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s-numbers of diagonal operators and Besov embeddings 

by Rainer Linde 

Friedrich-Schiller-Universität Jena, Sektion Mathematik, DDR 

69 Jena, UHH 

Abstract 

In recent years, many papers have appeared in which the asympto-

tio behaviour of concrete s-numbers of the identity map from 

1 (m) into lgO-O bad been calculated. We shall present a survey 

of these results for estimating the asymptotic behaviour of 

s-numbers of diagonal operators and Besov embeddings. For this 

end we shall prove a new finitization method. 

Moreover we want to give some historical remarks. 

0. Terminology 

The class of all (bounded linear) operators between arbi-

tary Banach spaces is denoted by Lf while L(E,F) stands for 

the set of those operators acting from E into F. If M is a 

(closed linear) subspace of the Banach space Ef then Jjj[ denotes 
E the natural injection from M into E and Q-y- stands for the 

natural surjection from E onto E/M. 

Let ( t;«) and (°^k) be two sequences. Then ^ 4 \^ means 

that there exists a positive constant c such that Jfk 6 c nr̂  

for all k»1,2,... . The notation l k X °Xk is used, if simul­

taneously f fc -< ̂ k and «l k -< H k hold. 

Let 0-£r<oo and 0-£w -» oo. Then the Lorentz space lr 

oonsists of all bounded sequences a=( oC^) for which the 
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following expression is finite: 

II a l l„ _ | 

( _ t ( n 1 / r - 1 / w e 6 » ) w ) 1 / w f o r w < o o 
n-1 n 

sup n ' r 06* for w • 00 f 

n 

where* 06* = inf { 6 ^ 0 : card(k: \dL^ ± <S ) £ n\ denotes the 

so -ca l l ed non-increasing ^arrangement of (<^n)-> In the case 

Ic^l _i 1< 2̂1 -1 . . . i t turns out that ^ J - I 06J . 

1 . s-Uumbers 

An s-function is a map s which assingns to every operator S 6 L 

a scalar sequence (sn(S)) such that the following conditions 

are satisfied: 

(1) || SII -* s^S) * s2(S) ̂ , , ^ 0 for all SeL. 

(2) sn+m--1(S+T) 6 sn(S)+sm(T) for S fT€L(E fP) and nfm=1 f 2 f . . . 

(3) sn(BSX) -5 I | B | | s n (S) | | x | l for xeL(E Q f B) f S£L(E f F) f 

B€.L(P fP0) and n = 1 f 2 f . . . . 

(4) s n (S) «- 0 for rank(S)<n. 

(5) s (I:l2(n) — • l2(n)) • 1f where I denotes the identical map. 

We call s (S) the n-th s-number of the operator S. 

REBiARK. In contrary to earlier definitions (cf. [62] 11.1.1 and 

11.8.1) we as_rume in (2) already the additivity of the 

s-function. 

Next we shall list some well-known facts about s-funotions. 

(1) Prom SGL(EfP) and 0n(S) * 0 it follows rank(S)<n. 

(2) The s-numbers are continuous functions, namely 

|sn(s)-sn(T)l .; ||S-T | 

for all SfTGL(E,P). 
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(3) On the class of all compact operators acting between 

Hilbert spaces there is only one s-function. 

We now want to define the most usual examples of s-functions. 

Let S£L(EfF) and n--1f2f... Then we give the following definitions: 

n-th approximation number 

an(S)=inf {llS-L|[ : rank(L)< n} f 

n-th Gelfand number 

cn(S)«inf { II SjJ || : M Q E with oodim M<n } f 

n-th Kolmogorov number 

d^CSj-lnf {|| qjs II : N £ F with dim H<n} , 

n-th Weyl number 

^(S)=supjan(SX) : XGL(l2fE) with IIX II ̂ l j , 

n-th Chang number 

yn(S)=sup{a11(YS) : YGL(Ffl2) with II Y I 6 1 } f 

n-th Hilbert number 

h11(S)«sup{an(YSX) : X£L(l2fE)fY£L(Ffl2) and ll X|| , | Yll *l|. 

The relationships between these s-functions will be indicated in 

the following diagram where the arrows point from the smaller 

s-numbers to the greater ones. 

r f 
v 

Furthermore there holds the inequality 

b^S) < sn(S) 4, an(S) 

for any s-function s and all operators S£L. 



86 R.LIKDE 

If we denote by Sf the dual operator of S, then 

-^(s»)=yn(s)f jn(s-)«c^(s)f h^sO-h^Cs) 

for an arbitary operator, while the analogous equalities 

cn(SO=dn(S)f y s O - o ^ S ) , an(S»)«an(S) 

are true, in general, for compact operators only* 

Using s-functions one can define quasi-normed operator ideals 

(for the definition of quasi-normed operator ideals we refer 

to [62] 6.1.1). 

Let 0<r^oo, 0< w -= 00 and s be any s-function. (Then the ope­
rator ideal I£s4(Ef.F) consists of all operators S£L(E,F) such 

rf w 

that the sequence (sn(S)) belongs to the Lorentz space lr . 

In this case we have a quasi-norm given by 

llslL^>l| ,- !(Sn(S))|lrfJ| . 

REMARK. It is convenient to identify L £ ? ' ^ with L. 
" 00 f 00 

.An important interpolation formula for the operator ideals 

L r w ls due t0 H# K8nig M (cf. also [90]). 

THEOREM 1. Let s be any s-f unction, 0<r <r 1 -* 00 f 
O^w,w0,w1 ^ oo and 0^0<1. If 1/p»(1-.0)/r0+9/p1f then 

/T(S) L ( S ) ) Q rU) 
ro'V r1'wl 9>w ~ r»w f 

and there exists a constant c>0 f depending on the s-function 

and the numbers r , r 0 , r . | fwfw0,w.. only such that 

1 .,-<:: i -•'«i-i:!.0ii-,i«i4:i.1i9 

for all S6L(EfF). 

It was shown by J. Peetre/G. Sparr - [61J that in the case of 

approximation numbers the equality 

/ T U ) L(a) s _ L(a) 
ro , wo f r1»w1 Q*w "" r*w 

holds with equivalent quasi-norms. 
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HISTORICAL R.EIMARKS. At the beginning of the century E. Schmidt 

[73J introduced the concept of singular numbers of integral ope­

rators between Hilbert function spaces. J. v. Heumann/R. Schatten 

[59J extended this concept to the setting of compact operators 

between Hilbert spaces. The n-th singular number sn(S) of such 

an operator S is defined to be the n-th eigenvalue \ (I S|). 

Here C\n(ls|)) denotes the non-increasing sequence of all eigen­

values of the operator |s| « (SXS) ' 2 counted according to their 

algebraic multiplicities. It turns out that the singular numbers 

yield the "unique s-function on the class of all compact operators 

acting between Hilbert spaces. Prom attempts to classify compact 

operators between Hilbert spaces H. Triebel [88] gave the defi­

nition of the so-called Schatten classes 

SrfW(HfK) =- (seL(H,K) : («a(S))G 1 ^ • 

Por war this goes back to J. v. Neumann/R. Schatten [59]'# 

The following remarkable inequality is due to H. Weyl L92J» 

Por any Hilbert space H and every operator S£Sr(HfH) it is 

00 00 

(->_ l^ n(S)|
r) 1 / r -• (>_ s n(S)

r) 1 / r . 
n=1 n=s1 

Therefore inequalities of this type nowadays are called also 

Weyl inequalities. The following results are known (cf. [37] f [67] )# 

THEOREM 2. Let 0<r<oo f 0 <w -= 00 and s be one of the s-func-

tions af cf df x, y. Then there exists a positive constant cp 

such that 

«(V S))|lr,w« 4 o r , w « S Í L r ! w U 

for all Banach spaces E and all S eiAs2(E,E). 
rfw 

An important step in extending the concept of singular numbers 

of compact operators between Hilbert spaces to operators between 
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Banach spaces was the result of D. E. Alachverdiev QlJ (cf. 

also (jOj). He proved that the singular numbers of a compact 

operator between Hilbert spaces coincide with its approximation 

numbers. Later on A. Pietsch |j63j defined the operator ideals 

^r I*y ̂  as an extension of the Schatten classes. 

The definition of Kolmogorov numbers was given by I. A. Novo-

selski.i [60J• This concept is based on a paper of A. N. Kol­

mogorov [36 J dealing with the so-called diameters or widths. 

An axiomatic approach to the theory of s-function is due to 

A. Pietsch L66J . He also gave the definition of the Gelfand 

numbers as a dual concept to the Kolmogorov numbers and as 

corresponding quantities to Gelfand diameters which were defined 

by B. S. iatjagin/V. M. Tichomirov [57]. 

A survey of the essential properties of the approximation numbers 

and the Kolmogorov numbers was already given by B. S. Mit.lapin/ 

A. PeZozyfiski [56]. 

The Hilbert numbers were introduced by W. Bauhardt [_3\9 while 

A. Pietsch [67J defined the Weyl and Chang numbers. 

2. s-ffumbers of diagonal operators 

Let a=( oLn) be any sequence belonging to the Lorentz space 1^ w. 

Then we consider the corresponding diagonal operator D f which 

is given by D&( £ n ) = ( < ^ n 5 n ) . If 1 ̂  p,q ^ 00 and 

1/t >(1/q -1/p). 9 then D0 is an operator from 1 into 1„. In + a . P q 
—1 /t the special case where oin = n ' we shall denote the 

corresponding diagonal operator by D.. Since the 1 spaces are 

symmetric, without loss of generality, we can assume that 

U^ it cL2± . . . =. 0. 

Let s be any s-function. Then we ask the question for which ? 

the diagonal operator D_ belongs to L ^ l u ^ l ). The following 
a> x,w p q 



S-T04.BERS OP DLA/KFAL OPERATORS 89 

theorem enables us to reduce this problem to the investigation 

of the asymptotic behaviour of the expression 

|| l:lp(m) - > lq(m) | .£> | . 

THEOREM 3. Let s be any s-functionf and let 1 ̂  pfq 6 oo. 

Further assume that the exponents r and t are related via the 

linear equation 

1/r « /L/t + r 

for 0 £ t < t < t- -» (1/q -1/p)~ f where the parameters M. and V 

may depend upon p and q. Then the following are equivalent: 

( 1 ) I f O < w £ o o and t < t < t . f then 
o# I 

aG l t ) W implies D&e I ^ C y i , ) . 

(2) If t 0 < t < t l t then 

*r£S--\-+\X»"/T 

for n=1 f 2 f « » • • 

(3) If 0<w £ oo and t < t < t - f then 

l | l : l p ( m ) — l q ( m ) | L ( s i l | ^ * 1 / t 

for m=1 f2,-.. • 

(4) Thd estimat (3) holds for w=oo • 

P r o o f : (1) ~#- (2): The assertion follows easily from the 

relation 

for n=1f*2f*,. . 

(2) — * (3): Let a e l . - Then 
t , oo 

s n ( D a ! l p - * V 6 T | l c 1 / t ^ l c l s n ( D t ! l p " * V 

implies D
a

eLt.SOT(1p»1q>' According to the closed graph theorem 
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there exists a constant c>0 such that 

for all aGl^ . This yields 

i I:lp(m) — > lq(m) | !<*>, | t c m
1/t . 

.Finally, the interpolation formula given in theorem 1 complete 

this step. 

(3) —+> (4): trivial. 

(4) —-* (1): Let t with t <t<t.-. Since every quasi-norm is 

equivalent to an u-norm (cf. L62J 6.2.5) we may assume that 

L<-> r,o 
Further we define for lc=0,1f... the sets 

. is u-normed. Without loss of generality let u = t. 

1L «• -íneir : 2̂  = n<!2k+1j . "k 

If aGlx u , then i t follows 

I a | l t _ r - 2 <->1/t " 1 / V n > U " f~n ^ < a l A "1/U <̂ n>U 
* , u n=*1 keO n^H^ 

00 00 

= z 2k(2(
k+i>(i/t -i/»> ^ k+1)u - j s : (2(k+i)/t ol.k+1)

u. 
k-0 0 < - 2 J C + 1 - k=0 2 * + 

Let D. be the operator defined by 

'°<.ntn f o r n e S l : 

V$n> 0 for n ^ N ^ 

oo 
Then D^ » Z^ D . . Hence the t r i v i a l f a c t D Dv :1 — • 1^ [I - oL v a fcss0 Jc K p p» 2K 

and the assumption lead t o 

I-J4:J,I
 4(S0K^:iiu) i /°-o(i <«*« ^ , . , i / -

. 0 ._-„ + c(Z (2<^)/« ^ l c + 1 )u ) 1 /»i c .6.+21'* ° ' * l l . , J < » • 
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Since this is true for all t(z.(t0,tj, again using the inter­

polation formula, we obtain statemant (1). 

In the sequel we shall apply this theorem to that s-functions 

introduced in section 1. Because of the duality relations it 

is enough to consider the s-functions a, c, x and h. 

As recently proved by E. D. Gluskin [j3]> 

an(I:lp(m) — * lq(m))Xmax{on(I:lp(m) -* lqU^.d^IxlpUO — lq(m)jk 

So we can restrict ourselves to the s-functions cf x and h. 

First we shall review the known estimates of s (1:1 (m) —* 1 (m)). 

Por abbreviation we shall denote the identity operator I from 

1 (m) into 1 (m) by I m . 

3 . Gelfand numbers 

The following theorem is taken from E . D . Gluskin £ 12J, [_13J 

(of, also [66], ]78]). 

THEOREM 4* 

(1) Let 1 ̂  q ̂  p ̂  00. Then 

o„(I? „) - (m-n+1)1/q - 1 / p for 1 6 n ^ m . n p,q 

(2.1) Let 2 ̂  p ̂  q ̂  00. Then 

1/p-1/q 

(a=ati)i -2/q f o r - * a < m.m2/a 
m 

«n(-5,q) * < 
m1/<- " 1 / p for m-m2/í* - n ='m . 

(2.2) Let 1< p 4 2 6 q 4 00. Then 

(8=8+1)1/2 f o r , 4 * 4 m2/P' 
m 

cn(-S;q) x (18=511)1/2 m1/p' n-1/2 f o r m2/?'éné m 
m m«-/q -i+1 

ml/(* " 1 / p for 9 i n
m , á n á m . 

m*'* -1+1 
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(2.3) Let 1 6 p t4 q 6 2. Then 

f 1 for 1 6 n & m2/p' 
c„(I? n) - -< 1/p -1/Q 
11 ̂  \ On1'*' „-1/2)W^I for m2/p.6 a , B # 

In order to apply theorem 3f we deduce from the previous theorem 

the following 

LEMMA 1. Let 1 ^ p fq £ oo and 0 < r < o o . Then 

I $ . , ! . *&>•* »1/t 

with the following values of 1/t: 

(1) Let 1 6 q 6 p 6 oo . Then 

1/t = 1/r -1/p +1/q . 

(2.1) Let 2 6 p 4 q 6 oo. Then 

1/t - 1/r . 

(2.2) Let 1<p £ 2 < q * oo. Then 

f 1/r -1/p +1/2 for 0<r 6 2 
1/t = K 

^ 2/(p'r) for 2<.r<co. 

(2.3) Let 1 £ p *. q 6 2. Then 

r1/r -1/p +l/q for 0 < r £ 2 ]fo J ft 

2/(p'r) for 2 ^ - = ^ | < r < c D . 
1/t 

To illustrate the following results, we shall indicate the 

algebraic expressions of 1/r as a function of t, p and q, in 

the unit square with the coordinates 1/p and 1/q. On the ploted 
(a) lines one, in general, only has D e i ; ' for all u with u>r. 

BL U, w 

THEOREM 5. If 1 ̂  pfq ^ oo, 1/t > (1/q -1/p)+ , 0 < w ^ co 

and ael. . then D belongs to L£c2(lr,fl/,)f where 1/r 1 u,w a r,w p q 

values as indicated in the following diagrams. 
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O <-.t é 2 2 <t <oo 

93 

Єmpty 

І + Í . І 
i P 1 
І + Í . І 
i P 1 

' Ą A ^\ Ą 
t t + P ï 

Pigure 1 

Єřtlpty / i * i -
i f 

í 
1 

/ \ 
/ * 

p' 
гt 

І+A 

_V 
I 

REMARK. The equation of the crooked line in the right diagram 

is given by 1/t = ffij/p -1/2) ' 

4. Approximation numbers 

The next result follows immediately from the above mentioned 

relation between approximation numbers, Gelfand and Kolmogorov 

numbers. 

THEOREM 6. I f 1 6 p tq 6 oo f 1/t>(1/q - l/p ) + t 0 < w £ oo 

and a € l t w , then D& belongs t o ^ ( l p ) l q ) , where 1/r takes 

values as indicated i n the following diagrams. 

0 <t ^ 2 

^fa/ / 

4 . 
t t Г ì / i 

/ t 

Ҷ H 
/ \ 

/ t <Д-Í\ 
t ? i \ 

Pigure 2 

2 < t coo 

empty У^ / 
/ V X ^ 

A/У t 
4 

/ * / 

/ . 
/ t 

S 
Zt 

t 

/ * / 

/ . 
/ t 2± M-K 

t r p 2. \ н 
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5> Weyl numbers 

The following i s known from E41] 9 L68J • 

THEOREM 7. 

(1) Let 1 £ p <max(2fq) ^ 00 and 1 -̂  n -̂  m/2. Then 

for 2 £ p *- q ^ OD 

n i / q - i / P for 1 £ p 4 q * 2 
3 ^ C l Ptq ) * t n 1 / 2 ~ 1 / p for 1 ^ p £ 2 .<£ q ^ 00 

^m1 / (^ " 1 / p f or 1 £ q ^ p *- 2 

(2) Let max(2fq) ^ p. Then 

^ fm 1 / < l " 1 / p for 1 ^ n ^ m 2 / p 

^ ( I p ^ } X l m 1 / < l n - 1 / 2 for m 2 / p ^ n ^ m . 

Prom t h i s we deduce the following behaviour of the corresponding 

quasi-norms* 

LEMMA. 2. Let 1 £ pfq ̂  00 and 0*<r<oo* Then 

1=?., 143.11 * °1/t 

with the following values of 1/t: 

(1) Let 1 £ p<max(2 fq) ^ 00. Then 

1/r for 2 ^ p 6 q 6 00 

(1 /r - 1 / p +1/q),_ for 1 ^ p ^ q ^ 2 
1/t = \ + 

(1 /r -1 /p +1 /2 ) + for 1 ^ p £ 2 * - q * - o o 

1/r -1 /p +1/q for 1 6 q ^ p 6 2 • 

(2) Let max(2fq) ^ p. Then 

f 1/r - 1 / p +1/q for 0 < r £ 2 
1/t « i 

^ 2/(pr) -1 /p +1/q for 2 < r < . o o . 

Therefore we get 
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THEOREM 8, I f 1 ,4 p9q £ oo9 1 / t > ( 1 / q - 1 / p ) + , 0 <w *- co 

and a € l . w t then D0 belongs to Lj, -1(1.^1,.,) f where 1/r takes XfW a r f w jp q 

values as Indicated i n the following diagrams. 

0 < t é 1 

iл.* -* 
t - f 

Ì J _4 
t + f 

* 
t t p 2 

1 < t é 2 

empłjv/ 

i + л И 
- P î 

' 4 4- 4 - i 
t z Я 

i + л И 
- P î 

Ą 

t 
i + i-i 

2 < t < o o 

empły / 

к 
t 

A _4 -( 
t + P " ï 

empły / 

к 
t 

І+І--1 
t p £ 

6; Hilbert numbers 

There are recent results concerning the asymptotic behaviour 

of Hilbert number** of 1:1 (m) — * lq(m). Since \($%) » ̂ (S), 

we can restrict ourselves to the case 1 -= p1 £ q £ oo. Then 

we have the well-known estimates \_5\ $ L18J# 
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THEOREM 9. 

(1) Let 1 £ p ' < q -. 2. Then 

r m
1 A "1/P for 1 * n ^ m2/P 

• h n ( 3 5.q ) * 1 n 1 / < l n " 1 / 2 f o r m 2 / p - n 6 m 2 ^ ' 
I m n"1 for m 2 / q ' 6 n ^ m . 

(2) Let 2 6 q ^ p s = o o . Then 

m1/q -1/p f o r 1 6 n ^ m2 /P 

for m ' P 6 n ^ m . 
^ i " > x { » 1 / ' " 1 / p 

(3) Let 2 £ p f 6 q ± oo* Then 

Using entropy numbers, for the open case 2 < p < q c o o f B» Carl 

(unpublished) could prove the fo l lowing 

PROPOSITIOH 1. Let 2< p <q <oo . Then 

V ^ q ) | m 1 / q n - 1 / 2 f o r m 2 / P ś n fe m . 

I t i s a l so known that i n the case 2 < p < q < o o the inequal i ty 

, f m 1 / q - 1 / P for 1 ^ n ^ m2 /P 
V^.q) • \m1/qn-1/2 f o r m 2 / p ^ n J . m 

is true (cf. [18]). This yields 

LEMMA 3 . Let 1 ̂  ptq £ oo and 0 <r <oo. Then 

I ̂ ,q ' 4*1 'I ̂  » V t 

with the following values of 1/t: 
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(1) Let 1 - p* - q - 2. Then 

1/r 

1/t - \ 2/(q«r) -1+2/q 

2/(pr) -1/p +l/q 

(2) Let 2 - p,q - oo. Then 

1/r -1/2 +1/q 

(2/(pr) -1/p +1/q)+ 

(3) Let 2 _ p ' - q - o o . Then 

1/t - (1/r -1/p +1/q)+ 

97 

1/t -= 

for 0 < r -- 1 

f o r K г - 2 

f or 2 < r < oo. 

for 0 < r á 2 

f or 2 < r < oo. 

f or 0 < r < oo . 

Therefore we get 

THEOREM 10. If; 1 __ p,q -_ oo, 1/t>0/q -1/p)+ f 0<w -- oo 

and a£lt w, then Da belongs to L£ ̂ (lptlq)t where 1/r takes 

values as indicated in the following diagrams. 

1 < t - 2 ( K t - 1 

1 
t 

i + 4 * 
t ? 2 

1 + i _ 4 
t г 

1 + i - H 
t ү <| 

e m p V ^ 

/A\ 
B' 

i + 4 _И 
t p 1 

в 

i + 4 _И 
t p 1 

І + І _ Ł 
t 2 Ч 

i + i - i 
t p ч 

2 < t <oo 

ômp y / 

Ä 
І Л _ І 
tTp z 

Ą 
/ A 

t 

t 2. ì 
• í< i - i - i 

f Ч 

--*W-î> 
*--r<w-î> 
B . f ( | + 1 - | ) 

B. . f ^ . j f - , ) 

Figure 4 
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HISTORICAL REMARKS. The first results about s-numbers of 

diagonal operators are due to soviet mathematicians. These results 

are formulated in the language of diameters of subsets of normed 

spaces. 

Already in 1954 S. B. Stefocin [Q{] showed that 

^(1:1., (m> - * l2(m» =- (2=|±i)
 1'2 

Later on M. I. Stesin [Q0[] was able to prove 

cL(I : l (m) - * 1 (m>) =- (nHn+1)1/cl " 1 / P 
*X jJ \± 

for 1 -^q^-p^oo. After the axiomatic approach to the s-number 

theory in 1974* many further estimates of this kind were obtained. 

Pirst A. Pietsch [_66J extended the result of Stesin to approxi­

mation numbers and Gelfand numbers in the following way. If 

1 £ q £ p £ oo, then 

an^,q> « «*<?,,> "
 d^(I?.q) B <«»1>1/q "1/P • 

The behaviour of these three s-functions in the case 1 6 p<q £ oo 

had been unknown for a long time. Using number theoretical methods 

R. S. Ismagilov £24] obtained the estimate 

J/2 1/P 
^(IJlpd) — ^ ( n O H (8L_> 

for 1 £ p ̂  00. With the help of random matrices B. S. Kashin [32] 

and B. S. Hitjagin [55] improved this for p=1 as follows 

a^dxl,(m) ̂ ^ ( B j J - ^ d ^ i a ) -* loo(m))< ̂ 1 / 2(ln » ) 1 / 2 . 

It turned out that random matrices are an useful tool for these 

investigations. So B. Carl/A. Pietsch ["5j could prove the 

estimate 

an(I:lp(m) -*lp,(m)H n"^ 2 +1/P m-ZP* (ln(2m))1/P " 1 / 2 

for 1 6 p £s 2# ?y deducing this problem to a combinatorical onef 

K. Hollig JJ9^ was able to improve the result of Carl and Pietsch* 
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He obtained the estimate 

a ^ I . y m ) -* VWK»-3/2 +1/p ,.Vp' ( ^ £ )
2 / p "1 

for 1 6 p 6 2. Recently E. D. Gluskin [13] succeded in solving 

the whole problem. He determind the exact asymptotic behaviour 

of sEgClsl (m) —* 1 (m)) for s equal to af c or d. 

Moreover his results imply the relation 

a ^ d i l p W -* lq(m))Xmax-[cn(I:lp(m) -* lq(m))tdil(I:lp(m) ^ i q ( m ) J 

already mentioned above. 

The concept of Weyl and Chang numbers was developed by A. Pietsch 

£67] in 1977. He also gave the first estimates for these numbers. 

Then it was C. Lubitz £41] wk° determined all r such that the 

diagonal operator D & with a€.l^ belongs to ̂ Xi(lptl a)
# y ° r 

this purpose he used the results of Pietsch and Gluskin. 

The first estimates of Hilbert numbers go back to W. Bauhardt £3] 

and B. Carl/A. Pietsch ["5]. Recently by results of S. Heinrich/ 

R. Linde pi 8] and B. Carl, it was possible to calculate the 

asymptotic behaviour of Hilbert numbers of diagonal operators. 

7. s-Humbers of Besov embedding3 

Let ££ be a sufficiently smooth region of R . The main theorem 

in the theory of Besov spaces ia the following. 

THEOREM 11. Let 1 £ pfq 6 00 and q ,6 € R such that 

(9 -G)/H>(1/p -1/q) + • Then B|(5i) is continously embedded in 

B (Si). Moreover the embedding operator is compact. 

Por the definition of B*(&£) := B-f^CCi) we refer to the mono-
P PtP 

graph of H. Triebel ["91] . 

Using the results of Z. Ciesielski [6], S. Ropela [71] and 

Z. Ciesielski/T. Pigiel [7] about spline bases, it turns out 
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that up to finite dimensional perturbation there exist two 

invertible operators U and V such that the following diagram 

beoomes commutative: 

J 
-»--Ç(í7.ì) 

r-1 

•-»• l„ 

Here the number t is determined by the relation 

1/t = (§ -G )/» -1/p +1/q . 

So it is possible to carry over all results concerning diagonal 

operators to Besov embeddings. 

HISTORICAL REMARKS. As already mentioned, A. g. Kolmogorov £36] 

Introduced in 1936 the concept of the n-th (Kolmogorov) dia­

meter (̂ (K,?) of a subset K of a normed space P, 

d^K.F) * inf sup inf II x-y|P|| Ф 
Ћ S P xeK jeЋ 
dimH<n 

So compute Kolmogorov diameters of the unit ball of Sobolev 

spaces V. E. Majorov L42J used a discretization method (of. 

also E. D. Gluskin jjl] )• 

In this paper the method of discretization (finitization) with 

the help of quasi-norms is presented for the first time. 

It holds the following relation between the n-th Kolmogorov 

number and the n-th Kolmogorov diameter. If S£L(EfF)f then 

d^(S) * dn(S(UB)fP). 

In this notation the first results are due to Kolmogorov himself. 

He proved that 

^(Jswf [0fl] -*L2[ofl]) X n"? "~ . 
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In the sequel the main interest was concentrated on the so-

called Sobolev embedding J:W^(5i) — ^ L (£.}) f which exists for 

§/U>(1/p -1/q)+ • The following table contains the asymptotic 

behaviour of ̂ (JiwSfO,l] — * L fofl] )• 

Simultaneously it gives a historical order of these results* Let 

1 4 pfq = oo and §> (1/p -1/q)+ • .Then 

• <--( JiwjB), 1] — Lq[0,l] ) X a-
f( S -Pt«> 

Ptq s f ( $ tP.q) author 

p«q=:2 0< § < oo S Kolmogorov jjîб] 

p=oo t q=oo 
q»2 

0 < Ş < oo 
' S • " 

SteSkin [81] 

1 óp-sqéoo 0 < ӯ < oo s BaЪaïanov/ £2] 
Tiohomirov 

1.ép.ó2f q»2 J - І<S< 00 s-ł*ł Ismagilov [23] 

P=1, q=oo 1 <5 < °° s-ł Joffe/ [28] 
Tichomirov 

p=oo f16q£æ 0 < § < oo .? Makovoz (47] 

1 =q.=p=oo 0 < ӯ < oo s Tichomirov JвбJ 

16péqé2 1 - 1 < P < 00 p q ^ З ^ s-łЧ Ismagilov [24] 

1épé2»q^oo 1 <^> < oo s-ł*ł 
Kashin [32] 

2«p=qéoo 2<S< <*> s 
Kashin [32] 

p=1 f 2=q=oo 1 - Ь $ < 1 l < ş - 1 + l ) Kashin [35] 

1épé2бq^oo 
ï<Sѓ' s-ł*ł Gluskin p г ] 

Lubitz [41] 1épé2бq^oo 

p q 3 p fó-ł*^ 
Gluskin p г ] 

Lubitz [41] 

2ópóqéoo 
" q 

s . 

Gluskin p г ] 

Lubitz [41] 

2ópóqéoo 
1 1 

1 1, ^ г • î> " <ï І<s-И> 

Gluskin p г ] 

Lubitz [41] 

2ópóqéoo 

P " '<- ^ 1 _ Ž 
q 

І<s-И> 

Gluskin p г ] 

Lubitz [41] 
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