q! H along infinitesimal relations in R(g). Note that in
this setting, looking for the holonomy along any relation, whatever its order, actually
makes sense (and can indeed be obtained from Proposition 4.5), without requiring the
vanishing of holonomies along relations of lower order.
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Duality. Although the definitions of E and F' seem to break it, Hodge-* duality is
preserved, if the choices of supplementaries are done like in (53) with respect to a
metric.
Proposition 5.6. [38, 40]

(1) %8 = (—=1)**'dox on EF and x preserves &.

(2) *E = F* or equivalently [,, EAF = 0. The formal adjoint 1Ty, of g is

*—IHE* = HFL/EL‘

(3) %6 = (1) dgx on Q*M for dg = dllg. Similarly 6, = (=1)**d.x on Ef.

Proof.

(1) Such pointwise duality formulas hold on unimodular Lie algebras, in particular
on the nilpotent tangent g,, ~ T,,M.
(2) Since E = ker &y N ker dod, then

(*E)* = (ker dy Nker dpé)* = Im &y + Imdd, = F.
Therefore [T = [y,/p = lpi g = ILppup = 7 (Lg/p)*. (¥* = £1)
(3) From #§ = (—1)**1dx and dg = dllg = [Igd, we get
*JE = *H};J = HE x0 = (—1)k+lHEd* = (—1)k+1dE *
Lastly from d. = Ilgdglls,, we get
¥0, = Mg, * 0pllg, = (1) g dp * g, = (—=1)Fd*,

using that Ilg, is both an orthogonal and * self-adjoint projection.

5.3. Some examples.
Trivial C-C structure. Here H = TM with g = R" and dy = 0. Therefore F = {0},
E=0*M = &, and d. = dg = d is de Rham complex (not restricted).

Contact manifolds. Let (M?**!, H) be a contact manifold. We know from §5.1, that
the tangent structure is the Heisenberg group G,, = H**+!. We first compute dj.

Given a contact form 6 € Q'M (with ker@ = H), one has a natural transversal T,
called a Reeb field, such that () = 1 and irdf = 0. Now Q*M splits in horizontal
Q*H = ker i7 and vertical forms § A Q*H. For a = ag + 6 A ar, we have

da=dyog+diAar+0A (ETaH + dHOfH) ,
and the component that preserves the C-C weight is seen to be (the algebraic)
doa=d0Aar.
Since df is non-degenerate on H, we find that
AFH*/ImL ifk<n
k _ Hk — — 0y
(58) By = H(0) {o/\kerL if k>n,

where L : AFH* — A¥*2H* is defined by La = df A c.
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Note that these E¥ have pure C-C weights for all k, namely k if K < n and k + 1
if k > n. As previously observed, this implies that the differentials in the d.-complex
actually come from the (contact invariant) ones given by filtering de Rham complex
(see [39, 83| for details). In particular, one gets a second order differential on EE, given
by the usual formula for second order differential in spectral sequences

d? = dp — didy'dy = O A (L1 — dyL7dy).
This is also de Rham differential of the extension
lpa=r(e)=a-d;'da=a—-0ALdya,
if o is seen (lift) in £} = kerir N (Im L)+, using a choice of § and a metric.

We describe now some contact invariant choices of the sub-complexes E and F used
in Theorem 5.4, to split the (true) differential forms Q*M = E @ F. Recall that

(59) E={a€V|da€eV} and F=W+dW,

where W is supplementary to kerdy and V(~ W & &) to Imdy. Given any contact
form @ and any almost complex structure J on H such that

gH = dg( ’ ‘])
is a metric on H, we can form the adjoint A : A*H* — A*H* of the above multiplication
L. By (58), one can take in degree k

(60) Vk __ {a € QkM I AaH = O} if k S n,
B {a=0A B} = vertical forms if k>n+1,

where ay is (now) the restriction of o to H. This is independent of the choice of 6,
by conformal invariance of L, but even of J, since from classical properties of L (see
e.g [44] or [39, Sec. 4]) one has

(61) ker A =ker L"**! on A*H*.
This choice of V, giving E by (59), is therefore contact invariant. One gets finally
that :

e fork>n+1,

E* = {vertical forms o with do vertical}
(62) ={a=0AB|ddAB=0o0n H}
=& by (58),
e and for k < n,
E*={a € Q*M | Aay = A(da)y = 0}
={a €M |OAL"*a=0AL"*da=0},
with in particular d(E™) C closed vertical forms C E™*!, as needed.

About W (leading to F'), one can take in degree k

Wk = vertical forms if k<n,
T {6AImA}  if k>n+1,
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which is again a contact invariant choice, since by duality from (61)

ImA=ImL" %1 on A>™F*H*.

To get more geometric feeling on E, let us describe the k-dimensional submanifolds
N* of M whose associated intersection currents I(N*) lie in E. That means N* is
seen as a distribution acting on QFM by

(N",a)z/ma:All(Nk)/\a,

and we are looking for those ones satisfying I(N*) € E?"*1~*, Since by Stokes
dI(N*) = (-1)**1 I(ON*),

and E = V Nnd~!(V), this condition is equivalent to

(63) I(N*) e v¥+1-k and  [(ON*) e V=F,

We recall that, from its definition, I(N*) = a(N*)uy, where

e uy is the superficial measure on N,

e a(N*¥) is the conormal volume form to N*, that is the unitary oriented section
of A™>(T'N*)¢, where the conormal bundle (TN*)¢ is the space of one forms
on TM vanishing on TN*. Given a metric, one has also a(N¥) = *d volpys
(up to sign).

Putting this together with (60) and (63), one sees that :
o for k < n,
I(N*) € VH1-k o o(N*) is vertical & TN* C H.

Therefore such (smooth) N¥, and their boundaries ON*, are necessarily horizontal
submanifolds, meaning that their tangent spaces lie in the contact distribution H.

Note that by integrability of T'N*, this implies moreover that TN* is a Legendrian
distribution of H, i.e. dd = 0 on TN*. (Showing that such manifolds don’t exist for
k > n.) One can check that this last condition on TN* translates, for the conormal
volume a(N*) (and I(N*)), into df A a(N*) = 0, which is one defining equation of E*
in (62).

e For k > n + 1, one sees using a metric (as defined above) that
I(N*) € V1% s Aa(N*¥) =0 on H,
<= df A dvolpyrny = 0,
< df=0 on (TN**nH,

meaning that, this time, the distribution (TN*)1 N H is Legendrian. Such manifolds
N* can then be called co-Legendrian. Again, this is a contact notion, since V2m+1-*
(and V?*~*) can be given contact invariant definitions like in (61).

In fact, the previous Legendrian condition on (T'N*) N H, is easily seen to be
equivalent to the following invariant one : the restriction to H of the conormal bundle
(TN*)¢ is Legendrian with respect to the dual symplectic form w*, induced on H*
from w=df on H.
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We observe also that for k = n + 1, a co-Legendrian N™*! has the property that
(TN™1) N H is (generically) a n-dimensional subbundle of H, and is therefore itself
Legendrian, being orthogonal to a Legendrian one in middle dimension. Therefore,
such a N™t! is foliated by (integrable) n-dimensional horizontal submanifolds. Then
the condition (N™*!) € V™ means that 8(N"*!) consists in some of these leaves.

The conclusion of this discussion is that, at the level of currents induced by submani-
folds, the complex (E, d) is dual to these families of co-Legendrian (in dim > n+1) and
Legendrian manifolds (in dim < n), with the standard boundary operator 0 relating
them.

Since we know by Theorem 5.4 that, at the linear level of forms, one can retract
de Rham complex on (E,d), it looks tentative trying to represent homology by the
previous special manifolds. This much harder non-linear problem is studied, at least
at the level of horizontal submanifolds, in Gromov’s work [21].

Engel’s structures. Recall that an Engel’s structure is given by a three-step two-
plane field H in TM*. It’s tangent group has been described in §4.4. Let 0, Oy, 0z,
Or € Alg* be dual to (X,Y) € H=g;, Z € g, and T € g3 as used in (46). Then, do
is given by
dofx = dofly =0, doflz = —0x ANOy and dofr = —0x N0z,

from which we get

Ej = g} = span(fx, fy),

E? = span (6y A 0z,0x A Or) = xEZ,

Eg = *Eg =span (By A0z A br,0x A6z A O7)

E¢ = Ag*.
In degree one, d. = dy and IIg have been computed on G in (48), (49) and (50).
The missing differentials can be obtained using *-duality. The results are summarized

in the following diagram, adding all possible travels between points gives the various
components of d. (within braces) and the liftings I1g (without braces)

-Z

(64) (Oy) —— (Ovaz)
o N et _N
(f ) —y 0z X HYAT—_Z’(OYAZAT) X
R -z P - ~
Ox) —0r _, _y baar_, y (6

(Oxar) —=2— (8xnznT)

This describes the d.-complex on the Engel’s group. Now, due to the existence of
an normal form for Engel’s structures, see [32, Chapter 6], one can locally embed a
general Engel’s structure H C TM4 in its tangent Engel’s group. In particular, there
will locally exist vectors fields X, Y, Z, T € TM4, such that the d.-complex on M4
becomes isomorphic to (64), for a compatible choice of metric.

We are here, as in contact geometry, in a very particular case of a C-C distribution
of “stable type”, see [32, Chapter 6]. In general, one can’t embed a C-C structure in
its tangent group (means, even if it is a constant one). Anyway by definition of [, ]o,
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one can always find a basis of vectors fields around any point zo € M, such that their
[, ]Jo brackets coincide up to vectors of lower C-C weights, with those given on the
tangent group G,. In such local coordinates, the expressions of the d.-differentials
on M will coincide with those on the tangent group G.,, up to perturbations of lower
C-C order. This property is useful with respect to analytical problems, see [38, 40].

Quaternionic contact geometry. Let us consider now some attractive C-C struc-
ture arising in various asymptotic analytic and geometric problems on quaternion-
Kéhler manifolds (like in [3, 26)).

We first describe the Carnot group Q***3, called quaternionic Heisenberg group, to
which this particular C-C structure is tangent. Let H ~ R*" and an oriented V ~ R®
be endowed with scalar products. Suppose given a linear map J : V* — End(H)
such that for some, and then all, direct orthonormal base (61,62, 63) of V*, J; = J(6;)
defines a quaternionic structure on H. That means the J; are complex structures on
H satisfying the imaginary quaternions commutation relations J1Jo = —JoJy = Js.

Consider then the 2-step 4n 4 3 dimensional Carnot group Q%**3 whose Lie algebra,
q'"*3 = H@®V has a bracket [, Jo: H x H — V defined by

0([X,Y)) = —(JO)X,Y)n.
Dually, the curvature do : V* — A2H* of Q*"*3 is given by
(65) (do0)(X,Y) = (J(O)X,Y)nr.

Geometrically this group (of Heisenberg-type [27, 12]) arises in the Iwasawa decom-
position of the rank 1 semi-simple Lie group Sp(n + 1,1).

Definition 5.7. Given a a (4n + 3)-dimensional manifold M, a codimension 3 C-C
structure H C TM is called a quaternionic contact structure if its tangent Carnot
group g,, is everywhere isomorphic to Q**3.

For instance the sphere at infinity $**3 of the quaternionic hyperbolic space Hj™
possesses such a structure, since it is indeed a (one point) compactification of Q**+3
itself. More interesting, this geometric structure has some flexibility for there exist
many non locally conformally flat examples.

For n > 2, this is a consequence of works by C. Le Brun [28] and O. Biquard [3], that
the previous flat quaternionic contact structure on $**+3 admits an infinite dimensional
space of deformations (asymptotic to deformations of the quaternionic-Kéhler metric
on HEM).

The 7-dimensional case is simpler, since being a quaternionic contact structure is
even an open condition for a 4-dimensional distribution H ¢ TM?.

Namely (see e.g [32]), we first note that in (65), the three dimensional Imdy is the
subspace of self-dual forms A2 H*, and the metric on V* ~ Imd, is induced by the
intersection form g(w)dvoly = w? Now a general 4-dimensional 2-step distribution
H c TM7 is said elliptic if, at every point zy, g is positive definite on the 3-dimensional
L = Imdy C A*H*, where dy : (TM/H)* — A®H* is again the curvature of the
tangent Carnot group gz,. In that case, it is a classical algebraic fact that one can find
a unique conformal class of metric on H (and an induced one on V = TM/H), such
that Imdy = A2 H* and dj is given by (65), showing finally that G, is isomorphic to

Q.
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We note also that, in any dimension, the conformal class of the metric on H is
actually determined by the quaternionic contact distribution H itself. This is due to
the fact that isomorphisms of Q**t3 conformally preserves the 4-fundamental form
Q= Zf=1(d00,-)2, and following [41, Lemma 9.1], are up to dilations and translations,
induced by Sp(n)Sp(1) C SO(H).

The C-C weights of the cohomology groups Ey of Q***® have been computed for
instance in [25]. On p-forms,

D for p<m,
(66) E}  has weight(s) pandp+1 for n+1<p<2n
2n+2 for p=2n+2,

and weights complementary to N(Q***3) = 4n + 6, in complementary degrees.
In dimension 7 (for n = 1), the pattern of the Carnot complex is the following, with
the degree of forms along = and (weight — degree) along y :

5 de

(67) . Eos — &5 = QM
oz
J 56‘ — 805,7
.
Y
) du 4" 2 /d:
Co(M)=>Q\H—=Q°H
where Q2 H = 8& » ~ Q2H/Imdj is the space of anti-self dual partial 2-forms on the 4-

dimensional H. We can see that the bottom line looks like the half-signature complex
on H, except H is not integrable here.

We now discuss some invariance properties of this construction. Together with
analytic features developed in (38, 40], they have been used by Pierre Julg in its proof of
Baum-Connes conjecture for Sp(n, 1) in [26]. Although the techniques we’ll follow look
different, these invariance results are certainly closed to general constructions proposed
by Cap, Slovék and Souéek in [5], extending Bernstein-Gelfand-Gelfand sequences in
parabolic geometries.

We first describe some (family of) transversal spaces T' to H that we need to fix
supplementaries. Let again V* be the space of vertical forms (i.e. vanishing on H), on
which we have our (conformal class of) metric. Given X € TM, we can define §x € V*
by 0(X) = (6x,0)v-. Mimicking the definition of Reeb field in contact geometry, we
consider the quadratic form @ : TM — Q'H defined by

Q(X) = d(||0x||*) + 2ixdfx restricted to H .
This is a tensor since
Q(fX) = d(f*)16x|I?) + 2fixd(f0x)
= f*Q(X) + [l0x[I*d(f?) +2(X - f)fx — 20x(X)f df
=f’Q(X) on H.
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Its symmetric bilinear form B satisfies, for (X,h) € TM x H,
B(X, h) = indobx
= (JOx)W)*on by (65).
Hence it induces, for X ¢ H fixed, an isomorphism from H into A*H*. Therefore, the

quadric Q~1(0) splits into H U T, where T is a cone transverse to H and isomorphic

to TM/H.

It turns out that this “Reeb cone” T is automatically a vector space if dim M > 11
(i.e. for n > 2). Actually, this T is easily seen to coincide, in these dimensions, with
the vertical vector space associated to the connection constructed by O. Biquard in (3,
I1.1]. In dimension 7, a connection has also been given by D. Duchemin in [16]. In this
dimension, the flatness of T is a priori a non-vacuous condition on the quaternionic
contact structure. Such 7-dimensional quaternionic contact structures, with flat Reeb
cone, will be called integrable in the sequel.

In any case this T depends on the choice of a metric on H, within its invariant
conformal class. We compute its variation.

Proposition 5.8. If gy — gy = efgy, then T — T' = (Id + A)(T) with
A(X)=-J(0x)Vuf,
where Vi f = (duf)#ou is the horizontal gradient of f.
Proof. From their definitions, if g}, = /gy, then
J=elJ, gh.=egy. and 0y =0y,

from which one finds

Q(X) = e¥(Q(X) - 206x[*df) .
Hence if Q(X) =0, then Q'(X + h) = 0 for some h € H iff

B(X,h) = |0x|*duf <= h=-J(0x)Vuf,

since B(X, h) = (J(0x)h)#s# and J*(0) = —||6]|* Id. a

Remark 5.9. This shows in particular, as stated above, that the 'flatness’ of the Reeb
cone only depends on the quaternionic structure H : because A is a linear map. For
instance T is flat on the sphere S***+3| since it is locally equivalent to the group model
Q*"*3, for which T is q; = [H, H]o.

Using these T, one can now extend (or lift) partially defined forms « into ’true’ ones
@, by requiring their vanishing on vectors of higher C-C weight. These extensions are
not invariant, but induce invariant choices of ker §y, Iméy and sub-complexes E and
F in Theorem 5.4. This follows from the lemma.

Lemma 5.10. Let (M, H) be a quaternionic-contact structure, assumed integrable if
dim(M) = 7. Then, given two conformal gy and g}, the induced variation A of
vertical extensions of partial forms satisfies

A(kerdp) C Imép .
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Proof. As in (52), we note QM the space of partially defined p-forms on p-vectors
of weight < k. If g}y = e/gy, we show that for o € QL M, its variation of vertical
extension to O, M is given by
(68) Ao =8 (dyf Aa)+duf Ao,

e We first check it on horizontal forms QM = QPH. Fix orthonormal bases
(T)1<j<3 of T, dual to vertical one forms (6;)i1<j<3. Given o = EL] 0; A a; with
a; € QP~1H C ker dy, one has doa = E?=1d09j A o, so that

3
dO:ZdOHj/\iTj on Q};_HM.

j=1
Therefore, for any X € H, one has on ., M,
doix +ixdo = Y _(ixdofj) Niry = Y (J(O;)X)* Aviry .
J j
Taking adjoints and X = Vg f, gives for o € QPH,
doldgf ANa)+dyf Ada= Z 9j A i_](gj)vﬂja
J
=ao(J(0.)Vyf,...)
= —iA(.)a = Aa,
as comes from Proposition 5.8.
e To get (68) in general, we observe that for vertical one forms 6,
A0 Aa)=0AAa,
since 6 A - commutes with vertical extension, while
(0 Aa)=-0Aba,
which is dual to doir + irdo = 0 (= adq(T’)) for vertical T a

As already mentioned, Lemma 5.10 gives that the splitting of de Rham complex
into the two sub-complexes

E=ker§Nkerdd and F=Imd +Imddp
is invariant, meaning it depends only on the (integrable) quaternionic contact structure

H. That’s not the case of the reduction of (E,d) to (&,d.), as presented in Theorem

5.4, because
& = kerdy Nkerdy,

where ker dy is not invariant, when seen as acting on ’true’ forms like in (54).
Anyway, one can correct this by adapting the construction. Let replace & by its

graded version
£8 — @ gg’fk = @(ker dox N kerJo,k) ’
% k

where do  is now the (invariant) quotient action of d on the graded (by weight) exterior
algebra M = sz)M/ka“)M, as defined in (52). Then, since by Lemma 5.10
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vertical extensions are defined up to Imdy C F, their projections on F along F are
unique. In particular we get an invariant lifting map

Hggl‘_,E . ggr - F.
In the opposite direction, we also have a natural projection
HE_,ggl' :E— gogr .

Indeed, one can extract successive homogeneous components of elements of £ C ker dg,
which again are defined up to Imd by Lemma 5.10. These components therefore
represent unique elements in 8 ~ (ker do/ Im o).

As in Theorem 5.4, these maps Ilger g and Ilp_gx are inverse to each other. One
can then define a conjugated complex (£§",d.) to (E,d), by considering

de =g exdllege_ .

The advantage of this last reduction is that £ is a (now invariant) vector bundle,
while E consists in forms satisfying some differential equations. This feature was useful
in Julg’s work [26].

We close here this series of examples, and return to our primary study of large
time heat decays on Carnot groups. Recall that, in §4, we were led to considering
these differential complexes, by looking at the discrete presentation complex of lattices
at large scale. The link was rather formal anyway, and we still have to check it is
analytically relevant.

6. BACK TO SPECTRAL PROBLEMS

6.1. Algebraic pinching of heat decay.
Carnot complex and near-cohomology. Let (M, H) be any Fy-regular C-C mani-
fold. We know by Theorem 5.4 that, from the topological viewpoint, one can retract de
Rham complex on the sub-complex (E, d), this one being itself conjugated to (o, d).
One can then use any of these homotopy equivalent complexes to express the coho-
mology of M.

One can extend this principle to near-cohomology using the general ideas presented
in §3.

Theorem 6.1. [38, 40] Let (M, H) be a compact Ey-regular C-C manifold and M
some Galois covering. Then, de Rham complez, (E,d) and (€o,dc), have isomorphic
near-cohomologies on M. In particular, they have the same Novikov-Shubin ezponents
(twice the large time heat decay exponents on (kerd)* by §2.2).

Proof. The proof is straightforward, using the notions introduced in §3. By Theorem
3.12, it suffices to show that these complexes are homotopy equivalent, in the Hilbertian
sense of Definition 3.1.

We first describe the underlying Hilbert complexes here. We work respectively in
“true” L? forms on M for de Rham complex, L? sections of the bundle & for d., and
the L? closure E of E N CP(Q* M) for (E,d).

Starting with smooth compactly supported forms as initial domains, one then closes
the differentials (i.e. their graphs) in these Hilbert spaces. This is possible becz?use
the adjoints of these differential operators are also densely defined (at least on C§°).



184 ' MICHEL RUMIN

The basic homotopies I1z and Il¢, 15, between de Rham complex, (E, d) and (&, d.),
are not bounded in L?, being differential operators. They can’t thus be used directly
in Definition 3.1. Anyway, one can first cut-out high frequencies, irrelevant in the
near-zero spectral problem we are dealing with. Namely, let Ea(1) be the spectral
projector associated to [0,1] by de Rham Laplacian A. One has

Ea(1)=1d —EA(]]., +00[) =1Id—-Bd—-dB

where B = §A™'Ea(]1,+00]) is bounded in L? by the spectral theorem. Thus it
induces a bounded homotopical equivalence between de Rham and the cut-off de Rham
complex on Ex(1) = Im Ex(1). Now, by elliptic regularity of de Rham Laplacian, any
(P-invariant) differential operator is bounded on £a(1). In particular the previous
maps IIg and IlgIIg provide the required bounded homotopies on this cut-off de
Rham complex. O

Previous result claims that for near-cohomology study, one can mod out F, keeping
only E. One can give some geometric flavour to this statement. Consider the near-
cohomology cones Cy(e) of the cut-off de Rham complex (€a(1),d). Recall that by
(17)

Cale) = {a € [Ea(1)] = Ea(1)/ kerd | [|daf| < ellee]}.
The splitting of de Rham complex into E @ F, induces a splitting [E] & [F] of forms
modulo kerd. Moreover, by Theorem 5.4, one has [Ir = Qd + dQ, where @) becomes
bounded as before, when restricted to £a(1). Therefore, one gets for a € Cy(e),
[[pe]|| = [I[Qde]|| < Clda|| < Celle|,

meaning that, when € — 0, the near-cohomology cones Cy(g) of the cut-off de Rham
complex are actually shrinking around [E] relatively to [F] (inside cones of slope < Ce).
This is suggested in figure 4.

[F]
%0
(N~ — 7\ ®=

FIGURE 4. The shrinking of near-cohomology cones Cy(¢).

Theorem 6.1 is probably not very useful in the problem of studying Novikov-Shubin
numbers on general (C-C) manifolds. Actually we will only apply it on nil-manifolds.

More precisely, let G be a rational Carnot Lie group (see §4.1), and consider the
quotient M = G/T where I is a discrete cocompact group in G. By contractibility of
G, one has m;(M) =T, so that by Theorem 2.6 and Corollary 2.7, de Rham complex on
the smooth group G may be used to compute the two first Novikov-Shubin exponents
ao(l") and o;(T"). Then by Theorem 6.1, these exponents are the same as for the
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complex (&, d.). The advantage of this last one is its better behaviour through the
natural dilations A, available on G.
Indeed, recall that the first stages of the construction are

(69) C=(G) 244 Q'H 2= £2.

The first map dy is the differentiation along H, the first strata of g, and is thus an
homogeneous operator of order one with respect to the dilations h.. For the second
map £ = L?(G, H?(g,R)) may have components of different homogeneities, pinched
by the order of generating relations of g relatively to the free Lie algebra F(H), as
comes from Hopf’s relation (see §4.3 and 4.4).

Dilations and I'-dimension. To take profit of the previous remarks we have first to
check the behaviour of I'-dimension and trace (see §3.2) under dilations. They actually
behave like densities on G.

Proposition 6.2. Let L be a I'-invariant subspace of L2-differential forms on G. Then
forneN,
dimp(h%L) = dim (L) = n¥Odimp(L),

where N(G) = Zidim (g:) is the growth of G.

i=1
Remark 6.3. In this statement we use dilations with integer coefficients, and a lattice
I" horizontally generated, in order to have h,(I') C T, and L also h,[-invariant. An-
other ’continuous’ approach is possible, for the G-invariant operators we are actually
dealing with (see next proposition).

Proof. Given an initial ‘(invariant) metric g on G, the map h, induces an isometry
between L C L3(G,A*G) and h}L C L"’;Q(G', A*@G), that conjugates respectively the
h,I" and I' actions. Then by definition of dimr (see §3.2), we have

dim p,h:‘g(h;L) =dim h,,I‘,g(L) .

Moreover, by the general invariance result Proposition 3.9, dimr actually does not
depend on the choice of I'-invariant metrics on G and the bundle, and hence

dim rps(h3L) = dimrg(h3L) = dimp(h3L).

as needed.
The second equality is a particular case of the multiplicativity of dimp under finite

coverings, here
r/h,l - M, =G/h,I' > M=G/T.

If (e;) is an Hilbert base of L and F C G a fundamental domain of the I' action, we
have by (20) and (21) that

dimpL=Y" /f (@) dz.

A fundamental domain for h,I' consists in card(I'/h,I") copies of F, so that
dim,rL = card(l'/h,T)dimpL.
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Lastly, we recall that h, acts by multiplication by n* on gx, hence
card(I'/h,I) = vol(haF) /vol(F) = nN (@

with N(G) = ) _ kdim (gy). a
k

The previous result actually holds for any dilation and lattice I, if the operators
and spaces are G-invariant.

Proposition 6.4. Let P be a positive G-invariant operator acting on L®-sections of
a G-inwariant vector bundle V. If P has a finite I'-trace for some lattice T, it has for
any, and its kernel Kp is a bounded continuous function with

m(P) = vol(G/T) Tx(Kp(e, €)) ,
where Tr is the trace on End(V.).

We recover in particular the dependency of I-trace and I-dimension in vol(G/T).
Proof. From (20), P is I-trace class iff its square root S is such that Sxr is an
Hilbert-Schmidt operator, that is ifl the kernel Kg of S is in L?(G x F). Moreover,
we have

(70) (P) = |Sxlys = /G _IKs(@ )| dady.

For (left) invariant operators, one has Kp(z,y) = kp(y~'z), and P acts on L%(G,V)
by convolution as

Pf(z) = (ke % f)(@) = /G kp(y'2) f(y) dy.

By (70), we see that
(71) (P) = [|Sx# s = vol(F)llksllz -
In particular, 7v(P) < +oo iff ks € L?(G,End(V)), in which case
kp=ksxks € L2(G) * Lz(G)
is bounded and continuous on G (and vanishes at 0o0). Then, by (70) and hermitian
symmetry of ks (i.e. ks(z™!) = kg(z)*), we obtain
m(P) = vol(F)|lks|3
= vol(F) Tr((ks * ks)(e))
= vol(G/T") Tr(kp(e)) . a

Proposition 6.4 points out the fact that, given a Lie group G and a lattice I' C G (i.e.
I discrete and vol(G/T") < +00), the Novikov-Shubin numbers a,(M) of the covering
G — M = G/T actually depend only on G, but not on the lattice I'. The common
values for all I', denoted by ,(G) in the sequel, are indeed either infinite, or given
by the decays of kernels at the origin e of G-invariant spectral projectors Es4(]0, A?]),
also twice the heat kernel decays on (ker d)* (see §2.2).
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Application to ap. We can now use the homogeneity of dy in (69) to recover the
value of a(T") for lattices in a Carnot Lie group G.
Namely, one has Agh. = €2h. Ay, so that the spectral spaces €a,(A) of Ay rescale

as follows
(72) hf(gAH (’\)) = 5Au (52’\) .

Therefore, by Propositions 6.2 and 6.4, the spectral density function of Ay is homo-
geneous,

(73) Fau(€?) = dimp(€a, (€%) = YO F,(1).

Hence we recover Varopoulos’ result, for these groups I, that

. InFp,(e?
AaO(F) = g%__%"s(_)_

:N(G)a

relating twice the large time heat decay on functions to the growth of G (also the
growth of any cocompact I').

Pinching of ;. The same kind of discussion applies to the next exponent ;(T") =
a;(G), except that now d, : Q'H — £2 may be polyhomogeneous.

We recall that, by Hopf’s relation, EZ ~ H?*(g,R) is isomorphic to the space V =
R(g)/[R(g), H] of defining relations of g = F(H)/R(g) (with respect to the free Lie
algebra F(H)).

This leads to the following pinching of ; (G), for rational Carnot group G, i.e. those
admitting a lattice I'.

Theorem 6.5. [38, 40] If T is a lattice in a Carnot group G then a;(T) = 1(G)

satisfies
_ N(G) _
""min_1 Sﬁl(G) - al(G) Srmax 1’

where Tmin and Tmax are the minimal and maximal order of defining relations of G,
also minimal and mazimal weights of H*(g,R).

Hence the higher order defining relations of G are, the slower heat decays on one
forms, with respect to the growth of G. Notice that if G is a 7-step groups (i.e.
g=010 - Dg,), then generating relations of G are necessarily of order pinched
between 2 and r + 1, and we obtain in general that

(74) 1<B(G) <.

Thus heat on one forms never decays quicker than on function, in t~¥(©/2, and never
slower that ¢~N(©)/2r Examples of each type will be given in §6.2.
Proof. In general the differential d, splits in homogeneous components

dc — d:min—l + - + d:rnnx-l,

and we don’t have anymore that the spectral spaces of A, properly rescale under k.,
like in (72) for the case of functions. We consider instead the action of h. on the

near-cohomology cones (see (17))
Ca.(N) = {a € LG, A'H)/kerd, | [lda]| < Allee|}
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Namely, we have

k"min”dca” if kﬁl,
de(ha)| = |hidecr]| <
lde(hie)ll = Ihidec] {krm,x”dca” if k21,

leading to
Tmin—1 3
m(Ca V) € { oA
and finally to the following rescaling, for ¢ <1
(75) Cdc(/\é‘r'““_l) C he(Ca, (X)) C Cy (Aemin-1)
By Lemma 3.11, we can recover the spectral density function of d.d. on (ker d.)*, using
all T-invariant subspaces in the cones Cg, (A), namely

Fs5.4.0%) = sup dimpL.
LCCa, (M)

Putting this together with (75) and Propositions 6.2-6.4, we get the pinching
F6¢d¢(€2(rm“_1)) < EN(G)F:Scdc(l) < Facdc(sg("min—l)) ,
and finally
EN(G)/(Tmin—l)Fscdc(]_) < Fsa(€) < SN(G)/("mnx—l)Fécdc(l) ,
: 2
giving the pinching of o;(T") = lim iglf IH—F%L
£

Notice that the spectral function for d. is finite, since by Theorems 3.12 and 6.1,
its dilatational class is the same as for de Rham complex, or even to an £2-simplicial
complex by Theorem 2.6. (Finiteness is automatic at the discrete simplicial level, while
for de Rham complex, it is a direct consequence of the ellipticity of the Laplacian, see
eg (1)) o

Extensions of Theorem 6.5. We gather some developments around Theorem 6.5.

e This theorem gives a pinching of the asymptotic heat decay on one forms, on
rational Carnot Lie groups, i.e. for those admitting a lattice I. It actually makes
sense, and stays true for non rational Carnot Lie groups. One way to prove it is to
notice that, even for non rational Carnot group G, there exists a discrete Z C G and
a relatively compact D C G such that

Z'=Z7 and G= I__' 2D (disjoint union).
z€Z
(One takes Z = exp(Z) for an additive integral lattice in g, see [40, §3.2.2] for details.)
This allows to ’discretize’ L?(G) = £*(Z) ® L*(D) and adapt the basic Propositions
3.8 and 3.9 to this situation.

This technique also raises the following question :

Even, if Z is not a group, one can take a simplicial complex given by the nerve of
an open covering G = U 20, where D C Q open. Is it true that a;(G) still gives

’ z2€Z
the asymptotic heat decay on discrete 1-cochains of this now non-periodic simplicial

complex?
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¢ Another viewpoint on non-rational G is to define a G-trace and dimension along
the lines of Proposition 6.4.

Briefly, let P be a positive G-invariant operator acting on L? sections of a G-invariant
bundle V, and D C G be such that 0 < p(D) < +00. Then the G-trace of P is defined

by
76(P) = w(D) ™' Trace(xpPxp)
= /'I’(D)_l Z(XDPXDGI') 8,‘) )

for any Hilbertian basis (e;) of L?(G, V). This G-trace doesn’t depend on D. Indeed
if S is the positive square root of P, one has also

(76) 16(P) = p(D)™ Z ISxpeill?

= pu(D)7}|Sxpl%s (Hilbert — Schmidt norm)
= u(D) | Ksxpl? (L? - norm)
= |lksl3,

where Ks(z,y) = ks(y~'z) is the kernel of the G-invariant S (to be compared with
(71)). In the case 7¢(P) is finite, then kp = ks * ks is bounded and continuous on G,
and we have also
76(P) = Trv, (kp(e)) -
Following Propositions 3.8 and 3.9, the basic point to check about 7¢ is the following
property, valid on unimodular Lie groups (like nilpotent ones).

Proposition 6.6. If P is a (not necessarily positive) G-invariant bounded operator,
then
T(;(P'P) = TG(PP') .

Proof. Let P = U|P| be the polar decomposition of P, then P*P = |P|? and by (76)
16(P*P) = u(A)™ ) [lIPlxaeill3

= u(A)‘IZIIUIPIXAe.-HZ, (U partial isometry)

= 1(A) " I Pxalllis = kel -

Finally, since kp+(z) = kp(z~!)*, one has ||kp+ |2 = ||kp||2 on unimodular groups, and
the result. a

This gives another mean to extend Theorem 6.5 on non-rational Carnot groups,
replacing the I' by G-trace.

¢ In another direction, one can obtain pinchings of higher Novikov-Shubin exponent
ax(G) on k-forms, if EX ~ H*(g,R) is of homogeneous weight wx. One get then

(77) min(1, wii} — wi) < g@
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The proof is the same as for Theorem 6.5. The homogeneity condition on H*(g,R) is
not automatically satisfied for & > 2. It allows to control the action of k. on norms in
(kerd.)* (needed in this proof).

6.2. Examples. The algebraic pinching of a;(G) is sharp if the group is presented by
relations of same order. We start with such examples.

Heisenberg groups. For instance we have seen in §4.2 that the Heisenberg groups
H?**! are quadratically presented for n > 1 and cubically for n = 1. Therefore

1 for n>2
H2n+l — =
Al ) {2 for n=1,

and hence
NH?*™1)=2n+2 for n>2

o (H) = {N(H3)/2 =2 for n=1.

In particular heat on one-forms of H? only decays as 1/t when ¢ — +oo, half its
speed in 1/t? on functions. Therefore this asymptotic spectral invariant o, actually
distinguishes H® from R* (or the discrete groups Hj from Z*) although they have the
same growth N(G) = 4.

In order to distinguish (with the asymptotic spectra) higher dimensional HZ**!
from Z?"*2, one has to consider the higher Novikov-Shubin exponent «,, about the
spectrum between n and (n + 1)-cocycles (discrete or forms). Indeed, by (77) and the
cohomological computations (58), one has

Be(H*™) =1 fork#n and B,(H™)=2,

and hence
oe(H) = 20 + 2 = o4 (R™?) for k<n-—1
o (H?") = n + 1 = 0, (R**1?)/2.

Geometrically, this coincidence of the first exponents is reflected by the fact that
one can find simplicial triangulations of both groups using horizontal simplexes up to
topological dimension n, hence with the same homogeneous (Hausdorff) dimensions,
while vertical (n+ 1)-dimensional simplexes (with Hausdorff dim = n+ 2) are needed
on H***!, Notice that (77) actually relates the exponents ax to the homogeneous
dimension gap between the cohomology groups H*+'(g,R) and H*(g,R).

Quadratically presented groups and Dehn function. In fact quadratically pre-
sented 2-step groups are very common if

(78) dim(g;) < dim (g1)/2 - 1.

Indeed, one can show that, within this bound, a Zariski open dense set of brackets

[,10391X91—'92

give quadratically presented Lie algebras g = g @ gz (see [40, Prop. 4.1]). Even
more by Gromov’s work (21, §4.2 A”] 2-step groups satisfying (78) are generically
” quadratically fillable”, meaning that an horizontal closed curve v can be filled by a

surface of area < Klength(y)2.
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In fact B, can always be compared with another asymptotic invariant of finitely
presented discrete groups I' called Dehn filling exponent. Recall it is the smallest A
such that any trivial word of length n can be factorized using Kn* elementary relations
(equivalently, any closed loop in a Cayley graph of I' can be filled by Kn* elementary
2-cells). The following inequalities hold on general r-step Carnot groups I
(79) 2 < Ai(T) + 1 < max weight(H?(g,R)) < Dehn(T) < r + 1,

and the above case corresponds to equality between the first four terms.
Proof. The two first inequalities comes from Theorem 6.5 and (74), while the last
one has been proved by C. Pittet in [35]. We look at the third one.
Given w € H?%(g,R) of weight N(w), one can find a closed polygonal curve v in the
generators of I" such that
/w=0%0
S

for one (and then any) surface S bounding 4. Indeed by §4.2 and 4.3, one can pick a
v whose direction in R(g) is not in ker o, where o € (R(g)/[H,R(g)])* represents w
in Hopf’s relation.

Now if S, is any simplicial surface filling the dilated loop A%, one has

0= fwl=| [ hwl=][ a0
S Sn Sn

< n’N(“’)”meArea(S,,)

so that Area(S,) > K length(h,7)V as needed. a

Remark 6.7. It is not true in general that §;(T") + 1 = Dehn(T"). In fact these two
exponents behave differently under products since one finds that

Dehn(Ty x I';) = max(Dehn(T';), Dehn(T'y)),
while

0y (Ty x T) = min(ey(Ty) + eo(Ta), a1 (F2) + ao(Ty)) -

In particular o3 (R™ x H®) = n + 2 so that

n 3y n+4 : n 3\

Bi(R™ x H*) = ) while Dehn(R" x H®) = 3.

We leave this as exercises for this Winter School.

One can go beyond the bound (78) staying quadratically presented. Let H = Q =~
R® be the octonions (or Cayley numbers). We define an ’octonionic contact group’
G*® as follows. Given an imaginary octonion v € V = ImQ, we note J(v) the left
multiplication by v on H. Then G'® is the 15-dimensional H-type group whose Lie
algebra g = H @ V* is define as in (65) by

(dov)(X,Y) = (J()X,Y)n
This group is quadratically presented. Indeed, following [41, (12.11)] the map
(80) do:A2g* =V AH* — AH*
vAa — dovAa
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is injective (even an isomorphism) and thus the cohomology group H?(g,R) has no
component of weight 3.

Notice that, although it is quadratically presented, this group doesn’t possess any
integrable Legendrian plane (X,Y) € H (corresponding to ’pure’ relations [X,Y ] =
0). In particular it doesn’t enter Gromov’s family of known quadratically fillable groups
(with a quadratic Dehn function), and its Dehn exponent seems unknown. (Though
there is no C! Legendrian surface, quite irregular ’crumpled’ surfaces of Hausdorff
dimension 2 might exist anyway?)

Once obtained such an example, we can take products staying in the quadratic
presentation class : because taking products only adds quadratic relations

[X1,X2) =0 for (X1,X3) €102
We get therefore a 15n-dimensional quadratically presented 2-step Carnot groups with
dim H = 8n. The map (80) being algebraic, we obtain in fact that a generic (in the
Zariski sense) 15n-dimensional Carnot groups with n; = dim (H) = 8n is quadratically
presented. (Otherwise stated a generic 8n-dimensional distribution H C R!®" gives
rise to a quadratically presented Carnot group.) Such examples raise the following

problem.
Question : Is it possible to significantly improve the bound

ny = dim (g2) < %,

while keeping a quadratic presentation? This is a purely algebraic question on finding
effective bounds under which (80) stays injective. Note that (80) only implies the
much larger bound

np < (m - 1)6(n1 —2) ’
but dp is a very special linear map.

In another direction, we mention there exists (a few) examples of quadratically
presented groups of arbitrary high steps (see [40, §4.1]). These examples (due to S.
Chen [9], J. Carlson and J. Toledo [6]) show that 3; (= 1 here) can be much smaller
than the number of steps .

Higher weights. We now describe some examples with relations of higher weights.

Given k and r in N*, we note Fy, the r-step 'free’ nilpotent group over R*. This
is the Lie group whose Lie algebra is the quotient of the free Lie algebra F(R*) by
elements of weight > r + 1. Notice that relations of Fj . are generated by all elements
of weight 7 + 1 in F(R¥), so that Theorem 6.5 gives

;Bl(Fk,r) =T,
the maximum possible value for r-step groups.

In fact B is ’generically’ close to r. Given k and n, by a generic Carnot group G
with dim (G) = n and dim (g;) = k, we mean a group associated to a Zariski open
dense set of jets of k-dimensional distributions H in R™.

Proposition 6.8. [40, Prop. 4.4] Let n(k,r) = dim (Fy,). Generically, one has
(81) r=1<B(G)<r if nlkr)<n<n(kr+1).
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Hence the generic pinching is much sharper than the general one (74). This follows
from the remark that, within these dimensions bounds, G is generically a r-step group
which doesn’t contains any relation of weight < r—1. Then (81) comes from Theorem
6.5. (So this is not an improvement of Theorem 6.5, but just the observation that
the pinching given there is generically quite sharp and close to the maximal possible
value.)

In the opposite direction we now give an example of Carnot groups arising in semi-
simple geometry.

For n > 4, let T, C SL(n,R) be the nilpotent group of upper triangular matrices
(Id+strictly upper). This is a (n—1)-step Carnot group whose Lie algebra is generated
by the elementary matrices X; = E;;4; for 1 < ¢ < n—1. By Kostant and Cartier’s
works (see e.g. [7, 14]) the relations of T, are quadratic and cubical
{ (X, X;]=0 for |j—i|>1,

(X, (X, Xipa]] = [Xiga, [Xi, Xia]] = 0
(Notice that T3 is the 3-dimensional Heisenberg group and is cubically presented by
the last relations.) These T,, give examples of increasing number of steps with

anyway, in contrast to the generic case (81).

(82)

These groups give examples of mixed homogeneity, and estimating more precisely
B in that case looks delicate in general. Let us show however that

Bi(Ty) =2,

as if Ty were purely cubically presented.
Proof. From the results of §4.3 and 4.4, the two relations

(X1, X5] = [X3, [X3, Xo]] = 0
given in (82), translate into the following components of d.a for @ € Q'H
dea(X1, X3) =iy ([X1, Xa))a = X1a(X3) — Xsa(X1),
and
dca(XI,Yl) = i}{([Xl, {Xl,in)a
= X1(X1a(X2) — Xpa(X1)) — Yie(Xy),

where Y] = [Xi,X3]. In particular for & = ffyx,, one sees that d.a is actually of
weight 3, and non zero if X2.f # 0. Then the near-cohomology cone Cy, (\) contains
a non-vanishing sub-cone

C'(\) = {@ € L*(A'H*)/ ker d. | d.a of weight > 3 and ||d.e| < M},
which now rescales quadratically through the dilations :
he(C'(A)) = C'(A?).

Following the proof of Theorem 6.5, this leads to the homogeneity of the spectral

density function
Fécdc (82) = EN(G)/2,

giving the result. a
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Thus it happens here that the component of low degree of d. is so degenerated
analytically that the asymptotic spectral behaviour is determined by the relations of
higher weight.

Remark 6.9. It looks possible (but the proof is not fully checked yet) that this
behaviour occurs each time the system d.o = d.a = 0 is under-determined, when
restricted to relations of weight < n, meaning that

dim (H\?JeightSn(g’R)) <dim(H)-1=/(G)>2n-17?

In the opposite direction, it also happens that the components of low degree of d,
"dominate’ analytically the others. For instance let G = T,,/H be any quotient of the
triangular group 7, by a normal subgroup H generated by elements of weight > 4.
Relations of G are generated by those of T, at most cubical, and the generators of b,
that can be of order n — 1. One can show anyway that

A(G) <2,

as if the added relations of high order were ’inaudible’ in our asymptotic spectral
problem. _

This result relies on analytic properties of the operators, derived from hypoellipticity.
They are developed in [40, Section 5] and provide some tools for other geometric
applications.

As a conclusion, let us emphasize that this work only dealed with some particular
aspect of Carnot-Carathéodory geometry. The purpose was to show how it naturally
appears, and may help, in studying some asymptotic Riemannian and even discrete
spectral geometric problem. Many other viewpoints and problems related to this
geometry exist. Some of them may be found for instance in [21].
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