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ASPECTS OF PARABOLIC INVARIANT THEORY
A. ROD GOVER

ABSTRACT. These lectures include a brief discussion of parabolic geometries in gen-
eral but are concerned primarily with conformal and CR structures. Motivated by
the problems of constructing invariant operators on tensor bundles and constructing
polynomial invariants of such structures, the lectures will describe basic invariant
operators for each of these structures which in a certain sense are analogues of the
Levi-Civita connection of Riemannian geometry. Some applications of these to the
problems mentioned will also be treated. This work was presented as a series of three
lectures at the 18 Winter School on Geometry and Physics, Srnf, Czech Republic,
January 1998.

1. INTRODUCTION

In the following lectures we will focus almost exclusively on conformal and CR
structures. Conformal structures were also discussed by Michael G. Eastwood at the
15 Winter School [10]. Although there is a small overlap in coverage for the most part
Eastwood’s notes are complementary to the discussion here and indeed the interested
reader is encouraged to review those notes.

Although I accept full responsibility for the lectures presented here much of the
discussion is based on ongoing joint work with Michael G. Eastwood and C. Robin
Graham and has developed from joint work with Toby N. Bailey and Michael Eastwood
[1]. Other input is indicated below.

2. CONFORMAL STRUCTURES AND PARABOLIC GEOMETRIES

A Riemannian geometry consists of a smooth n-manifold M equipped with a positive
definite metric g. Recall that any such metric is a smooth positive definite section of
©*T*M, the symmetric tensor product of the cotangent bundle to M. A (Riemannian)
conformal n-manifold is a pair (M, [g]) where M is a smooth n-manifold and [g] is an
equivalence class of Riemannian metrics where any two metrics g and § are said to
be equivalent if § is a positive scalar function multiple of g. It is clear that conformal
manifolds are equipped with a well defined notion of angle but not length. We will
consider only conformal and Riemannian structures of dimension n > 3.

We will write £2 and &, for, respectively, the tangent and cotangent bundles to M.
Tensor products of these bundles will be indicated by adorning the symbol £ with
appropriate indices. For example in this notation ®?*T*M is written £), where the
(- - -) indicates that the enclosed indices have been symmetrised. A choice of metric is
a section of ) and so will usually be written gq rather than just g. The pairing of
vectors with their duals and the generalisation of this to tensors will be indicated by
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repeated indices in the usual fashion. For example v®u, indicates a scalar field resulting
from the contraction of the tangent vector field v* with the 1-form field u,. Mostly we
will regard the indices as abstract indices and then this notation is in the framework
of Penrose’s abstract index notation [35). In case a frame is chosen and the indices are
concrete then this notation is according to Einstein’s summation convention. Given a
choice of metric, indices will be raised and lowered using this without mention.

Recall that a Riemannian manifold is naturally endowed with the Levi-Civita con-
nection V,. This is the unique torsion free connection on the tangent space and its
tensor powers which preserves the metric. The curvature R,,°; of this is known as the
Riemannian curvature and is defined by

(VaVs — VuVo)0v° = R, v,

It is well known that this curvature is a (local) invariant of the Riemannian structure.
It depends only on the underlying metric and is independent of any choice of frame or
coordinates. This follows immediately from the fact that the Levi-Civita connection
is a Riemannian invariant differential operator. Other invariants can be constructed
using this and its covariant derivatives. For example

RapcaR®®, (VaRicae)(VPR*™) and Ryq := Ray®a
are other invariants. The first two are scalar invariants and the last, which is the Ricci
tensor, is a tensor valued invariant. It is a classical result that all local invariants, tak-
ing values in tensor bundles (and polynomial in the jets of the metric and its inverse),
arise in this way, i.e. from contractions of covariant derivatives of the curvature.
If the metric gqs is replaced by G, = Q%gas, where Q is a smooth non-vanishing
function, then the connection V, is replaced by the connection V, where

Vat® = Var® + Tot® — Ty, + To0, 88, (1)

with 6% the Kronecker delta and T, := Q7'V,Q. This transformation of gs will be
described as a conformal rescaling. It is helpful to define line bundles £[w] on M as
follows. The bundle whose smooth sections are metrics from the conformal class is a
ray subbundle (i.e. a fibre subbundle with fibre R, ) of £,;. We identify this subbundle
with a ray bundle of scalars, which we denote £,[—2]. For each w € R the ray bundle

&4 [w] is then defined to be the (—‘;")m power of £,[—2]. Finally, for each w, £[w] is
defined to be the canonical extension of £, [w] to a line bundle. Under a conformal
rescaling as above we have N

Vot = Voo + 0T, 9,
for ¢ € E[w).

The Riemannian curvature is not invariant under conformal rescaling and the above
Riemannian invariants do not give meaningful information about the conformal struc-
ture. It is useful to observe that R4 can be decomposed into the totally trace-free
Weyl curvature Cy.q and a remaining part described by the symmetric Rho-tensor Pg
according to )

Rabed = Cabed + 29cjaPujd + 2941pPae
where [---] indicates the skew part over the enclosed indices. The Rho-tensor is a
trace modification of the Ricci tensor. It is easily verified explicitly that, in fact, Cgpeq
is invariant under conformal rescaling. However, while this is a useful observation
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the essential problem remains since, for example, V,Cjcqe is not conformally invariant
and so it is not clear, at this point, how to construct higher order invariants of the
conformal structure.

A related problem is the construction of linear invariant differential operators acting
between tensor bundles. Again in the Riemannian case such operators can all be
described in terms of the Levi-Civita connection. The key here is that, given a tensor
field f, the list f,V,f, VaVsf,- - - is essentially equivalent to the infinite jet of f at
each point of M. Thus we may as well decree at the outset that we are interested in
operators which are linear in these V derivatives of f. Each tensor V- - - V, f may be
regarded as a function on the principal bundle of orthonormal frames taking values in a
finite dimensional representation of O(n). Since O(n) is reductive such representations
are completely decomposable and thus all possible linear operators can be described
explicitly.

This breaks down in the conformal case since the operators V,---V,f are not
in general conformally invariant. Clearly it would be desirable if there were some
conformally invariant analogue of the Levi-Civita connection which packaged the jet
information of tensor fields into representations of a reductive Lie group. In fact such
an operator exists and there are analogous operators for CR structures and these will
be described explicitly below. The definitions of these operators are motivated by
the flat models of the structures concerned so let us briefly review the flat model for
conformal structures.

Let T denote R**2 equipped with a symmetric bilinear form k of signature (n+1,1),

given in block form by
0 o0 1
0 Iduxn Of,
1 0 0

and coordinates X4. We use h to raise and lower the indices of T, for example
X4 = hapX4. The space of generators of the null cone of h is the n-sphere S™ -
this is our candidate for the flat model. Since the null cone is given by the vanishing
of Q := hypXAXE then on the null cone }8/0X4Q = X, is orthogonal to the null
cone. Thus tangent vectors to the null cone can be identified with vectors v4 in T
such that X4v4 = 0. Functions on S® may be identified with functions on the null
cone homogeneous of degree 0, that is functions f such that f(AX4) = f(X4). Since,
as an operator on such functions, 94 := 8/0X4 lowers the homogeneity by 1, vector
fields on S™ may be represented by vector fields v4, on the null cone where v4 is
homogeneous of degree 1 (and v4X4 = 0). In fact we are free add multiples of X4 to
v4 since the Euler vector field, X43,, annihilates the functions of S®. Write £4 for
the tangent bundle to T restricted to the null cone and £4(1) for this tensored with
functions homogeneous of weight 1, £(1). Then in summary,

2 {vh e E4(1) : vAX, =0}/ ~,

where ~ indicates the freedom to add to each v# multiples fX“ for f € £(0). Using
this, h4p determines a conformal metric on S™ by

v® = hagvivB.
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It is easily verified that the right hand side is well defined. Since k4pv4v®8 is homo-
geneous of degree 2 a metric is determined by choosing a non-vanishing section of the
bundle of functions homogeneous of degree ~2, £ € I'£(—2), and taking the quadratic
form given by
v® > Ehagvivl.

We may also deduce from this that, as a bundle on S™, £(—2) is the same as £[—2].

It is readily verified that such a metric is conformally flat (i.e. locally there is a
conformal transformation which takes this to the flat metric). S™ equipped with a
conformal metric in this way is the standard flat model for a conformal structure.
Since each point of the the null cone determines a metric for the corresponding point
of S*, the null cone (with origin removed) is essentially the total space of the bundle
of metrics over S™. (More precisely the future null cone gives a square root of this.)

Let G denote the identity connected component of O(h). This acts transitively on
the rays of the null cone, so the conformal S® may be identified with G/P where P is
the parabolic subgroup of G consisting of all elements of the block form

A1 0 0
r m 0 (2)

=Artr/2 =Artm A
with r € R*, m € SO(n) and where r* denotes the transpose of r. P stabilises the null
ray through the point

on the null cone. Since the flat model is a homogeneous space let us review some
properties of these and and consider their generalisations.

3. HOMOGENEOUS STRUCTURES AND CARTAN CONNECTIONS

Let G be a Lie group and H any subgroup. Recall that as a vector space the Lie
algebra g of G is just the tangent space to G at the identity, g = T.G. This tangent
space is then identified with the space of left invariant vector fields via

GeNle) =[]
t=0
for differentiable functions f on G. The space of left invariant vector fields is closed
under commutation and the Lie bracket on g is defined to agree with the commutator
of the elements regarded as left invariant vector fields. This is consistent with the
adjoint action of G on g.

Functions on G/H may clearly be identified with functions on G that are constant
up the fibres of G — G/H. That is, functions annihilated by Y € h, where b is the
Lie algebra of H identified with the appropriate subalgebra of g. For such a function
andhe H

D fioe%)| = | flghesatx)
alV9 ) T &’

t=0
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It follows then that the total space of the tangent bundle T'(G/H) to G/H may be
identified with the quotient space,

GXH%:=GX%/~,

where the equivalence relation is
(9,X) = (gh, Ad(h™1)X)
and Ad now indicates the representation of H on g/h determined by the adjoint rep-
resentation of G on g.
More generally corresponding to each representation i of H on a vector space V

one obtains a homogeneous bundle V = (G xy V — G/H) the total space of which is
G xg V, that is G x V factored by the equivalence relation

(9,v) = (gh, u(h™)v).
Sections of V are functions
f:G=>V
satisfying the homogeneity condition

f(gh) = (™)1 (g)-
We will use the notation £V, or £(V), to mean the sheaf of germs of smooth sections

of V. By a slight abuse of notation we will also use this notation to mean simply local
sections. :

If W carries a representation p of G then the homogeneous bundle
W:=G x aW
is trivial. The mapping giving
(G/IH)x WG xgW
is
(9H, @) > (g, w) where @ = p(g)w.
It is easily checked that this is well defined. It follows that local sections can be
identified,
E((G/H) x W)X E(G xg W), (3)
by
E(G/IH)xW)ow e we&(GxgW)
where w(g) = p(g)w(g).
Since G x gy W is trivial it admits a flat connection determined by differentiation
with the left invariant vector fields on its trivialisation (G/H) x W,
(Vxw)(9) = plg™")¢x,(g)- 4)
On the right hand side we have chosen a function X() : G — g satisfying X, =
Ad(h™)X, to represent the tangent vector field X (on G/H). Note that it is immediate
from the definition of Vxw that
(a) Vxw = 0if X takes values in b.

- 50 Vxw is independent of the function X{.) chosen to represent the tangent section
X. Observe also that
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(b) (Vxw)(gh) = p(h~)(Vxw)(g)
- s0 (Vxw) is a section of G xzg W. This property (b) is verified by the following
calculation:

lLhs = p((gh)“).[%tb(ghe"‘"')]

t=0

-1 -1 d_ )X,
= p(h™)o(g )[Ew(yhe"‘d"‘ ) )Lo

= p(h)els™) [%u“l(ye”")] )
= r.hs.

These properties show that V is a well defined first order differential operator taking
values in 1-forms. Finally note that it also follows from the definition that, for f a
function on G/H,
(c) Viw=fVw+df @w
and so V is a connection.

Using that w(g) = p(g)w(g) we may expand out the right hand side of (4) to obtain

(Vxw)(g) = (x,w(g) + p(X)w(g). (5)

Of course we can take this as the definition of V and verify properties (a),(b) and
(c) directly using this. One then observes that we do not require the triviality of the
structure to obtain these properties. In fact one just needs:

(a) ¢xf(g) = [% f(ge‘x)] o fX €D (i.e. that {x is a fundamental vector field of
G — G/H).

(b) ¢x,, = Ad(h™1)X, for all h € H.

(c) ¢x, : 9 = T,G as vector spaces.

and that p is a (g, H)-representation. Dually the only properties of the Maurer-Cartan
form w (recall this is the canonical form such that w({x) = X for all X € g) that are
used are ‘
(a) w(¢x) =X for X €,

(b) (Bn)*w = Ad(h™Y)w for all h € H,

(c) Forall ge G, w: T,G =, g as vector spaces.

It follows then that if, more generally, we have a manifold M and a bundle G & M
with fibre H and a g valued 1-form w satisfying (a),(b) and (c) (except that G is
replaced with G in (c)) then (5) gives a connection on the induced bundle G xg W.
W here is a (g, H)-module. In this case w is called a Cartan connection and V is the
corresponding induced connection on G x gy W. We will term G the Cartan bundle for
M. Of course one gets an associated bundle V (but not in general a connection) for
any representation p of H on a space V. Sections of V are functions

. v:G62V
satisfying the homogeneity condition
v(gh) = p(h™")v(g). (6)
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These observations lead us the idea of specifying G — M and its Cartan connection
w as a means of describing geometries which are deformations of homogeneous (or
flat) structures G/P. In this picture the parabolic geometries of interest in the general
programme are geometries with a canonical Cartan connection w taking values in g
where g is the Lie algebra of a simple Lie group G and where the fibre of G — M is
a parabolic subgroup P of G (that is the complexification of the Lie algebra p of P
is a parabolic subalgebra of the complexification of g). This includes a large class of
structures (see, for example, [8, 9] and, in particular, [7] for details of a large subclass)
and the canonical connections are called normal Cartan connections. In these lectures
we shall be concerned only with conformal and CR geometries. In the case of conformal
structures the normal Cartan connection has been described explicitly for some time
[31]. For CR structures it was independently discovered by Tanaka [38], and Chern
and Moser [6].

4. INVARIANT CALCULUS FOR CONFORMAL STRUCTURES

The above observations suggest that the invariant theory of parabolic geometries
is simplified if we deal with bundles induced from representations of the appropriate
simple group G, or at least (g, P)-representations, rather than say irreducible represen-
tations of the parabolic structure group P. Then, as observed above, the corresponding
associated bundles have a connection induced from the Cartan connection of G. From
an algebraic point of view it is also clearly an advantage to work with G-modules as
the theory of finite dimensional representations of simple groups is understood. Thus
we will proceed with such a programme for conformal structures. However, we must of
course bear in mind that in the end we must learn to deal with a large class of bundles
which are induced from P-modules that do not extend to (g, P)-modules. The tangent
bundle is one example.

We will not deal here with the details of how the Cartan bundle G, for a conformal
manifold M, is constructed (see [31] or [9] for the details of this). It is sufficient for our
purposes to know of its existence. We will deal in more detail with an induced bundle
which we now describe. Recall T was introduced above to denote R**? equipped with
an (n + 1,1) bilinear form h. Clearly T is a representation space for G, the identity
connected component of O(h). Let us write £4, which is called the tractor bundle,
for the induced bundle G Xp T and £4 for the dual co-tractor bundle. Since sections
of £4 are functions from G to T, satisfying (6) (where now H = P as in (2)), it is
clear that h determines a tractor metric, which we will also denote by h. This is given
by h(v,w)(u) = h(v(u),w(u)) for v,w € I'(€4) and u € G or, adorning the sections
with abstract indices, we would write hspvAwA. We will describe sections of tensor
products of the tractor bundle and its dual, such as hp, as tractor fields. These may
be weighted, for example £45[2] = £4 ® £5 ® £[2).

Since P preserves the subspace E of T spanned by e it follows that there is a
corresponding line subbundle of £4 which, by some elementary representation theory,
is naturally identified with £[—1] and we write X4 for the preferred section of £4[1]
which gives the injecting morphism

E[-1] - &4
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by
p+ pXA.
Similarly since P preserves the subspace of elements of the form
0
a
b
for @,--- ,b € R, there is a natural bundle surjection
&4 €]
given by
UA - UAX,

where X4 := hypX®. (We will use hsp and its inverse to raise and lower indices in
this fashion without further mention.) In fact there is a composition series
EA = €[] + £°[-1] + £[-1). ]

If one chooses a section By of £, such that B4B4 = 0 and £ := B4X4 is non-
vanishing, then this composition series splits since £4 := £ 1B, may be used to reverse
the above maps in the obvious way. For example £[1] = €4 by U +» U€A. It is an
elementary exercise to show that such a choice of tractor field B, is precisely equivalent
to a choice of metric from the equivalence class (cf. the discussion of the flat model
above). Thus we write

(€4 = El] @ £°[-1] ® £[-1] (®)

where the [-], indicates that the enclosed bundle has been split by the choice of the
metric g. We may use this notation for sections also

U4, = ( W ) € [re4,
p

If the metric is given and understood then we may drop the [-],. Under conformal
rescaling the quantities above transform according to

If[UA]9= (:a )
p

] o
A= 2 | = P : (9)
p p—Topd — JX*Y40

0
X4, = [X4); = ( 0 ) .
1

One can use (8) and (9) as the definition of the tractor bundle. This is the point of
view in [1] for example. In any case these formulae enable explicit computations in

then

Note that
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terms of the tangent bundle and Levi-Civita connection and so forth. For example the
tractor connection V, that is the connection on £4 induced from the Cartan connection
on G, is given explicitly by the formula

o Vio—pj
Vil # | =| Vir+d'p+Pjo |.
p Vip—Pjp!

One may readily check directly that this is conformally invariant by using (9) and
(1). This calculation is given explicitly in [10]. This definition, due to T.Y. Thomas
[39], was discovered independently although slightly later than Cartan’s conformal
connection on G.

Of course the tractor connection V extends to be a connection on tensor products of
the tractor and co-tractor bundles by requiring V to satisfy a Leibniz rule over tensor
products. It is a useful exercise to verify that V preserves the tractor metric. Note
however that we cannot use V repeatedly since, for example, if U4 € T'€4 then V,U4
is not itself a section of a tractor bundle. Of course this problem would be resolved if
V,U? could be identified with a section of some appropriate tractor bundle. Another
‘problem’ with V is that it is not invariant on tractor bundles of weight w # 0.
In fact if f is a tractor field of weight w then one has (under conformal rescaling)
Vaof = Vaof + wY,f since, on £ [w], V, is just the Levi-Civita connection. As we shall
see we can deal with both of these points. .

For each choice of metric g from the conformal class define an operator D4 by

N wf
[DAf]g == (v" f)
0

where f is a function of weight w, or is a section of a weight w tractor bundle but has
indices suppressed. Let us compare D, for the metric g with D4 for the metric 3.

wf
(%)
0

wf
( vef+wlef )
0

[af]; :

On the other hand

wf
[DAf); ( Ve + wYef
—T,,V"f - %wn’r"f

[BAf - XA(Tbef + %wabe)]'E.

So
Daf = Daf + Xa(T'V:f + %T‘T.-f)-
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Thus although this shows that the operator D, is not invariant it follows immediately
from this transformation formula that the operator

Dyp: E*[w] = Eup ® £°[w]
given by,
DApf = 2X[pDA]f (10)

is invariant. Here the * indicates any tractor indices, so f in (10) is a weighted tractor.
For a given choice of metric this may be expressed

T P -
0 0 wf

DAPf= | o 0 verl (11)
—-wf =VPf 0

The operator D4p is a reasonable candidate for a conformal analogue of the Levi-
Civita connection. As observed it is invariant on weighted tractors. It is a first order
operator and, furthermore, it is clear from (11) that, at any point and, for f of any
weight, the list f, Dapf, DapDpqf,+- has all the information of the infinite jet of
f. Also Dp satisfies a Leibniz rule. To show this it is clearly sufficient to show that
D, behaves as a derivative. If f; and f, are section of tractor bundles of respective
weights w; and w, then

. (w1 +w2) i fo (wifr)f2 + fi(wafa)
DA(fifs) = V“(glfz) = f2V°f1'(|)'.f1V°fz
wfi waf2
= fa ( Ve ) +fi ( Vefs )
0 0
= f[D*fa+ f,DAfy,

as required. Finally note that it is .easily verified directly that Dsp preserves the
tractor metric, Daphpc = 0, thus the action of D4p commutes with raising and low-
ering of indices. These properties are each analogous to properties of the Riemannian
metric connection. On the other hand there remains the problem of employing this
operator on non-tractor bundles and extracting operators which take values in irre-
ducible bundles. These are essentially algebra problems and dealing with them in
general involves understanding how certain P-modules arise in the composition series
of the G-modules inducing the tractor bundles. In general this is a hard problem and
not one we will deal with directly. Rather we will describe some general procedures
for extracting invariants and invariant operators from the tractor calculus without a
direct confrontation with the representation theory.

4.1. Some tractor calculus. As an elementary example of using the invariant op-
erator Dap to construct other operators and objects consider h#ZD 4o Dig;p), f for
f some weighted tractor, where (---)o indicates the symmetric trace-free part with
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respect to the enclosed indices. A straightforward calculation using the definitions
above gives

DapXp = 2Xiphas.
Using this and expanding out the above using the definition (10) of Dsp we see that

h*®DaqDigipyof = ~X(@Dp)of (12)
where Dp : E£*w] = &€*'[w — 1] is some differential operator which is clearly also
invariant on weighted tractors.

An explicit formula for Dp is easily extracted from (12),
Daf = (n+2w— 2)Daf — XaOf, (13)
where,

Of := DpDPf = V,V?f + wPf (14)
and P is the trace of P,. From this formula it is easily verified that D, is in fact
precisely Thomas’s D-operator as in [1, 40]. Note the useful identities

XADaf = w(n+2w —2)f
and
DsXAf = (n+2w+2)(n+w)f (15)

for f a weighted tractor of weight w.

The commutators of the various invariant operators above produce invariant cur-
vature objects. The curvature of the tractor connection V on £Y, Q4Cy, is defined
by

(VaVi — VuVa)UC = Q4 LU,
and, given a choice of conformal scale, 4% is represented by

0 0 0
VPt Cufi 0 |.
0 =2V Py 0
The vanishing of this is precisely equivalent to the structure being locally equivalent
to the flat model. Using this it is straightforward to show that on flat structures
[Da,Dp] = 0 as an operator on any weighted tractor bundle. Furthermore in the
general case (that is on non-flat or curved structures) [D4, Dp]f = 0 if f has no
indices, i.e.,
[Da, Dp)f =0 for f eTE[w]. (16)

Given a choice of metric write ,45C;, for the tractor object

0 0 0
0 Q4% 0].
0 0 0

Of course this is not invariant but, in view of the composition series (7), it follows that
XaQ5c)" L is invariant and therefore so is

3
Was€L = mDKX[KQAB]cL-
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Explicitly this is given by
Wag®L = (n — 4)Qus%L + 2Xa DX Vg1, (17)

so, for n # 4 this extends £2,%, to an invariant tractor object. This also turns up in
the commutator of the tractor D,

[DA, DB]‘UC = (n - 2)WABCL‘UL + 4(n - 2)X[AQB]KcLbK‘UL,

for v€ € TEC|0], from which one can also deduce its invariance.

4.2. Invariant powers of the Laplacian. Joint work with Michael Eastwood.

The construction of linear conformally invariant differential operators is an area of
considerable interest [3, 4, 16, 20, 28, 32, 37, 41]. Some uses of the tractor D operator
to manufacture such operators were described in Eastwood’s notes [10], in particular
the role of D, in the powerful curved translation procedure of Eastwood and Rice [16]
was indicated there. In the following we will focus on a more elementary use of D4
which directly exploits the tractor calculus.

It is immediately clear from (13) that if f is a tractor of weight 1 — 2 then Of is
invariant. In the case that f is just a weighted function this is the usual conformally
invariant Laplacian or Yamabe operator. However the V, in (14) means the coupled
tractor-Levi-Civita connection and our derivation of this operator from D4p proves
that Of is invariant even if f has tractor indices. For example, if fap € I'€4p[1 — g]
then Of4p is invariant. Following Eastwood [10] we will thus say O is strongly invariant
since it remains invariant when acting on tractor fields rather than just weighted scalar
functions.

Now consider DoDp f where f € I'€[2—3]. Since [D4, Dp]f = 0 we have Dj4Dp)f =
0 (where, as usual, [---] indicates the skew part over the enclosed indices). On the
other hand Dpf has weight 1 — 7. So

0= D[ADB]f = X[ADDB]f
and it follows immediately that
DsDpf = XsXpOaf (18)

where O, f is an invariant differential operator. We can deduce immediately from
(13) that this is fourth order with leading term A%f. Of course O,f is the well known
operator which was apparently first introduced by Paneitz [34], but also independently
discovered by Riegert [36] and Eastwood and Singer [17],

Oof = A*f +4P®V,Vof — (n = 2)PAf — (n - 6)(V°P)V.f
+(n- 4)(%P2 L %AP)f.

This argument does not directly generalise to the higher order powers of the Lapla-
cian. Note however that our calculations have shown that
ODpf = —XpOaf.
Thus using (15)
DPODgf = (n— 4)0,f.
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Thus the formula on the left recovers O, except when n = 4. This suggests using

D!...DBODg---D; f
k-1

to recover the higher order analogues of the O, operator. If f € I'f[k — 3] this is
certainly invariant, since, recall each Dp lowers the weight by 1, so Dg---D;f has
weight 1 — 3. Now let us consider the case that the structure is (conformally) flat. If
the tractor connection is flat, then

Xa0D\p---Dg\Dp)Dg -+ D1 f = DiuDip- -+ DgiDpyDg -+ - D1 f =0,
since the tractor D operators commute in the flat case. Thus, in this case
ODp---Dif = Xp--- X1(AF f + lower order terms).
It then follows easily by repeated use of (15) that ,
D'...DPODg---D;f =I5} (i — k)(n — 2i — 2)A* f + lower order terms.

However the latter result must also hold in the curved case since an explicit calcula-
tion to verify this would be the same in the curved case except that curvature terms
could arise upon commuting covariant derivatives (and it is easy to see these curvature
terms must be of lower order in f). Thus D...DB0ODg---D;f gives higher order
analogues of O; except when n is even and n < 2k. This gives these operators as
explicit formulae. (However to expand these formulae in terms of the Levi-Civita con-
nection and curvature terms is extremely tedious.) The observation that the formulae
D'...DBODg--- D f would recover these invariant operators was first made by East-
wood [11]. Eastwood also observed that it is immediately clear from these formulae
that the operators recovered are strongly invariant. This is because the operators D4
are invariant on weighted tractors and, as observed above, O is invariant on tractor
fields of weight 1 — 3. The existence of these invariant operators (for £ > 2) is due to
C.R. Graham, R. Jenne, L. Mason and G. Sparling [25]. In fact they also show the exis-
tence of another in the series, namely an operator of the form A¥f +lower order terms
for f a (weight 0) function and 2k = n the dimension of the manifold. In fact one of
these was recovered above. Viz O, f in dimension 4. Note from the recovery of this as
in (18) we cannot conclude that O, is strongly invariant since the argument there used
that [D4, Dp]f = 0 which is not the case if f is allowed to take values in a weighted
tractor bundle. In fact O is not strongly invariant in dimension 4, see [10] for an
explicit proof of this. It seems likely that an adaption o£ the argument which led to

(18) will produce the conformally invariant operators A2 f + lower order terms [13].
If so this would enable the family of operators to be put in a special self-adjoint form
that would have applications in spectral theoretic questions [5] (See also [12] for some
progress on this problem).

It is worth observing at this point that C.R. Graham has shown that in dimension
there is no conformally invariant operator with principal part A3f [26] (even though
there is on the conformally flat structures). It seems likely that in even dimensions
n = 2k there will in general be no conformally invariant linear differential operators
with principal part A¢ for £ > k.
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4.3. Invariants of conformal structures and polynomial invariants. There has
been considerable interest in the programme of constructing invariants of parabolic
structures since Fefferman initiated the programme by attempting to describe the
local scalar invariants of CR structures [18]. The programme was expanded in [19] to
include conformal geometries. These both involve embedding the structure in a higher
dimensional structure which is equipped with a metric. Then invariants of the original
parabolic structures can be obtained as linear combinations of “complete contractions”
of the curvature tensor, and its covariant derivatives, of the ambient classical structure.
For even dimensional conformal structures and CR structures this ambient metric
construction is obstructed at finite order. For the cases where this works there remains
the algebraic problem of determining to what extent all invariants arise via these
complete contractions. This problem was essentially solved by Bailey, Eastwood and
Graham in [2]. It follows from this, for example, that all invariants of odd dimensional
conformal structures arise from the complete contractions alluded to. The tractor
calculus offers an avenue to avoid the problem of the obstruction to the ambient
metric constructions. In [21] is described a complete invariant theory for projective
geometries via tractor calculus techniques. However this is not a true test case in the
sense that were one to treat the projective structures along the lines of the Feflferman-
Graham approach then there would be no obstruction to deal with. Nevertheless one
can use the tractor calculus to produce invariants “beyond the obstruction” [22]. Let
us sketch here some of the ideas involved.

Just as V, and the Riemannian curvature R,;4 may be used to construct Riemann-
ian invariants, analogous complete or partial contractions involving the operator D4
and the tractor object Wapcp, introduced above, may be used to construct invariants
of a conformal structure. For example corresponding to the Riemannian invariant
V.V;(R“**R./}) we may write the conformal invariant

DDy (WP XWep’ k).

In fact using (17) and a calculation by Graham [27, 1], one obtains that this is of the
form

%(n — 8)(n — 4)*((n — 6)FG + constant x C*4.C?,Cy;),

where FG indicates an invariarit that Fefferman and Graham obtained in [19]. Note
that although, by construction, D;D;(WCPTXWp k) is clearly invariant in all di-
mensions, it goes wrong in dimensions 4,6 and 8 in the sense that the order of the
invariant drops in these dimensions. This is no surprise as invariants constructed in
this way using just D4 and Wpcp are closely related to the invariants obtained by
the Fefferman-Graham construction [19, 2]. However, as mentioned above, the latter
is obstructed at finite order in even dimensions.

This problem can be circumvented, at least partially, by direct use of the opera-
tor Dap to construct quasi-Weyl invariants. It is awkward to discuss these in the
context of invariants of structure so let us consider the construction of invariants of
sections of £[1 — 3]. This problem in the case of conformally flat structures is an
interesting model problem since the general problem is not amenable to treatment by
“harmonic extension” as in [14, 2]. For our current discussion there is no need, at this
point, to imagine that the structure is flat. For f € £[1 — }] consider the expression
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DPDRg*Bf2D 4 pDipq),f. 1t is straightforward to show that
DPD®g*8 2D s Dipig)f = (2 — n)*(3 — n)(4 — n) f20f, (19)
where, recall,
n
Of = VaVef + (1= 2)PS.

Note that (19) vanishes in dimension 3 and 4. We can improve on this result. By an
easy calculation one obtains that, in any dimension,

9*2f*DawpDipig)f = XpXqf*Of.

So f20f is an invariant for all n. However this last result depends crucially on the
fact that, for each n, the weight of f is 1 — n/2. In contrast using (12) we have that

9“2 f2DapDiig)f = X@Jp) (20)

for f of any weight. Since we know in advance that the left hand side has this form
we may as well “remove” the Xq and form DPJp. Now for f € £(1 — 3) we have

DPJp = (2 —n)*f2Of
which compares favourably to (19). The observation (20) which allowed this improve-
ment is typical of a general result. It is beyond the scope of these lectures to discuss
this is in detail but let us consider another example. Suppose we begin with the ex-
pression g%°¢**(V,Vsf)V.V.f, where for the moment we assume nothing about the

weight of f. Now formally replace each g*® with h4C, each V, with D4p (note the
upper case A corresponds to the lower case a). To obtain

hAChBE(D opDpqf)DcrDEsf,
or (DapDpqf)DArDBsf Now take the trace-free symmetric part of this
Jpqrs := (DawpDipiof) DArD%s), f.

By general elementary arguments one can show that in such expressions half the indices
arise from free (i.e. uncontracted) X’s. That is Jpqgs is necessarily of the form

Jrqrs = X(pXqJRs)»

where we will assume that Jgrs is symmetric and trace-free. One can easily show
directly that the map g(Q---V)o [w] - 8(pq...v)o [w + 1], given by fq..v — X(p fQ---V)m is
injective and it is straightforward to describe the inverting map by an explicit formula.
Thus the valence 2 tractor field Jrs must also be invariant. It follows then that
J := DRDS Jgs

is also conformally invariant. We describe this as the quasi-Weyl invariant corre-
sponding to the original Riemannian invariant expression g*g%*(V,V,f)V.V.f and
J is an explicit formula which is clearly invariant for f of all weights and in all di-
mensions. Unfortunately it is an extremely tedious calculation to describe such an
invariant J in terms of V, derivatives of f, and so establish, for example, that the
invariant is non-vanishing. However the story is different if one starts off with an
expression for a conformal invariant rather than just any Riemannian invariant. More

precisely we want now to start with an expression which is non-trivial and invariant
on conformally flat structures. Suppose, for example, that this time we begin with
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the expression I = g%¢*(V,V,f)V.V.f. As above, if we formally replace each g
with h4C, each V, with Dp and then take the trace-free symmetric part then we
obtain an expression Ipgrs which by general considerations (and without using any
information about the weight of f) we know to be of the form Ipgrs = X(pXql, RS)o-
Thus the trace free symmetric object Irs is invariant and the corresponding quasi-
Weyl invariant is DEDSIrs. One can conclude that this does not vanish when the
weight of f is 1 —  since it does not vanish on the conformally flat structures. To see
this we must note that for this weight I = g®¢°*(V,Vf)V.V.f is invariant on flat
structures (i.e. conformally flat structures with metrics such that P,, = 0). Exploiting
a general argument [22] which uses this invariance of I, one can deduce that, at least
on the flat structures,
Ips = XpXsl
thus
DEDSIps = 2n(n + 2)I.

Again this is typical of a general result and using the general results called upon above
one can show that for f € £[1 — 3] all curved analogues of (scalar) invariants which
exist in the conformally flat case arise as linear combinations of a countable set of
basic quasi-Weyl invariants and the two invariants Of and fOf. The details are in
[22].

The corresponding treatment of conformal structure invariants yields similar results
for invariants of the curvature, again the details are in [22].

5. CR STRUCTURES

with C. Robin Graham

Here we wish to give a brief description of the basic tractor calculus for CR struc-
tures. The discussion here is based primarily on joint work with C. Robin Graham.
Conversations with Kengo Hirachi, Michael Eastwood and John Lee have also been
extremely useful. Where possible the conventions for pseudohermitian structures as in
Jerison-Lee and Lee’s articles [30, 33] have been followed. Where the notation varies
from Lee’s it is so the formulae are as formally similar as possible to the analogous
conformal formulae above.

For M a smooth (2n + 1)-dimensional orientable smooth manifold a CR-structure
on M is an n-dim¢ complex subbundle 7'° C CTM s.t. T%°NT%! = {0}, where
T := TT0, We will assume this is integrable i.e. [T, T C T,

A g-form is said to be of type (g, 0) if it vanishes upon contraction with a vector in
TO! and of type (0, q) if it vanishes upon contraction with a vector in T%. We write
09° and Q%7 for respectively the bundle (or sheaf of germs thereof) of (g, 0)-forms and
(0, g)-forms. The canonical bundle Q*+1° has fibres of complex dimension 1. We will
assume this bundle admits an (n + 2)* root and denote by £(1,0) the bundle which
is the —1/(n + 2) power of Q"+, For w — w' € Z the bundle of (w, w')-densities,
& (w, w"), is defined to be (£(1,0))*®(£(1,0))*’ (these conventions are consistent with
Eastwood and Graham [15]).

Set

H =Re(T 9 T™).
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This is a 2n dimg subbundle of TM. H carries a natural complex structure map given
by J(v + %) = i(v — %) for v € T*°. Since M and H are orientable M admits a
pseudohermitian structure, viz a non-vanishing real form 6 s.t. H =kerf. Associated
with this is the Levi-form:

9(v,w) = di(v, Jw) for v,w € H (or € CH).
We will assume M is strictly pseudoconvez, that is we can choose 8 so that g is positive

definite, and we will only work with such #. Given a pseudohermitian structure 6 define
T(= Ts) to be the unique vector field on M satisfying

T10=1and T1do=1.

We usually work with an admissible coframe, that is a set of (1,0)-forms {6°}, a =
1,---,n, satisfying 6%(T") = 0 and such that, upon restriction to 7% these form a
basis for (T1°)*. Indices a, b, @, and so on, below refer to such a frame, the conjugate
frame or the dual to either of these. In such a frame the components of the Levi form
are given by g,; and are used to raise and lower indices.

A choice of pseudohermitian structure determines a connection the (Tanaka)- Webster-
Stanton connection via:

Ve = 0
Vg =0
v,J] =0
and the torsion equations,
Vo Vzlf = AbV3f
Va,Vr|f = AAVWf
Vo, Vilf = —iggVrf

where Agp = A(as) = Agzp. The curvature of V is determined by a tensor R,z (see
[33]), Aa and VzA,, and barred versions of last two. The Webster-Ricci tensor is
defined

Ry =R e
and the Webster scalar curvature
R=R,".
From these one can define the (CR) Rho-tensor:

1 1
P =032 (R,,; B MRM)
Choosing a new scale for 0
90 =00=e"0
results in
g+ Sg.
We write T, for V,.T and so forth.
Each choice of g from the conformal class may be identified with a section of the
line bundle £(—1,—1). Henceforth use g to denote the section of €,5(1, 1) which gives

this isomorphism and for each choice of CR-scale 0 < U € £(1,1), U = U, write g()
for the form determined by U:

g(U) = U“lg.
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Similarly write @ for the £(1,1) valued 1-form and write () for the form determined

by a choice of CR-scale. If V is the connection determined by 6 then VU =0 = Vg.
A change in CR-scale U — U = e~TU induces transformations to V ~ V and to

the curvature and so forth (see [33]). For example, for an unweighted co-vector v,

Va’Ub = Va’Ub - v,,’r,, - vbT,,
Vavy = Vavp + ga T
Vovy = Vo, + iT"Vavb — 1Y%V v — ivc(V,,'I'c - Tch)

(where V is the line bundle valued version of Vr) and for f € £(w,w')
Vaf = Vaf +w'Yaf

and so on.

5.1. THE CR TRACTOR BUNDLE. For a given choice of CR-scale &; is iden-
tified with a direct sum

[8,4]([1) = 8(1, 0) @ 8,,(1,0) (3] 8(0, —1)

and under change of CR-scale (as above)

g o
va=| Ta |~ Te+ Ta0 .
p p—Tbr, — 3(T*YLp +iYo)o

Write Z7 for the section of £7(1,0) giving the map Z7 : vy — 0. There is a tractor
Hermitian form h;y given by

iUV = g + oy + par

o))

(n+2)Qs = V4P — iVPA,,
where P := P} = mR. Let

§ = ~2(V°Qe + VQs + PP — Aua®).

(3

there is a CR invariant tractor connection given by

Vbo —Tb
Vyva = ViTa + 1Aa0 ,
Vip — P:Ta + Qo

for

(3}

Define

Then on an unweighted tractor
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Vio
Viva= | Vima+hgp+ Pgo |,
Vip+iA2T, — Qs0

n+2
Vop+ Fi5Pp+2iQ%7, +iSo

For a given choice of CR scale we define a first order differential operator D4 :
E*(w,w') - EA® E*(w —1,w") by

wf
DAf .= (v'li f)
0

where £*(w,w') indicates a tractor bundle of arbitrary valence and weight (w,w’).
Calculating the transformation of this under a change of CR scale one obtains

Daf = Daf + Za(TV,f + -’grb'r,,f +1To).
So, in analogy with the conformal case, we have that the operator defined by

Dypp = 2Z[p.DA] (21)

is invariant on weighted tractor bundles. In the CR case this operator is only part of
the story. Toward understanding this let us digress to the CR flat model and interpret
D4p in that context.

Voo + ;i—ﬂ’a —ip
Vova = | VoTa —iPiny + 715 P7a + 2iQu0

5.2. The flat model. In this subsection we will reuse some of the symbols introduced
above (such as, for example, Z4) to denote special objects related to the in the flat
structure. This should cause no confusion as it will turn out that the new usage is in
fact consistent with the use of these symbols in the general case.

Let W denote C**? with complex coordinates

ZO
zA = ( Z"),a:l,---,n
Zn+l

and let h;y denote the (n + 1,1) Hermitian form on W given by
ha3ZAZB = 2ReZ°Z™ + h32°2P,

where h,j is the standard positive definite Hermitian form on C*. Let us write @ for this
as a function on C**2, i.e., Q := h,5Z4ZB. The null cone is given by the vanishing
of Q. We write NV for this in C*+2 — {0}, N := {Z4 #0 : Q = 0}. The flat model
for CR geometry is the image Q of this null cone under the map C*+2 — {0} — CP,,,.
Thus Q is also given by the vanishing of @ but now where regard Q as a function on
C.Pn+1.

In this picture sections f of £(w,w') on Q may be identified with functions on A/
which are homogeneous in the sense that

F(0Z) = X3 f(2). (22)
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We will imagine that such functions are in fact (arbitrarily) extended to functions
on C**? that are homogeneous in the sense of (22). In terms of such homogeneous
functions it is easily verified that the operator Dsp on Q is given by

Dapf =2Zipdyf,

where 84 := 8/0Z4. This operator is clearly covariant under the (parabolic) subgroup
P of SU(n + 1,1) which stabilises the null ray through the point Z4. Note also that
it is intrinsic to Q in the sense that, on @, it is independent of how functions are
extended off Q. To see this suppose that f and f are functions on C**? satisfying (22)

and where _
f=f+Qfi
for some smooth homogeneous function f;. Thus f and f agree on . Then

2Z[paA]f|Q = ZZ[PaA]fIQ

since
2Zip0nQfi = ZiphypZ® fL + Q2ZpOn 1
= ZipZaf + Q2Zipoa fr
= Q2Zpogh
which vanishes on N

Thus, in this setting, we can understand D4p as an invariant and intrinsic operator
on Q embedded in the ambient CPy,,. This might inspire us to look for other such
operators. Indeed consider 2Z(50,)f, meaning (Z304 — Z40p)f. Note that

(Z50a — Za05)Q = Z5Zp — ZpZ5 = 0.

Thus by a similar argument to the one just above we can quickly deduce that D5f :=
2Z[36A] f is another invariant operator which is intrinsic to Q.

5.3. The basic invariant operators. Since the operator D,z f just observed on the
flat model is first order one would expect it to extend to the general curved setting.
This is the case and it is easily verified directly that

Dyof = Z5Daf - Z4Dpf — ZaZplivef + =2y,

defines an invariant operator on weighted tractor bundles.

The pair Dyp and D, are basic first order CR invariant operators which between
them correspond to the operator Dap of conformal structures. It requires both of
these to recover an analogue of the conformal tractor D operator:

For f a tractor field of weight (w,w'), the CR invariant operator
Dgf

may be defined by
— Z(aDp)f = K" D4 p\ D)y f- (23)

This definition manifestly gives Dp : £*(w,w') = £*(w — 1, w') as a strongly invariant
operator. More explicitly

Dpf = (n+w+w)Dpf — ZgOf, (29)
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where here
=[VV, +iwVy+w(l + ( ))P]f,

and the invariance of DB is readily verified directly usmg thlS expression. The opera-
tors Dap and Dyg can be recovered from Dp and its complex conjugate via

(n+w+w)Dapf = 2Z[pDA]f
and

(n+w+w')Dapf =2ZgDayf = ZgDaf — Z4Dpf. (25)
It is straightforward to interpret D in the flat case. Suppose that f is homogeneous

on N as in (22). Let f be a “harmonic” extension of this to C**2 in the sense that f
is homogeneous on C**2, as in (22), and satisfies

le = f and hAéaAagf-lN =0.
Then it follows easily from (23) that Dgf is given by
Dgf=Mn+w+ wl)anIN.

If n+ w4 w' # 0 one can always find such an extension and so for such weights this
determines Dpf in the flat case. In fact it seems that this “ambient” description of
D,, as well as the similar descriptions of D4p and D 4p, can be generalised to a curved
setting via the Fefferman ambient metric construction [18]. This is work in progress
with Kengo Hirachi. (Indeed it was in this joint work that we first constructed the
operator D,5.) Results along these lines for the conformal case have already been
obtained by Graham [27].

5.4. Invariant Powers of the Sub-Laplacian. In analogy with the construction of
the conformally invariant powers of the Laplacian we can use the tractor calculus to
construct powers of the so called sub-Laplacian.

Note that if f is a tractor field of weight (w, w') such that n+w+w' = 0 then from
(24)

Daf = Z,0f.
Clearly then O is a CR invariant differential operator,
D:&w,—-n—-w)2E&w-1,-n—w-1),

where * indicates any tractor indices. This is the sub-Laplacian of Jerison-Lee [29]
(in fact a slight generalisation in the sense that [29] deal only with the case that
w = w' = —n/2). One might imagine that the operator Of, which arises similarly

from Dz, would give another CR invariant differential operator on f € £*(w, —n—w).
In fact

(O-0O)f= (n+w+w')[zVof+( )Pf]

Thus on tractors f of weight (w,w') such that n + w + w' = 0 the operators O and o
agree.

In contrast the operator DAOD, f is not in general the same as D40DAf so it
seems natural to take (DA0D, + D4ODA4)f as the definition of the corresponding
fourth order operator for f of weight (w,1—n —w). It is straightforward to show this
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is non-vanishing except when n =1 and w = w' = 0. Detailed results on the higher
order analogues of these operators will appear in [23].

5.5. Concluding Remarks. For CR geometries one can define a notion of quasi-
Weyl invariants essentially by analogy with the conformal definition only now we have
two operators, Dap and D,p, available to use in such constructions. It is clear that
by an appropriate adaption of the treatment of the conformal case (as in [22]) one
can produce invariants that are “beyond the obstruction” to the Fefferman ambient
construction. However at this point a detailed study of this case has not been made.

The tractor calculus discussed above for conformal structures is based on the stan-
dard (or defining) representation of SO(n+1,1). It is also possible to instead develop a
local twistor calculus based on the fundamental representation of Spin(n+1,1). In joint
work with Jan Slovak [24] this has been described for four dimensional geometries and
their generalisation to n-dimensional almost-Grassmannian (or paraconformal) struc-
tures.
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