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1. Introduction

Let E, and E, be any Banach spaces. For sake of simplicity we will suppose that E,
is continuously embedded into E, via some linear bounded map J: E, —» E;. Now,
let E be any intermediate space between E, and E,, i.e. E, < E < E,. Suppose that
we are given a diagram of the form

where T'is some operator into F defined simultaneously on E,, E and E,, respectively.
Now we can ask the question, to what extent the behaviour of T on E is determined
by the properties of T on E, and E,. For linear operator this question is anwered
by the interpolation theory developped by Lions and Peetre during the early sixties.
In this paper we are interested in nonlinear mappings. More precisely, we are in-
terested in estimations of the norm of polynomials on intermediate spaces and in
the property of the uniform boundedness of holomorphic functions. Other properties
as compactness or g-compactness have been studied in [4] and [6]. Recall that an
intermediate Banach space E is called to be of interpolation type K(O, E,, E,) for
some parameter 0 < @ < 1, if there is some constant C > 0 such that

[x[e = Cinf {t®||xo[lg, + t*78%1 |5,z x = X0 + %4}

holds true for all t > 0 and for all x € E. In our context the following characterization
is more important: An intermediate Banach space E is of type K(O, E,, E,) iff there
is some constant C > 0 such that for all linear bounded operators Te Z(E,, F)
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the following estimation holds true
|T: E~ F| £ C|T: E, > F|*~° | T: E, - F|)°.

Concerning a proof we refer to [1].

2. Polynomials and holomorphic functions of uniformly bounded type

Let us recall some necessary definitions. For all Banach spaces Ey, ..., E,, and F
we denote by #(Eq, ..., E,,; F) the Banach space of all m-linear continuous operators
T:E; x ... x E,, » F endowed with the norm

IT] = sup {|T(xy, ..., xm)||: X:€ Ey %] < 1} .

The class of all m-linear operators is denoted by #™. For any m-linear operator
T:E x ... x E > F the function

T(x) = T(x,...,x), x€E
is called the m-homogeneous polynomial associated to T. The space
P("(E; F)) = {P: P = T for some Te ¥(E, ..., E; F)}

of all F-valued m-homogeneous continuous polynomials on E becomes a Banach
space with respect to the norm

171 = swp {ITCx, ... 9)]: =] = 13 .

For F = C we simply write 2("E) instead of #("E, C). For details we refer to [3].
Let E be any complex Banach space and let G be any open subset of E. Recall
that a function f: G — C is called to be holomorphic on G, if it is Fréchet-differen-
tiable at each point x € G. Equivalently, f is holomorphic in G, if for each xe G
there is a sequence of continuous m-homogeneous polynomials P,, , such that

7Gx+ B) = 3 Puolh)

converges uniformly for h in some neighbourhood of x. According to Cauchy’s
formulae, the Taylor polynomials can be computed by

P,..(h) = Lag fx + 4h) di .
13]=5

2ni Amt1

The function f is called an entire function on E if it is Fréchet-differentiable at each
point of E. The set of all entire functions on E is denoted by 5#(E). The number

R(f, x) = lim sup ||P,, [~ */™
m= o0
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is called the radius of uniform convergence of f at x. From now on we suppose
x = 0. Cauchy’s formulae implies

umm=§mm,

m

where S denotes the unit ball in E. Therefore, the radius of convergence can also
be computed by

R(f,0) = sup {¢ > 0: fis bounded on ¢S} .

The set #,,(E) = {f € #(E): R(f, 0) = oo} is called the set of all uniformly bounded
holomorphic functions. Now, it is very important that in contrast to the finite di-
mensional case not every entire function has an infinite radius of convergence. Let
us consider an example. For all x = (£;) € ¢, we define

f(x) = Zlél vl &y

It is easy to see that f is entire on ¢, but it is not bounded on the unit ball S, , since

07
f(Y e;) = n. Therefore, R(f, 0) = 1. But on I; we obtain fe #,(l,). In fact, if N
i=1

is any natural number, then ||x], < N implies that at most N coordinates &; of x
are larger than 1. This implies |, . ... . &| < N"|¢| for all I € N. Therefore,

/(] < NS [e] s NV

This shows R(f,0) = co. Obviously, the same argument works on each I, for
1 £ p < oo. This indicates that interpolation could preserve uniformly boundedness.
This problem will be studied now.

Proposition 1. Suppose that E, is embedded into E; via some linear compact
operator T. Let E be any intermediate space of type K(@, E,, E,). Then each entire
function f € #(E,) is of uniformly bounded type on E.

Proof. By Heinrich’s result [5], the embedding of E into E, is also compact.
Therefore, each ball ¢Sg is relatively compact in E;. This implies the boundedness
of f(eSk), since f is continuous. Hence, Rg(f, 0) = .

Next, let us study the more restrictive case, where the maps f e J#(E,) admit
only a local extension to E,. To handle this case we will use the following definition.

Definition. Let E, be continuously emdedded into E,. We will say that an inter-
mediate space E is of polynomial type Kx(O, E,, E,), if there is some constant C
not depending on m, such that

IPle = C"|P|&s® || P,
holds true for all m € N and all P e 2("E).
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Proposition 2. Let E be a Banach space of polynomial type Kx(O, E,, E,). Suppose
that f e #,,(E,) admits a holomorphic extension g in some zero-neighbourhood W
of E;. Then f admits a uniformly bounded extension on E.

Proof. Let g(x) = Y P,(x) be the Taylor series expansion of g on W< E,.
m=0

Since the Taylor polynomials are uniquely determined, this formulae can also be
considered as the expansion of f on E,. Now we can compute the radius of uniform
convergence of f on E by the rstimation

Rg(f, 0) = lim sup |P,[z /" < lim sup C|| P, [z =" | P,z £
S CRg(f,0)' R, (f,0)° = 0.
Next, let us consider two important cases of polynomial type interpolation. An
interpolation space E is called to be of multilinear type K,,(@, E,, E,), if
IM]e < [M]z° M]3,

holds true for each multilinear form M € ¥™(E,). Because of
m" m
14 = |M] = — |#] < e[ ],

where M denotes the polynomial associated to M, each interpolation space of multi-
linear type is even of polynomial type. Although not any interpolation space E of
type K(O, E,, E,) is of multilinear type K,(O, E,, E,), so at least the complex
interpolation method leads to spaces of multilinear type. This has been proved by
Calderon in 1961 (cf. [10, 1.19.4] or [2, 4.4]). Since

Ip=[ll’c0]6 fOI‘ 1§p<00, p=1/@,
we get from Proposition 2 the following Corollary.

Corollary. If f e H#(c,) is of uniformly bounded type on Iy, then it is uniformly
bounded on each I, for 1 < p < 0.

For other couples of spaces E, and E, we need some additional informations
about the quality of the embedding map. Recall that a linear bounded operator 4
mapping a Hilbert space into another Hilbert space is called to be a Schatten class
operator of type 0 < p < oo, if it admits a representation

A= leje, ® y;
=
with some orthonormal systems (e;) and (y;) and with some sequence (4;) € .

Proposition 3. Let E, and E,; be any Hilbert spaces and suppose that the embedding
map A: E, — E, is a Schatten class operator of the type ©[4 for some number
0 < © < 1. If E is any intermediate space of type K(©/2, Ey, E,) then E is of poly-
nomial type Kp(@, E,, E,).
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Proof. Let
A =jZl,ljej ®y;

be any representation of A, where (4;) is a decreasing sequence of reals belonging
to lg;4 and where (e;) and (y;) are orthonormal systems in E, and E;, respectively.
We may suppose that (e;) and (y,) are even complete orthonormal systems. Let P,
be any m-homogeneous polynomial on E, and let P, = P;A be the restriction of P
to E,. Following an idea of Meise[Vogt [7], we will estimate the polynomial as
follows. Let B be the linear hull of {y;: je N}. For every y € B the Fourier series

[+
y =j=21(y, .Vj) Vi

is actually a finite sum. Using Newton’s formulae for m-homogeneous polynomials,
we get

(1 P() = PE 02 9) = 3 aa [0 )

for all ye B, where m = (my, m,,...,m,,0,...)e N®™ runs through all multi-
indices of arbitrary length of the degree |m| =Y m; = m. To satisfy the use of the
infinite product we settle 0° = 1. J

Now, for every fixed multi-index m the coefficient a,, can be computed by Cauchy’s
Integral formulae

(2 Ay =

my+1

Q1

1 3@ P 1(!;91)’1')

< — doy ..... dg,.
(27") lesl=ny S

ceens O
If we use the abbreviation

then we get the estimation

1
Jaul < 5 sup [Pi(Z o)

ejlZny

172 1\7!
Hj = iy ’
! J <k§1 k2>

Tlewil> =X les> 1 for |off = a5

Thus we can majorize the supremum by the norm of P; on E;. This leads to

If we put

we obtain

3) o] < == [Pz, -
u

73



On the other hand, we can estimate the a, by the norm of P, = P;4 on E,. Since
y; = AA; 'x;, we get from (1) by the integral transform ¢;4; ! = o, the equation

(4) a4y = — ifﬁ Po(), o) doy . ....ds,
lojl=ny

(2mi)" A" gmtl L gmtl

which yields the inequality
1
(5) Iaml = ')),1—,‘,,1 ”Po"Eo .

Now, we estimate the restriction P of P, to E as follows. If J denotes the embedding
map of E into E;, we obtain from (1) the representation

(6) P(x) Z am H (Jx y;)mj = Zmam H {x, J*yj>mj

|ml=m

Since E is supposed to be of type K(©/2, E,, E,), the norm of the linear functional
J*y; € E* can be estimated by

[ 7%y, e < ClA*y,[1=9" |y,|®? = cai=®"2 .
For ||x|| £ 1, the inequalities (3), (5) and (6) imply

[P(x)| = ldm“jﬂ-f*yj” SI Z la | cmam-erd <

< [Polli® 1PsJE, (%)

The final sum is bounded by some constant » > 0 which is 1ndependent of the degree
m as one can see by the following computation:

o/2\m © © 0/2\k ® 6/2\ -1
() L5 - (- -
([ =m u i=1k=0\ K j=1 U;

The number x is indeed finite, since (1;) € lg;, implies (A9%[w;) < 2(jA$"*) e I,.

Corollary. Under the assumptions of Proposition 3, each uniformly bounded
holomorphic function on E, which admits a holomorphic extension to some zero-
neighbourhood of E;, is of uniformly bounded type on E.

References

[1] BERGH, J., LOFSTROM, J., Interpolation spaces. — Berlin— Heidelberg— New York 1976.

[2] CorLoMmBEAU, J. F., Musica, L., Holomorphic and differentiable mappings of uniform
bounded type, p. 179—200 in “‘Functional Analysis, Holomorphy and Approximation Theory*¢
J. A. Barroso (Ed.). — North Holland Mathematics Studies 71 (1982).

74



{3] DinEeN, S.: Complex analysis in locally convex spaces. — North Holland Mathematics
Studies 57 (1981).

{4] Gesss, S., Ein Faktorisierungssatz fiir multineare Funktionale, Math. Nachr. 134 (1987),
149—159.

(5] HeNRICH, S.: Closed operator ideals and Interpolation. — J. Funct. Anal. 35 (1980) 397—411.

{6] JunEk, H., Holomorphic functions on intermediate spaces, Wiss. Ztschr. Pid. Hochschule
Potsdam, 31 (1987) 131—137.

{71 Mazisg, R., VoGT, D.: Holomorphic functions of uniformly bounded type on nuclear Fréchet
spaces. — Preprint.

{8) TrieBed, H., Interpolation theory, function spaces, differential operators. — Berlin 1978.

75



		webmaster@dml.cz
	2012-10-06T00:19:42+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




