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PRODUCTS OF LOCALLY CONNECTED LOCALES 

I.KHz and A.Pultr, Prague 

Products of connected topological spaces are connected for a 
very simple reason: in X * Y one has the connected copies Xx{y} of 
X and it suffices, e.g., to cross them by a connected {x}XY. More 
generally, if X is connected and Y general, and if X X Y is decom­
posed into two disjoint open sets U^, U^ we can consider again the 
connected Xx {y} and realize that each of them is contained either 
in U>| or in U*. ; this gives rise to the obvious decomposition Y -= 
V, V Vr such that U£ = X* V̂ ,. 

Now when dealing with general locales one cannot imitate the 
mentioned reasoning. We do not have the points which have been so 
important. The question naturally arises as to whether the facts 
hold true at all, i.e.: 

Are products of connected locales connected? 
More generally if A is a connected locale and if 

1(A0 B) = a1v az with a„A aL = 0, is there a decomposi­
tion 1(B) = b4v b^ such that at = 1(A) ebi? 

The first of the mentioned problems seems to be open, the second 
one is answered in the negative (a counterexample, which is rather 
complex, will be presented elsewhere). The purpose of this article 
is to deal with the simplest positive case, namely that of locally 
connected locales. Namely, we prove that the answer of the second 
question is affirmative if A is a product of connected locally con­
nected locales (see Theorem 4.7 and also 4.8). We prove, too, that 
the answer is affirmative in the case of general connected A and 
locally connected B (Proposition 4.10). Besides, the almost trivial 
case of A a product of spatial locales and B spatial is dealt with 
(Theorem 3.12). 

The usual notation and terminology of the theory of locales 
is used (as, e.g., in[2"]f[3])# In the definitions of connectedness 
and local connectedness we keep the classical form, not the modi­
fied one from C4l. In expressing facts, the locale point of view 
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Is preferred (to keep parallel with the topological spaces), on the 

other side, for simplicity reasons, we count and work with symbols 

in frunes (see 1.1 and, in particular, section 2). 

1> Preliminaries 

1.1. A frame (locale) is a complete lattice A satisfying the distri­
butive^ law 

aA Vb: = V (aAbJ. 
J 3 

The bottom resp. top of A will be denoted by 
0(A) resp. 1(A) 

or simply by 0 resp. 1 if there is no danger of confusion. A locale 
A is said to be nontrivial if 0(A) / 1 ( A ) . 

Frame morphisms are mappings f:A—*B such that f (0) * 0, f (1) = 
= 1, f(a,A ax) = f(a/J)Af(a1) and f( V a.j ) = V f ( a - ) . The resulting 

category will be denoted by 

Frm, 

its opposite, the category of locales, by 

Loc. 

Throughout the paper we will often use the locale point of 

view while the notation will be kept as in .Frm. Thus, we may speak 

about a sublocale B of A, but represent it as a surjective morphism 

f:A—*B. Or speaking about products of locales, the diagrams will 

be written as coproducts of frames. 

1.2. For a topological space X denote by 

0(X) 

the locale of its open sets. If f :X—>Y is a contir&us map then 

cD(f): «D(Y) >JD(X) defined by J0(f)(u) = f"d(u) is obviously 
a frame morphism. Thus, a (covariant) functor 

£) :Top—>Loc 

is obtained. A locale isomorphic to an «£?(X) is said to be spatial. 

1.3> A subset USA of a locale is called cover if V/u = 1, it is 

said to be a basis of A if 

Va<?A 3u(a)£U s.t. a = Vu(a). 
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Obviously, each basis of A is a cover of A. 

1.4. For an element a of a locale A denote by 

the interval {xlx^a}. It will be viewed as a locale endowed by the 

0, A and Vfrom A and by l(Cal) = a. 

The frame morphism 

P c Po,sA—*[a] 

given by p(x) = a A X represents the embedding of £a] in A as a sub-

locale. 

1.5. The complement of an x^A, i.e. the largest y€A such that 
X A y -= 0f will be denoted by 

x. 
An element is said to be complemented if 

x v x = 1. 

1 .6 . Let U be a subset of a locale A# A U-chain between a,b^A i s 
a sequence u, , . . . , u ^ in U such that 

a A u 4 /- 0 , u«tA uu4 j- 0 for i - = l , . . . n - l , 
and u ^ A b / 0, 

A subset UcA is said to be chained if there is a U-chain between 

any two of its elements. 

1.7. We say that sublocales f :A—>B and g:A—»-C meet if there is a 

commutative diagram in Frm 

A:CT ^ 5 D 

i ^ c ^ " ^ 
with a non-trivial D. 

A system *5* of sublocales of A is said to be chained if for 
any f ,g in *F there is a sequence 

f = *Offi >•••> f4U = S 

in W such that f± meets f ^ for any i = 0,...,n-l. 

1.8. Let U be a cover of A# For an xeA put 

£(x,U) = {ulu<:U and there is a U-chain between x and-u}, 

c(x,U) = Vt(x,U). 
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Obviously, 

x & c(x,U), and 
c(x,U) is complemented. 

(Indeed, 1 = V U = c(x,U)vd where d = V(U ^£(x,U)). Obviously, 

c(x,U)A d = 0.) 

1.9. A morphism f:A—»B is said to be dense if 

f (a) = 0 => a = 0. 

More generally, a system of morphisms f^ik—tB^ (ieJ) is said to 

be collectionwise dense if 

(Vi f£(a) = 0 ) -=> a = 0. 

1.10. Lemma: Let f^A—> B . j ( i 6 J) be collectionwise dense, let a,b 
be complemented in A and let f .£(a) = f . j (b) for all ie J. Then a = b. 
Proof: W e have f^aAb) = fita)Af:[(b) = f£(b)Afj(b) = 0, hence 

a A b = 0 and similarly a A b = 0. Thus, a = aA(bvb) = a.Ab = 

= (a.Ab)v(aAb) = (ava)Ab = b. O 

2« What we will need on products 

2.1, Products of locales A ̂  will be dealt with as coproducts of fra­

mes 

<A3-*§3A^Ve;i • 
If aifc e ki^ , the symbol 

(+) a*'„ *P •••®a%t 

stands for 

<U4 (a;4 ) A ... q . u ( a ^ ) . 
To simplify the notation, the elements of the form (+) will be often 

written as 

®a,i ( = ̂  q<,(aO )• 
Then, of course, we must not forget that all but finitely many a 

are equal to the respective 1(A^)# 

If f<:A£—•Be is a collection of morphisms then ®f^ : (&kj—* 
* ®&l designates the naturally resulting morphism between the . 

products (defined by ©f^^qj = qjcfj)» In the case of small collec­

tion we write f #g, f,® »-..©f,n etc. We see easily that ®fi (4& a^) = 
= ff.(ai). J 3 

2.2. We will need the following properties of the products (see,e.g. 

CI]). 
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(od ) The elements of the form (+) constitute a basis of $ A^# 

( (3) Let us call an element (x^) of the cartesian product ̂ A ^ 

acceptable if x^ = l(A^) for all but finitely many i. Let M be a 

set of acceptable elements such that 

(1) (xii).]€M& (Yi,y^<x;) & (y^)jacceptable => 

=>(yJ3€M. 

(2) Let (x^r ) ^ e 3 € M be such that for i A ic xir* x^ 
independently on r£R. Put x, = \J x., .. . Then 
(xt),cM, "*R 

Then if 

S a* <Vlfx,|(xO.,6M}, 
we necessarily have (a^)-, € M. 

( jf) © a . = 0 iff 3k,aw = 0. 

( 5~) If ak / 0 for k A $ and ® a^ 4 ©fy then aj £ b . j . 

2.3. Proposition: Let a^ = l(A^) for all but finitely many i€ J. 

Then ©[a^l is isomorphic to L®a.v3« 
Proof: Consider the subobjects 

p: & k^ >C^a^ l r 

Pk:Ak—*Eakl 
(recall 1.4) and the coproduct of frames 

( q k : A k — - > e A J k e ] . 

Define 

by putting q^(x) -= © x ^ where x^ = x and x^ = a^ otherwise. It is 

easy to check that 

q^ are frame morphisms, 

for xti< a<; (and all but finitely many = a^), A ^(x^) c 

s ^ ^(x-i^t and V P * = P^Qk* 
Let f k:laj—*B be frame morphisms. Then there is a if : ©At-—*B 
such that <-f* qk = f^p^. For u cL^a^l put f(u) = vf> (u). Thus, f 
obviously preserves 0, A and V • Moreover, f(l(C@a^*] )) -= 
« <P (/qk(ak)) = A cp qk(ak) = Af k(l([a kD) = 1(B) so that f is a 
morphism and we see immediately that foqk = fk. Finally, if f&q£ * 
= ffc,we have f(0x^) = f ( A q^(x40) = f(Aqi(x.t0) = A fq^(x^) = 
= Af^(x A0 so that f is uniquely determined. B 

2.4. Lemma: Let (ti :A—•A^L be collectionwise dense. Then so is 

(tc ^18:A^ B — > A,® B) 3 . 

Proof: If u e A O B , u ̂  o then there are a,b /- 0 such that a<©b<u. 
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Thus, ( f t ' $ l ) ( < 0 ^ (f^S l)(a€>b) = f . i (a)e b / 0 for some i . O 

2.5,"Lemma: Let x = l 6 u be complemented in A(DB. Then u is comple­

mented and x = l$>u. 

Proof! We have (leu) A X = 0 and hence 16 u £x. On the other hand, 

write x « V y^fcv^with y^t 0. Since X A X = 0, we have y ^ © ( V ^ A U ^ 

= 0, hence V ^ A U = 0 SO that v^* u. Thus, x £l<£u.Q 

3. Connectedness and local connectedness. Regular cuts 
3.1, A non-trivial locale A is said to be connected if the only com­
plemented elements in A are 0(A) and 1(A)# An element aeA is said 
to be connected If a >- 0 and there is no decomposition a = a^v a^ 
with a^ / 0 and a>lAal = 0, 

Observation! The element a is connected iff the locale £a} is 
connected, 

3.2^ Lemma! If 0 / U S A is a chained set of connected elements then 
V u is connected. 
Proof! Standard! if V u = avb, aAb = 0, we have, for any u€U, 
u = uA(avb) =(uAa)v (uAb), hence either u Aa = 0 or U A b = 0 
so that finally u<b or u<a. Now if u i a and v4b, there is obvi­
ously no U-chain between u and v. Thus, either V u = a or V u = b.D 

3.3. Corollary! For each connected X G A there is the largest con­

nected c(x) such that x^c(x) (namely, V {u|u connected, u^x]p). 

For any two non-void x,y either c(x)=c(y) or C ( X ) A c(y) = O.Q 

3.4. Corollary! If A has a cover U consisting of connected elements, 

it has a disjoint cover consisting of connected elements. O 

3.5. From 3.2. and 1.8 we immediately obtain 

Corollary! (1) For any cover consisting of connected elements and 
any connected x£A we have c(x,U) = c(x). 

(2) If A is connected then any cover consisting of connected 
elements is chained. 

3.6. A locale is said to be locally connected if it has a basis cont-

sisting of connected elements, 

3.7. Observation: Let A be locally connected. Then for any a* A, a 

is locally connected, Q 
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3.8. From 3.4 we immediately obtain 

Corollary: Let A be locally connected. Then there is a system (a,) 

of connected elements of A such that 

(1) Va< =i(A) 
(2) i * i ^ a>CA a> = 0 . Q 

3.9. A couple of non-trivial locales (A,B) is said to have regular 

cuts if each complemented x in AtBB is of the form l<Bu. 

3.10. Remarks: (1) Obviously, if (A,B) has regular cuts then A is 

connected. 

(2) Equally obviously, A is connected iff (A, 2 ) has regular 

cuts. 

(3) In classical topology, whenever X is connected then the 

clopen sets in Xx Y are of the form XxU with U clopen in Y# Thus, 

the property of regular cuts is contained in the connectedness of 

X. The situation in general locales is different. There exist con­

nected A such that (A,B) do not always have the regular cuts. An 

example is rather complicated and will be presented elsewhere. The 

purpose of this article is mainly to show that the products behave 

well with respect to connectedness at least in the locally connected 

case. 

3.11. Theorem: Let there be given a collectionwise dense chained ; 

system f̂  :A—> Ac (i*J) of sublocales of A# Let (A^,B) have regu­

lar cuts. Then (A,B) has regular cuts. 

In particular (recall 3.10.(2)), if Ai are connected, A is. 

Proof: Let x c A ^ B be complemented. Thus, obviously, (f^ei)(x) 

are complemented in A^© B and hence equal to 1 (A{) e u.; f or some 

(complemented) u^ in B. 

Now consider f̂ ,ft which meet so that there is a commutative 

diagram 

with non-trivial D. We obtain 

i W & u . t = (g^L)(f^©i)(x)=(h<91)(fiei)(x)= l(D)<£>Ug. 

and hence (1(D) ;- 0(D)) u.t=uj . Taking into account that (fj )j is 

chained, we infer that ut=u for all i. Thus, Vi (f^eiMx) = KA^.&u 

= (fcei)(i(A)©u) and hence x = i(A)©u by 1.10. Q 
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5.12. Theorem! Let A be a product of connected spatial locales, B 

a spatial locale. Then (A,B) has regular cuts. 

Proof: Consider A = <& A i f A± -= JO(X^), Xj connected, B -= jC? (Y). 
Recall that the natural projection 

3C : f oO(X^)© J D ( Y > — * t f ( X x A * Y) 
obviously satisfies 

and hence it is dense. Now let x be complemented in A ^ B # Then 3c(x) 
is clopen in X x,c y Y and since X x i is connected, 3t(x) = Ay u for 
a u clopen in Y. Thus, 

7r;(l(A)eu) = A * u » tt(x) 

and hence, by 1.10, x = l®u. • 

4.Products of connected locally connected locales 

4.1. Throughout the following paragraphs 4.1 - 4.8, A ̂  (i<?J) are 

connected locally connected locales, B a non-trivial locale, A = 

ss ̂  A^, and x is an arbitrary but fixed complemented element of A© 

$ B. 

Sometimes we will wish to point out a particular "coordinate" 
of a basic object ® a. Sb. Then we write 

0 a , ® a» ®b. 

4#2. An element © a. (&b is said to be exact if there are b, ,b., such 

that b = bfv b^ and 

©a.feb,, < x and © a ^ ©b.^ < x. 

4.3 . Lemma; Let © a ; © a ? e b (mG-M) be exact and le t the system 
{a^lm €M} be chained. Then $ a . ^ V a t ^ b is exact. 

Proof: We have b = bfv b ^ such that 

$ a - e a. e b ^ i x , ® aH $ a j ^ b ^ * *• 
Hence, 

( $ a ; $ ( a ^ A a p ^ M A x = (<£ a46 a?fcb) A (( 0 a,© aj-fcb) AX)= 
= ( © a . « a ? e b ) A ( © a ^ * f l j 0 b f ) -= © a,ce(aJ*A a f ) ©b^ . 

On the other hand, since A is commutative we can reverse the roles 
of m and n to obtain that 

ЛИ/ (©a;<B(a.jAaIJL)<£b)A x * ® a , * (a^A a?)© b* 

Comparing the right hand sides and recalling 2 #2 #(£) we see that 

if â  A â  / 0 then b„ = b4 • Consequently, since (a^jmeMj is 

chained, all the b^ are equal to a unique b^. Similarly we see 
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tha t b^ = b z for a l l m. Thus, 

Q? a^ e V a^ 0 b, 4 x, © a.^e \J a*? e b - < >Z . O 
M * * M ' 

4 .4. We will say that © a ^ e b is c-exact if for any connected 
ĉ  4 a<, 0 c e b is exact. 

4 .5 . Observation: If ® a ; $ b is c-exact, a ^ a (and a l l but f in i ­
tely many â  equal to 1) and b '4 b, then ©a^eb is c-exact # D 

4.6. Lemma: (1) If ®a* e b ^ d n €M) are c-exact then ® a . ^ ( V b ) 
is c-exact. 

(2) If 0 a © a ^ ^ b (m£M) are c-exact then ^ e V a ^ b 

is c-exact. * « * * **» " n * 

Proof: (1) is obvious. 

(2): Here we will use the local connectedness of the locales 
. Aj . Put a; -= V aj°. Let ĉ  ̂  a^ be connected. Write 

C /. Aa^ -= V{d'^lkeK(m)} 

with d^ connected. Thus, 

Cj -= V(d7\m€M,k€K(m)). 
Since ĉ' is connected, [d^\ m eM,k sK(m)} has to be chained (recall 
1.8) and consequently the statement follows from 4.5 and 4.5.O 

4»7# Theorem: Let A^(i£j) be connected locally connected locales. 

Put A B © A^# Then, for each non-trivial locale B, (A,B) has re­

gular cuts. 

Proof: Let x be complemented in A©B. Write 

x -= \/( 0a i reb,) , x =- V ( 0 a ^ e b r ) . 

Thus, all the y a ^ e b ^ with r € RuS are c-exact (in fact, exact) 
and 1(A(JB) =- xvx *J$fM( ©a^eb^.). Recall 2.2. ( (5) and use 4.5* 
and 4.6 to obtain that 1(B) -= b4 v bz such that 1(A)© bA < x and : 
1(A) <£br < x which immediately yields x = l$b 4.Q 

4.8. Thus, recalling 3.10.(1) we immediately see that the product 

of connected locally connected locales is connected* 

In fact, we have 

Theorem: The product of any system of connected loc;ally connected 

locales is connected locally connected. 

Proof: It remains to prove the local connectedness. Let «Bi be basis 

of A^ consisting of connected elements. Since A = ^ A^ is genera­

ted by all the <5> â  with all but finitely many a- equal to 4.(Â ), 
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we see easily that A is generated by the elements 

>*r\ :J 

with b^ G TOj for finitely many i and b^ = l(At-) in the remaining 

cases. By the Observation in 3.1 and by 2#$ it suffices to show 

that ® tbjjare connected. This follows from 3.7 and 4.?. • 

4«9. Lemma: Let 1(A) = V a^ with mutually disjoint connected a^. 

Then each complemented x in A has the form V a: with some K ̂  J. 

Proof: Let x be complemented. Since a^ is connected and a^ = ( a ^ x ) / 

V (a^ A x) we have either a ^ x o r a^ ̂  x. Put K = (i)a^ £ x}. Q 

4»lo. Proposition: Let A be connected and either A or B locally con­

nected. Then (A,B) has regular cuts. 

Proof: If A is locally connected, the statement follows from 4.7. 

Let B be locally connected. Ejy 3.8 we have a system (bj)-j of connec­

ted! lc\€B such that Vb^ -=- 1 and b^A bf = 0 for i A j. Then, 1(A#B) 

= ̂ V l(A)©h; with disjoint summands. Since each A©[bLclis connected 

by 3#7 and 4.7 (with the roles of A and B reversed), A0 [he] is con­

nected and hence finally l©b^ is. Now if x is complemented, we 

have by 4.9 x = V l€>bv = 1© V b..Q 
n e k * K: * 
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