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ІЮRIZON.TAL L I F I OF TENSOR FIEDS OF TYPE ( 1 , 1 ) FROM A MANIFOLD TO ІTS 

TANGENT BÜNDLE OF HIGHER ORDER 

J a c e k GMCARZEWICZ, SaLima MAHI, Nouredd ine RAHMANГ 

INTRODUCTIQ3S: 

L e t M be. a m a n i f o l d o f d imens ion, n , P(M»G) be a p r i n c i p a l f i b r e . 

buiidLe a n d T be a c o n n e c t i o n i n . P(M*G). L e t E = E(M,F,G*P) t h a . £Lhra 

bundLa a a a o c i a t e x i w i t h P(M*G) and with, a a t a n d a n d a r d f i b r e F . 

Tha c o n n e c t i o i x T d e f i n e s a h o r i z o n t a i . L i f t o f v e c t o r . f k l t a from M 

t o E* I f X i a a v e c t o r f i e l d a n M,, t h e n we d e n o t e by Xr t h e h a r l z o n t a L 

L-Lft a f X. to. K w i t k r e s p e c t t o T ^ 

L e t F be a t e n s o r f i e i d o f t y p e (1*1) on M» We can d e f i n e a t a n i a a r 

f i e L d F a f t y p e (.1*1) on. S s u c h t h a t 

?(XH ) = CFX)E 

far every vector fieL-d X an M- We W.LLL Look for such a cojcijst-j-n-kci-i-oit 

that the. mapping F • F has !,n_Lcen aLgehralc propartiaa which permit 

us ta proLong geometric structures, from M to, E. 

This prabLem has been atudied for severui £Lhre bundLes assaciatad 

with the principai fibre bundie of Linear frames - in these cases the.-

the given conriaction has been a Linear connection on M. In particular, 

K.. Tano,, S. Ishihara and E. M. Patterson studied this probLem in the 

case of tangent and cotangent bundle [12], [13]> J* Gancarzewicz and 

H» Rahmani in tha case E = T*M ® TM [5] and N.. RahmanL in the casa. 

TPM = T*M® *.•<£ T*M® TM€> ... @ TM [11] . The abava probLem. fas ' 

aLsa studied' by M* da Leon and M. SaLgada [7"] in the case of the fLhra 

bundLa of framaa of arder 2. (It ia the unique caaa with a connection 

of ]c_ighar arder») 

In thla paper wa propose a sol ution af thia prabLem. in the caae af 

the tangent bujidLa a,f arder r. The tangent bundLe of arder r wiiL be 

denoted by TTE+ 

This paper is in finaL form and no- version of it wiLL be submitted 
far publi C-atLon eLsewhare. 
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I n Sec t ion I we. r e c a l l main r e s u l t s about x - l i f t s of functions, and -
v e c t o r f ie lds , t o tha tangent bundle of o r d e r r . 

I n S a c t i a n a I I and I I I we study the h o r i z o n t a l l i f t , of vec to r 
f i e l d s to T̂ M and wa c h a r a c t e r i z e t ha b r a c k e t a of v e r t i c a l and 
h o r i z o n t a l v a c t a r f i e l d s — t h e s a r e s u l t s w i l l be. used i n the next-
s e c t i o n . 

A d e f i n i t i o n of a h o r i z o n t a l l i f t s , of t e n s o r f i e l d s of type (1,1) 
from M to T1!-' w i l l be. proposed i n Sec t ion IV. Also i'Ls a l g e b r a i c 
p r o p e r t i a s w i l l be atordied.. I n the caaa of t h a t angen t bundla TK = T M 
aiir de fLni t ion co inc ides with, the d e f i n i t i o n dne to K. Tana and 3 . 
I c h i h a r a [12*],* n e x t we uae our a )na t rnc t±on txi prolong same, geame.tria 
a t r n c t u r e a ( for example* almoat compLex, aLmoat product , f—atuctures) 
from. K to T̂ M and we atndy the. i n t e gr a h l i i t y of these prolonged 
a t r n c t u r e a . Our theorems gene ra l i z e r e s u l t s of L Tana and 3 . I s h i h a r a 
ob ta ined i n tire case of tire t angen t bundle [ l 2 j . 

I . PRSL.D-rI.5A5I.SS 
Le.t. M ba a manifold and l e t , r ]xc a ncn-nega t ive i n t e g e r . T"e denote 

fc# T1*' the s a t of a l l r - J e t s a t 0 of curves on M and l e t IT :TrM — • M 
ba the t a r g e t p r e l e c t i o n definad by 

How. 7r ;TrM —f M i s a l o c a l l y t r i v i a l f i b r e bundle a s s o c i a t e d with. 
t h e p r i n c i p a l f i b r e bundle F̂ M of frames of o rder r and with t h a 
a tandard fLbra tf^^ where n = dim M. 

I f (UjX^) i s a c h a r t on K we denote by 

I rT~,(.H)»X1",X i i = i | . . . , - i | X = C , . . . , r } 

the induced chart an T1M defined by 

0.1) -^c£r> =- irr:yC^-v)Co) . 
at* 

Far every % =. C^. . . , r and every funct ion f of cLaaa C°° on M wa 

def ine t h e funct ion f̂  ' o n TrM by t h e formula (see [10]> 

The funct ion f ^ l a c a l l e d X - l i f t of f from. M to TrM. I t i s of 
c l a s a C*° on TrVu The O - i i f t f^0' = f oir i a a i so caLLed the 
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uertLcaL LLft. We. set f^' =. 0 ii X is negative. 

X£ (U^x^) i-s a chart an M-. then far the Lndu_cad chart defined by 
C1 * 1) ̂ €i haue 

0-2) x1^ =. (xh(X) , 

fa r i. = 1 t . . . , n and \ = 0 , . . . . » r . I t i s easy to v.erL£$ (see Lemma 1.2 
[10]) t h a t 

0 . 3 ) ( a £ + b g ) ( X ) =. a £(>w) + b g . ^ 

X 

Ci.if) Cfs)(x) = TZtWeP ~^ 
^=0 

fa r aLL. Amotions, f% & an M and a l l reaL numbers, a^ b* 
(X ) 

The fami 1 y a f functLons. fv ' Ls .important because vec to r fLeLdsi on 
T1!! a re characterLzed by theLr actLan on functLons; of type f̂  . More 
precL-saiy* we have.: 

PROPOSITICrr 1 .1 . Csee [10]) I f X and T a re twa Vector fLeLds an 
T1^ snch_ti iat X C f ^ ) = T C f ^ ) for every flinatLoiL f a n M and X = Q*. 
• M r . then X = 1 . 
Proof. I f CU^x1) Ls a char t on M„ then by 0 * 2 ) we have 

XCx1^) = Г íx 1 ^) 

«\» «\* for t h e Lnduxed c h a r t , L = 1»• • « ,n and X = 0 > . . . , r . Thus. X = 1L on 

Tr^Cu). 
A. MorLmota defLned i n [10] the X - l i f t a f X t a T1^ for any v e c t a r 

fLeLd X on M and v^ => 0 * . . . , r . These l i f t s were defLned by t h e 
faLLowing praposi tLon: 

PROPOSITION 1.2. Csee [10]) I f X. Ls a vec to r fLeLd on. M and X - 0* 
. . M r , then t he r e exLsts one and only one vec to r £LeLd X^ ' an T1!! 
such t h a t 

(1.5) xCx)Cf (^}) = CXf)(X + r ~ r > 

for aLL funct ions f a n M and u, =. 0«..».*„r. 
(x) r 

ThLs unLqua vec to r f i e l d XK ' i s . caLLed t h e X-LLft a f X t a T M. 
For OL <£ 0 we define X - ^ = 0 , , 

A vec to r fLeld 1 an TrM Ls.; vertLcaL Lf and only Lf X ( f ^ ) = 0 for 
every ftonctLon f on M. By vLrtue of thLs remark., and by ProposLtLon 1.2 
X ^ Ls a v a r t i c a L v e c t a r fLeLd an T1^ fa r each, vec to r fLeld X an. M 
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and x = 0 , . . . , r — 1 . 
Accordi rug t a P r a p o s i i i o n a 1.1 and 1.2 i t i a easy to. check 

whora X, Y are vec to r f i e l d s and f La a funct ion on. M Caea [10] U 
I f (U^x1) l a a char t on U and we denote hy 

l_U - J-J-l 
C^x1 J l = 1 , . . . , n * I 3x 1 , v J •±~'\%..+%ILIV=0*•••*r 

t h a canon ica l framas. a s s o c i a t e d wi th CU»x ) and with, t h e induced 
c h a r t Or^Ctr) *x1*V) r e s p e c t i v e l y * then vising C 1»5)> C1.2) and 
PrapasLtlaiL K1 »wa ohtai 'n 

CUT) ~ = C ^ ) C r - X ) 

B x 1 ^ 3X1 

By usirtg CU7) and P r o p o s i t i o n 1.2 we ohtain: . 
PROPOSITION 1.3„ Cs.ee Lemma 1 .-+ [10]) I f X i s a v e c t a r f i e l d on M 

and X = X^ -2-r on TX, t h e n 

ax1 

xcx) = z f = u
j - ) c w ' * - r ) - J -

A-^O: ax1^ 
on IT*1 Cir). 

I I . OTMECTIQKS OF ORDER r AKD HORIZONTAL LIFTS OF VECTOR FIELDS 
Let M he a manifold of dimension, n . V/e denote hy FrM t h a s e t a f 

a l l r - j e t s a t 0 6 R11 of l o c a l dLffeoinorphisms. of .ael#Lhoiuu:hooda i n t a 
M- La t •rrtFrM —y M ha t h a t a r g e t p ro jec t ion , def ined hy 

irCiJy) = cpCo) 

F^H i a a p r i n c i p a l f ih re hundle wi th the s t r u c t u r a l graup L^* where 
L^ i s t h a Li e granp a f a l l r e l e t s a t 0 a f l o c a l diffeamorphlsma \ a f 

R11 saLLCh t h a t | ( 0 ) = 0 . The a c t i o n af L^ on F^K l a gi.ve.tt hy t h a formula 

For a ^ r w e define. T T ^ ^ M —-•> F ^ hy ^ r C i r f ) =- i & f • The p r o i e c t l o n 
7r r i a a homomorphism af p r i n c i p a l f ih re bund les , s 
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We denate, by J^B^E01) the s e t a f alL r - i e t a a t 0 a f mappiiLgs 
ILLR -»-** H^ suck t h a t h.C.0) == Q. Tha g.raup L^ a c t s our J^CK^tf1). an t h a 
Lef t as foLLows: 

& ' & = &\'V • 

Let E = E3!! x J Q C B » R ^ Q / ^ be t k a a s s a c i a t e d f ibre bumlla^ t h a t i s * 
E i s : thia qiiatiemt s e t af. F̂ M x J^CB^H^) by the aquLvaLeJice r e l a t L a a 
*>* * where ** i s . defined i n t h e foLLowinig way: 

C p ^ ) - Cp",z«) *=^ 3 }€l£ t P.' - P | y ^ = p 1 - * -

Wa dertate by i iF 3 ^! * ^(B^B01) — * E the canonii c a i praiactLon* JUa. 

t^Cp^z) i a t k a equivaLenae class , a f Cp *£•).> Le t 7rE:E — ^ K be iiJia 

p r o b a t i o n gLuen by ^EC$Cp*z)) = T(p)„ The, a s s a c i a t e d f ib re lmmd.1 a E 

i a iaa1.m2.rp.hic t a T̂ M — tHa isomorphi RIH ^UE —•• JL^M i s ; defTned by: 

-tCfdJ^3§0) = JjCfh) . 

T3ia campasiti on. X ° ^ wi.11 be aLsa deiiated by $ . 
La t l 5 ha the LLa aLgebra a f I_5» l 5 i a a. apace a f r - i a t a a t 0 a f 

nmppLngs Ziff1 —•*-• fif1 SLLCL t L a t X(.0) =- 0 ancd-l tfte b racke t i s . gLven. by i 

*-**-1 • • ••***-c3 y*. "**-1 •" • • '- Q 

ffe set a j s = iJCX^ s ) >, where 

*L * S CU. 1 »« . . ^U B L ) = C0»»»»,.0,,U- 1>-;*»U- S>0»»»»>0) 

The. famiiy 

( i - »*> »>i ^ 

a^1 s : i^l**.,-»ii;> 1 <-L-^ . * • • < i s < i x ; . s p l , * . M r ] 

i s . a base a f 1 ^ » 
Le t F"*r' be a coDJiectiorL i n F1!!-, SIACIL a CLU-aBaction. i a c a l l e d a 

ca.aaectijci.ri.of o rde r r an K». We denote, by co t l ia cxiiiiLactLoiL farm a f 
P^XK TLa. fbrm.a> i a an 1^-TaLu.ed 1-farm on F^I . I f C3r»<f)> <jp =• (xX)» 
La a c h a r t on K* tkeit we demate by 6L the. sect ion, a f F^HltT daiCLned by 

r*7.r,H • 
^w = jчf"- үx)) 

, r»XL . .-U.L 

>U) 
wkexe r , , ^ r l ť 1 —*> tf1 t a t k a t r a n s i at loat . KOK tLoro e x i a t a cne and 
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only one family of f u n c t i o n s 

L » k i . + mi ' -L*kjL,^t-=-1 > • • • , n ; oc—1 , • • • , & ; S j = - l , . , M r J 

QJL c l a s s C°° on IT such t h a t 

U-v j — i o—i i j . , • • • J _ L L I fa 

- * -* % c i * lc ГV". 

*s 

Є 4 

and P,^. .? a r e symmetric with r e s p e c t to Ci-»•••>! J • Thesa 
icj,- • • • j . I s 

• -.-? t . ,\ 

functiloiLs a r e c a l l e d coordinates; of VKL* with r e s p e c t to (jJ9(f). 
A connect ion P ^ r ' of o r d e r r on M determines a decomposit ion 

' T(TrM) -̂  VCT^i) © H , 

where VCT1^!) d e n o t e s t h e £Lhre bundle of v e r t i c a l v e c t o r s on TrM. 
Eence, far any p o i n t y of T^i cVTr|H.:H.r —y T / >M i s an IsQiuorpliism. 
I f X i s a vec to r f i e l d on M, then we def ine t h e hor izontal ! . 1 f t A of 
X to. T^i by t h e .foJLiowingL formula: 

(2.2) xj = ^\*p-'UM) . 

If. CLT,-C*) -LS> a char t on M, then, we can prove by t h e s t r a i g h t f o r w a r d 
c a l c u l a t i o n t h a t X has t h e fo l io win coo rd ina t e s 

j i , 0 a ^L 

k=1 yU, + ...+/^.=V K* J l 1** , : L k 

(y = 1 , . . . , r ) with r e spec t to tlie induced c h a r t , where 

x = x1 X . X3 =- x1** - X -

The fol lowing p r o p o s i t i o n i s an immediade consequence of (2*2) • 
PROPOSITION £ • ! • I f X, I a re vec to r f i e i d s on M and f i s a funct ion 

on. tff t hen 

(X + Y)H = XH + YH , (fX)K = fC0) XH • 
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III. A CHARACTERIZATION OF BRACKETS OF VERTICAL AND HORIZONTAL VECTOR 

FIELDS 
r H Hi At f i r s t , wa charac te r ize , t h e b racke t [X ,Y J , where X and T a r e 

v a c t o r fieLda on M. 
Let p ba a p o i n t Qf FrM and x =. TT(P) . The mapping, 

P : j J ( B , t f 1 ) 0 3 z • <£(.p,.zO 6 T^l = w\x) 

(which will be. also denoted b# p) gives a diffeomorphism between 

^(R^R11) and T^M. Pbr any y = Ĉp>z.) wa define 

T(P,y)
:Ln Bj—>P(VP~ 1(Y))e T ^ . 

I f X, Y are viector fiaLds. on M and y i s a po in t of TrM, we ae t 

(3-1) RD(X,J)(y) =, " 2 deYCE>y)(nE(.xJ,Y^)) 

whare p i a a p o i n t of FrM such t h a t Trip) =- 7r(y), & i s the cu rva tu re 

form of H r ^ and XP, YP a re t h e h o r i z o n t a l L i f t a Qf X, Y to FrM with 
r - i ( r ) 

r e s p a c t to r • We have: 
LEMMA 5 . 1 . RD(X,Y)(y) i s a vec to r of T ClrM) which i a independent 

of the. choice of p such t h a t Tr(p) • = T(yK 
PROOF. Let p ' be another p o i n t of FrM such t h a t Tr(p') =.. Titp) and Let 
z , z f be two elements of j f d ^ t f 1 ) ^ satya.fyin& the. formula y =-- $(p,z.) = 
^Cp 1 , -^ 1 ) . NQW, t he re i s <i[ £ L r such t h a t p» = p-/h , z1 = ^ • z- Thua 

T(p',y)(P - P-q(pT1(y)) 

- Pfq«f1-P~1(y)) 

= p(^?~
1'P"Hy)) 

We know tha t . f l i s . a t a n s o r i a L form of type Ad L^ % t h a t l s „ 

(R )*XL ^ A d
r r - & • 

On the o the r hand^X and T a re i n v a j ^ a n t vec tor fLaids on FrM> . I . e . 
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According to the above remarks vie liave 

^ t C p - ^ ^ p ' ^ ' ^ p - ^ = d^(p',y)«p'(dl
l
(^>-dH

l
(^)) 

= (det(p,y)°^)((^)p(<^p)) 

3 CdeT(p,y)' A ^ ) ( ^ r l O-pC^lJ))) 

= d eT( P ,y) ( % ( V^p)) • 

Our proof i s completed* 
Now we can formulate the following, p r o p o s i t i o n : 
PROPOSITION 5»2- I f X and T a re vec to r f i e l d s on II, then 

[X5,!3] = [X,TJH
 + R°(X,I) . 

PROOF* Since X i s a p r o t e c t a b l e vec tor f i e l d s and X i s i t s p r o j e c t i o n 
i t i s s u f f i c i e n t tQ show t h a t 

(3^) v([xH,rnj) = Ra(x,i) , 

where v( [x H ,T H ] ) denotes t he v e r t i c a l component of [ x H , T H ] . At f i r s t , 
we observe 

r r v P 

IKx ,T ) = do(x , r ) 

(5-5) = £ { x r(o(r r)) - rr(wCxr)) - u [xr,Yr]) } 

= - \ c o ( v [ x r , Y r J ) ) . 

On the o the r hand, i f V i s a v e r t i c a l vec to r of T ( F n ) , then 

(3 .4) «CV) = (dgS-p)" 1 ^) , 

where o i s the mapping defined by 

j>p :L r 9] • p . ] £ F1.-. . 

Let y = $ ( p , z ) „ By us ing ( 3 . 0 , (5-5) and (3 .4) we have 

RQ(X,Y)(y) = -Zd^^yjCOpCxJ ' . lJ) ) 
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- c V ( p „ ) , t W " 1 ) l T t - x r » i r l ( B ) ) ) ' • 

_Text, by u s i n g t h e formuia 

\v,x)°?v = $*\& * x = i r C p ) * 

where ^z;tF
rM — • T^Hj, f z (_ ) = f(_»z) and F̂ M _ TT1 (x)» we obtain. 

R°(X,X)(y) = d p f z C v ( [ x r , / ] ( p ) ) 

= *td^zc[xr,/](P)) 

= v C ^ f l C ^ C p ) ) ) 

= V([XH,IH](^)) 

P p TT tr 

because t he vec to r fieLds X ( resp* I ) and X Cresp. 3Tj a r e 
$ c o n j u g a t e , t h a t i s , dp<f>z(X

P(p)) =. XH (# z (p)) ( r eap , ( ^ ^ ( ^ ( p ) ) = 

A$z(p)) ).. 
REMARK_ I t i s easy to observe t h a t P ropos i t i on 5»2 i s t r u e for any 

f ib re bundie a s s o c i a t e d with any pr inc ipaL f i b r e bundLe wi th a 
connection* I n t h e genera l case we use exacteLy t h e same arguments . 

I n o rde r to caLcuLate [ x ^ r ^ ' ] for A= 0 , » . . > r - 1 , . we in t roduce 
the fo_J_owi__g n o t a t i o n s . 

*X I f x i s a po in t of IIf then we denote by J (TM) tke space of aLL 
X—jets a t x of vec to r fLeLds on M. L&t 

j\wO = L/j^(TM) 
x x 

be the A-jet proiongatian of the tangent bundle. We denote by 

OtJ^(TM) — • M the projection defined by o(i*X) =- x. Kow* 

0:JT (TM) — y M is a vector bundie associated with F K. If (H»x ) xs 

a chart on Mf then the induced chart 

t P ^ ' O D ^ i l r ^ .. : i,i-,«...,i =i,*.-.>n; a=1,•••>*' J 
j __- • . • > - L

s ' ** 

an Jr (TM) i s g iven by the foLLovicing formulas: 

^ ( 1 ^ 7 ) = x 1 (x) 

'J^Ci^T) = i f U ) 
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•f ., ubo =.- c—r̂ —rr ^)U) . 
1 ° dx '. .fcc b 

(Tlie fUnctiona \> ^ a re symmetric witii r e s p e c t to i., ,»»»>L,») 
• - - • » • • • - * - , _ . • - " * -

I f /VJOI , t hen we define j*: ,^(TK) — • J?(TM) by ^ ( j * ^ ) = a£T.7. The 
mapping J- i s a h.o isomorphism of vec to r bund le s . I f X i s a vec to r 
f i e l d un II, wc, donate by J X tiie s e c t i o n of J (TM) given by t h e 
fonr.ulc.; 

(3.6) Crxx)(x) * i\x 

Let J" (TM) Le t h e spacu of a l l s e c t i o n s of Jr (TM) • I f 6" i s an 
elaiiient of J (TM). X < r , then we consider the vec to r f i e l d <£X' on 
TrM defined by 

(3.7) V X ) ( y ) -= Z(X)(y) 

X vihere Z i s a vec to r f i e l d on ?! such t h a t ^ (^ (y ) ) = ^/ \Z • The 
vec to r £Leld ^ } i s w;eli--defined because the X - l i f t Z^ J (y) depends 
only on i /..>S (see P ropos i t i on 1 »3) • I t i s c l e a r t h a t ^ j i s a 
v e r t i c a l vec to r f i e l d on Tr_I (X < r ) • I f KM,**') I S a char t on M an and 

we denote 

i S I ъ 

for t h e induced c h a r t on J (TM), then for the v e c t o r f i e l d ci 

ðxГ 

we have t h e following l o c a l express ion 

i f V г" r - X 

(3 .8) Ç І , V S*1 i f v r r - Л 

y+X-r 

C. ľГГ bт \ A •••X 

s=i /^ + 7T;+7r=:y+>„-r b s 1 l M ' 1 d 

i f V > r - X 

Using (3.7) and (!•-+) i t i s easy to prove the following 
p r o p o s i t i o n : 

PROPOSITION 5-/4.. I f 6-, ^ ' a r e s e c t i o n s of J X (TM), f i s a funct ion 

on M and a, a 1 a r e r e a l numbers, then 
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( a 6 + a ' e ' ) ( X ) = a S ( X ) + a ' * • ( X ) , 

Cf*)(X) = £ : f(H s(x~N # 

Since ^rF^^M —¥ FHVI i s a homomorphism of p r inc ipa l 4 f i b r e bundles 
( * ) • for X ^ r , a given connection Pv ' of order r on M induces a 

connect ion P̂  ' i n F M (a connection of o rder X on M). The 
bundie JX(TM) i s a s s o c i a t e d with FX+1Mf t h u s for X < r f K + 1 ) 
def ines t h e covar ian t d e r i v a t i o n V of s e c t i o n s of JX(TM) ( s e e . [ l j ) 

(X+1) x (*+!) ^ 

V S3ECH) * JA(TM) ^ (x,<r) — • V x c e J*(TM) 

Cx+1) 
C3.9) ( V x ^ ) ( x ) = I e ( x ) ( ( X n ^ • d^oX) (x ) ) , 
where X denotes the horizontal lift of a vector fieid X to J (TM) 

with respect to ^ v ' and I--/x\ is. the natural Lsomorphism between 

the vector spaces T̂ ./ % (J CTM)) and JX(TM) (we must observe that 

(XHo6" - dGo X)(x) is a verticai vector) • 

The main proposition of this section is the foLLowing one: 

PROPOSITION '5*5* .If X, Y are vector fields on M and X = 09...9r-1% 

then 

(3-10) [XH,Y(X)] = ( 7 X J
X Y ) ( ; L ) 

where J^f is the section defined by (3»6)» 

PROOF- 7/e show the formula (3*10) for r = 2 ( to s implify the 
c a l c u l a t i o n s ) . 

At f i r s t , we assume X = O„ I f X = X1 fy^i and Y = Y1 V ^ i , then 
using. C2»3) and P r o p o s i t i o n 1 »3 we ob t a in 

O..D t ^ ( 0 , J - { - " ! £ • r l j - * i 1 } - £ - • 
On the other hand, using C3.9) we can calculate the local expression, 

of VYY with respect to the induced chart on J°(TM) = TM 
X

л 

and next, by using C3»8) we obtain 

(3.«> <<&>«». { . * g £ * ^ . *!.}-£-. 
^ e farmulas> (3«J1) and (3-12) prove our p r o p o s i t i o n for = 0 and 
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r = 2 . 
Secianclly, i f X = 1, then by us ing (2.3). and P ropos i t i on 1.3 we 

obitain: 

í [xH,YClq = XJ í-- i + r1- ** } -L 

(3.15) • {C* g)< '>-x . r ;_ $ - • . ' • 

I .i*rj._ci-)t'>+iiri_.1---.')-^. . 
On the other hand* using (3*9) and (3.6) we can calculate the local 

expression of V^J1^ with respect to the induced chart on J1 (TM) 

Л^и^lg.г^Ѓ! 
tt%]r) = x- {-aSi. -r* 2_fr + r1 K+fc T*} 

^ ^x^x* J k &xa a a 3? a k s 

Now, according to C3»8) we have 

(З. ľ f )Ҷ 

Э r ^ 
_ x i f ì_І + Г\ Ć- ] - І -

Эr-
,-_ J â V 

ђ x 1 ' 1 

._. эr* + '-- í a ^ Pa ___: + r- — + A L Mť " -k ax

a *s á? 
+ p-r. X3 \ xk»1 — I 

j k S * J o. 1 , _ 

-^„.••V-^l-á V - ' 

* { < - J g ) ( , ) - - J r j . g - ' . ' * 
* X- l*_ «-><'> * X- !*__. T- _--« } - J - , 

The formulas (3-13) and (3.1-+) show our p r o p o s i t i o n for :\= 1 and 
r = 2 . 

The proof i s . completed. (For s i m p l i c i t y we p r e s e n t e d t h e 
c a l c u l a t i o n only for r =_. 2 . ) 

IV. HORIZONTAL LIFTING OF TENSOR FIELDS OF TYPE (1 _, 1 . TQ TrM 
iflfe propose the. fol iowing d e f i n i t i o n : 
DEFINITION -i-.1 _, Let F be a t e n s o r f i e l d of type (.1.1) on K. 
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A t e n s o r f i e l d F^ of type. (1.1) on T 1 ! ! i s c a l l e d a h o r i z o n t a l l i f t of 
F t o T̂ M i f 

(4.D ŕtf 3 ) = (ғx)н , ғ̂ Ҷx̂ Ь = (ғx) (x) 

f a r avery v e c t o r f i e l d X an M and X = 0 , , . . . > r - 1 . 
We observe t h a t according, t o Sect ion I t h e r e i s one and only ana 

t e n s o r f i e l d F0- on TrM s a t i s f y i n g t h e formulas (-+•!)•- De f in i t i on Zf.1 . 
i m p l i e s immediately: 

PROPOSITION -4..2» I f F, G are t ensor f i e l d s of type (1.1) on M and 
a> b are r e a l numbers, then 

CaF + bG)H = a i f + b G3 

( F ° G ) H = f o G 1 1 

11 TXM 

where I . , and I _ a r e the. i d e n t i t y t enso r f i e l d s of type (1.1) on K 

and T*Vi r e spec t ive ly . . I n P a r t i c u l a r , i f P i s a polynomial with 
cons tan t r e a l c o e f f i c i e n t s , t hen for any t enso r f i e l d F of t ype (1 .1) 
on M we have 

p(r I) = (P(F))1 1 . 

The fullowin& co ru l l a ry i s an immediate consequence of P r o p o s i t i o n 
4 . 2 . 

COROLLARY L.l. I f F i s an almost complex s t r u c t u r e ( r e a p , an- almost 
TT 

product s t r u c t u r e , an f - s t r u c t u r e ) on M, then F11 i s an almost complex 
s t r u c t u r e ( r a s p , an almost product s t u c t u r e , an f—stiucture) on T M. 

To study the i n t e g r a b i l i t y of geometric s t u c t u r e s of type F^ we 
w i l l compute the ITijennuis t enso r of F11. Before foriiiulating our 
p ropos i t i o n about ITijenhuis t enso r of r we in t roduce the fol lowing 
n o t a t i o n . I f F i s a t enso r f i e l d of typu (1.1) on K and 6" i s a 
s e c t i o n of J^CTM), we define a new s e c t i o n FC of J*(TM) by the 
formula 

C*w2). (Pe)(x) = ax(FX) , 

where X i s a vec to r f i e l d on M such t h a t ixX = S ( x ) . I t i s c l e a r 
t h a t F5 i s a wel l -def ined s e c t i o n of J (TM). 
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Now we have: 

PROPOSITION k*k* Let F be a t e n s o r f i e l d o f type ( 1 . 1 ) on M. I f X, 
Y are v a c t o r f i e l d s on M and J , * = O , . . . , r - 1 , t h e n 

C-f-3) ^ ( . X H
> Y H ) = (rTF(X,Y))H + Rn(FX,FY) + (FE I)2(RDCX,Y)) -

- FH( R°(FX,Y) + RD(X,FY) ) 

, K (X) f C\+1) O + l ) . _p C*+1) , 
Cl+./f) ff „Cx f f,r' ; ) = [ V ^ F Y - F( V F X J ^ ) + + F 2 ( V ^ ) -

(*+!) X 1 ( X ) 
- F( V ^ F I ) J 

(Zf.5) IT ( x ( x ) , r ( n ) ) = (NFCx,Y)) ( xn~ r) 

where ITF and K „ denote tha ITijenhuis tensors o f F and F^ 
r e s p e c t i v e l y . 
PROOF-. The formulas (if»3) and (lf.5) are consequences o f Propos i t ion 
3 .2 and ( 1 . 6 ) . The formula (lf.lf) fo l lows Proposit ion 3 .5 and from the 
formula 

(k*6) F V X ) = (FO ( A ) > 

where ̂  is a section of u (TM). 

To prove Of .6) wa observe that if y is a point of TrM and Z is a 

vector field on M such that (̂tr(y)) = i£(y)Z > then by using (lf#2), 
C3*7) and (lf.1) we have 

(FMX))(y) = F^(x)(y)) 

= £(Z(X)(y)) 

= (FZ)CX)(y) 

= (FOW(y) 

The proof is now completed. 

Kow we shall prove the following theorem; 

THEOREM 4.5. Let M ba a manifold and P r' be a connection of order 

r on M. If F is a complex structure on M such that 

(rj 
(4.7) ^ Г

r
~

1
F ï =, FÍV^1*"^) 
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C-+.8) RQ(FX,FY) = RD(X,Y) 

for all vector fields X and Y on M, then r is ̂  complex structure on 
T

r
M . 

To prove this theorem we will need the following lemma. 

LEMMA 4.6. If X is a vector field on M and 6 is a section of 

J*CTM)
f
, then for all ̂  X < r we have 

i (% + D (*? + 1) . 

?, • Vx* - Vx<sVK> • 
PROOF. Let x be a p o i n t of H. Then 

( $ ' V X * > C x ) = ty\ ° I Q ( X ) ) ((XH » G" - d5 • X) (x)) 

^ r-^н = 1 x ( ^ C x n ° e - ds»x)(x) ) 

because 9* • l«( v \ = I \ ° dp • We. have a l so 

l s V x H - x H - $ , • 
TT 

where X on the left hand side of the equality means the horizontal 

X IT 

lift of X to J (TM) and X on the right hand side denotes the 
horizontal lift to J^(TM) • Using the last formula we obtain 

<$i •
 XV**>^ = I x f ( x

E
^ i ^ ) -d(/pe)ox)(x)] 

*7
 x ( £ T ) U ) L ^ Jflt J 

W+D * 
= ( Vx^'

e)Kx) "• 
PROOF OF THEOREM 4»5» Since F is a complex structure% NF(X,r) = 0 

for all vector fields X and Y on M» Hence by (-+-8), C*w3) and C-+-5) 
we get 

N ̂ ( X ^ Y 0 ^ ) = K^(XH
fY

H) =r 0 * 

for \ , M s 0><,-.«.,r-U Next, u s i n g Lemma J+.o and the formula (l+«7) we. 
have 

C*+D x (X+1) x 
V X(J FY) - F( V xJnr) = o 

for 51 = O ^ ^ r - I * and hence, by us ing (/+./+) we o b t a i n 

N^ I(XH
>Y ( X )) =-- 0 
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The e q u a l i t y It „• = 0 implies , the i n t e gr a b i l i t y of F , 
^ 1 

I n the case of the t angen t bundle TM = T M Theorem -+•$ i m p l i e s t h e 
r e s u l t s of K* Yano and S* I s h i h a r a [}£[• 

COROLLARY 4»7. (K-Yano.. S» I s h i h a r a [12]) Let M be a manifold and 7 
be. a l i n e a r connect ion on K» I f F i s a complex s t r u c t u r e on M such 
t h a t 

VF = 0 , R(FX,FY) = R(X*Y) 

for a l l vec to r f i e l d s X and Y*o.n M, then r i s a complex s t r u c t u r e on 
TM-, 

Using the same argumentat ion as i n Theorem -+«>5 we can ve r i fy the 
fol lowing proposion: 

PROPOSITION" -+»8» Let V be a connect ion of order r on a manifold 
M* I f F i s a product s t r u c t u r e on M such t h a t 

Cr) r 1 Cr) r 1 

U . 9 ) VxCJ r^1FY) - F(. V ^ I ^ T ) = 0 

C-+^10) RaCFX,FY) + RDCX,Y) = 0 

for all vector fields X and Y on M, then F1 is a product structure on 

T^M* 

Since in the case of tangent bundle TM (r =r 1) the equality (If»10) 
is equivalent to the following one 

C-+-.10 RCFX,Ff) + RCX,Y) = C , 

we obtain; 

COROLLARY l4.-Q» If V is a linear connection on a manifold M and F 
is a product structure on M such that 

V F = o , RCFX,FY) + RCX,T) = o 

for a l l vec to r f i e l d s X and Y, then F11 i s a product s t r u c t u r e on TM# 

V» REMARK 
I n the same way we can define the h o r i z o n t a l l i f t of t e n s o r f i e l d s 

Q i type Cl»1) to the tangent bundle of p r - v e l o c i t i e s and we can 
o b t a i n s i m i l a r r e s u l t s , . 
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