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THE REGULARITY CONDITION
FOR SOME NATURAL FUNCTORS

Zdzislaw Pogoda

This paper is in final form and no version of it will be submit-
ted for publication elsewhere.

In this note we present some generalizations of the notion of na-

tural bundle, introduced by A.Nijenhuis in [ 3 J, studied by
R.Palais , C.L.Terng [ 4 ] and D.B.A.Epstein, W.Thurston [1].

We define a natural functor from the category of affine bundles
and their isomorphisms into the category of double bundles. We
prove that the regularity condition for this natural functor,
analoguous to the one given in the paper of Palais-Terng is a
consequence of the other conditions. Additionally, an estimate
of the rank of such a natural functor is given.

I. Basic definitions and examples.

Let °A£5mh be the category of affine bundles and their local isow
morphisms, i.e. the category whose objects are fibre bundles
(iooally trivial ) with the affine fibre of dimension k and the
base manifold of dimension n. Morphisms are the followings

Let m :E,— M, and T:E,—»M, be two affine bundles of A3,
and U1 ’ U2 be two open subsets of M, and M2 srespectively.Then
a diffeomorphism %: "-4‘ (UA)—-—*TT;(L{,,) is ocalled a local isomor-
phism of E1 into E2 if on each fibre it is an affine isomor-
phism. In practical terms, the affine fibre is the standard af-
fine space ﬂZ“ « Each morphism of the trivial affine bundle

[Rh*ﬂ25~———»m?into itself is of the form

R R®> () ——— ($(9), fx(©) € R"*x R®



106 ZDZISLAW POGODA

where \p:U,]———rUZ is a diffeomorphism of some open subsets U
and U, of R" and f:U1XIR"'—»IR'°is a mapping such that for any
x of Uy, £(xy+)=f, 1is an affine' isomorphism of IR®onto itself.
We shall also consider the category 2-JH of double bundles. The
objects of this category are the triples P—+E —M where P —E
and . E—MN are fibre bundles and morphisms are triples (F,f,f )
for which the following diagram is commutative

' F
111 — f 2
f P
F‘i’l 'i‘e
£
M, s .M,

We are interested in functors from the category ‘pfgh’\., into 2—"5(1'5

2-3p is a natural functor if:

1) for any fibre bundle E—>l of (ﬁ?hlm FE —>E—li is a double
bundle of 2-FH
2) for any morphism (local isomorphism) § of affine bundles,

% is a morphism in the category 2-.“5&5 covering i.e.
the following diagram is commutative

220 .
SE, —3E,

v $ N
B9

ﬁE

2

To be precise ,9® is a diffeomorphisu of ﬁé(dom@) onto
n':_ ;, where n‘E‘, : CSE]-_-——-E

-

i i=1,2 are the projections,

Moreover, an additional regularity condition is being formulated,
which as it turns out, is a consequence of the other conditions.
3) Let U be an open subset of R , E and E'e\h&&and @sUXE

be a mapping satisfying the following conditions

for any t€U , \4,=y(t) is a C* -morphisu in APy then
the mapping

E/

UxFE3 (¢, %) —>(Fy,) () € TE’
is of class C®
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Fundamental examples.

1) Let EGJ}&SWQ. Denote by J(E,r) , where r>»1, the space of
r-jets at the point (0,0) of local isomorphisms (morphisms in\Qgﬂ'
R'xR*—E , The mapping pgt J(E,r) —E , ;jro;okh'—-ﬂ?(o,o) '
is the natural projection. The space J(E,r) has the structure of
a fibre bundle and thus it is a principal fibre bundle with base
and structure group p;zlm\;(o,o) = ALg,k o The group ALII;,k is the
set of r-jets of local isomorphisms \p: R7% R%—R"xR*which are
morphisms in fPyy such that \(0,0) = (0,0) + If $:E,—E, is
a local isomorphism of affine bundles, then the mapping

TP 2J(Eyr) —>J (Ey1), jl('o 0) f»——»jro 0)§0f is a morphism
of the corresponding principai’l. fibre bundies. The correspondence
E —*J(E,r) defines a functor from the category &Ph‘hinto 2-5p

2) Let F be a smooth manifold with a countable basis on which
the group ALg.,k' actg on the left. We are going to define a bundle
FE associated to J(E,r) with base E,fibre F and structure group
AI‘;,k . To be precise, FE is the space of orbits of the action of
the group ALII;’k on J(E,r)XF defined in the following ways

(£, 8 de=(28, &5 ) -

where £ €J(E,r) , gGAI.f1 k9 Ecr,
The correspondeilce E—FE defines a new functor from the ca-
tegory tﬂ%h,iz. into Z-ng '

The main theorem of this note is the followings

Theorem A. Let ‘¥ be a natural functor from the category ‘Pfg.,,kinto
2—3@ ( that is a functor satisfying the conditions 1 , 2 of
Definition 1), then for some r »1 and a manifold F. on which the
group ALII; x acts, the bundle JE is isomorphic with FE. Moreover,

if tige, “;w.(OP) is an f- dimensional manifold, then
R
r € 2d1n‘1 nm..ﬁmg(0,0) +4
In the language of the category theory Theorem A asserts that

there exists a natural equivalence between the functor ¥ and the
corresponding functor of the associated fibre bundles ( with fibre
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.F and structure group AL k). Theorem A is a generalization of
’

results of Palais-Terng [ 4 ] and Epstein , Thurston [ 1J]. In

the case of R"= {0} , i.e. k=0, we get the theorem of Epstein

Thurston from [1].

II. Continuity of translations and actions.

Before passing to the proof of Theorem A we give some notations,

lemmas and auxiliary theorems. Let (x,y)€R"xIR® C&g ks We denote

by Txy): R%R% R%[the translation given by the formula
Ty (u,v) = (x+u, 34:0'), Now we can define the following

mapping
T : R RXT(R'<R®) F(R"x1RY)
(), v (FT)(v)

One of the main steps of the proorl of Theorem A is the following

theorem.

The proof of this theorem consists in several lemmas and construc-
tions. Let R™*R%“— R" be a standard trivial affine bundle, and

q(ﬁl""'*) be the corresponding double fibre bundle i.e.

F(R™%RR) —— R xR —» R"
-1
Let us denote (:S'IIZE= nmn*m\z({osxmh)and let the projection r TR
be given by "Rn,‘p.h. (0,5)—= v , [loreover, let Ty =Tloppnd

T*: RExT(RY) — TF(IRY)
(5,%) —— T (9

Then F* defines an action of WY on J(R*) . The following Lemma

is an immediate consequence of Theorem 5.1 of [ 1 7.

Lemma 1. The mapping
R"xF (R"xRE) > (x ) ——r Ty, 0)() €T (R R*)

is continuous.

Proof. For any smooth n-dimensional manifold M, let M= ‘S(MX(R‘)
and pM:'SM-—'M be the composition of the projections
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TyxRe ".%'«(lvntlﬁ“)—-—'M"IR\e and MxRR——M
For any embedding Y :M—>N of two n-dimensional manifolds M and N
let Ty = Fypxidge) . In this way we have obtained a natural
bundle. Using the Epstein-Thurston theorem we get the lemma.

Now we shall state and prove two technical lemmas.

Lemma 2. Let k>0. Let us take a sequence W ETREL = 1,2,.0.

having the following property: if {u;} w€TR®, then there

exists a family of open neighbourhoods -LVS of 0 in R® such

that if o€ R® ang if WC FR® is an open neighbourhood of
Fv, (W)ETFR®  then

T*((0V4) % AMail) W

for i sufficiently large.

Proof.We shall prove that the neighbourhoods of the form

= {xem“': |l$<|l<€-i'3 i= 1,2,....

where || - is the Euclidean norm in M® ., Let us take a€WR®
and W an open neighbourhood of CSTOLW) . Let us assume the contra-

ry that is

C;*((a, + Vz;)x {Wzi’j) ¢ \,J

for an infinite number of i. Thus we can choose a sequence of
points ciE R® such that ciGVi for any i and c:‘;'cmcu (Wz.-_)¢w
for an infinite number of i. We define a new sequence Upy*Cny
and Uss ,I-O. Using the w'h:.tney theorem about extensions we get
a smooth mapping hiR'——R® having the property that for i

sufficiently large h is equal to u; on B(xi,e ) where X, =

s :,,0/ 0) € R", We define a local isomorphism H of RxR¥ into

R"x R® by the formula:
Hi (x5) —— (x, a+h()+5)

Then <T(=x; o)°H°T(>ﬂ,,,O) Teprujon B(0,e” )le for i even and is
equal” to T(s,a) OB B(O,e )x RR for 1 odd. Of course, these equali-

ties are true for i sufficiently large. Thus

CS:‘EC_¥£’°)° FHeTe (.)‘L,O)(Ni) = q'to,, (_\J,',)
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for i odd, and
CST‘(" *¢,0) oFHe T (%;,0) i) = cg'ctowu;,(""i)

for i even and sufficiently large. Since the space <3-(“2"'%“2\‘) is
Hausdorff, according to Lemma 1, the sequence C‘J"T.o_+uu(u,_;) is con-
vergent to3Ta(W) , thus a contradiction.

convergent to ue‘§-ﬂl Let W be an open ne:l.ghbourhood of w 1n'§R
Then there exists an open subset V in l'R satisfying the following
condition:

¥H(vrwy) CW and T (Vx{wyy) CW

for 1 sufficiently large.

Proof. Using the previous lemma for a= 0, there we shall find

an open neighbourhood U of O in R® such that TE(URu)CW

Let V CR® ( i=1,2,¢+4) be nelghbourhoods of O satisfying the con-
dltlon:_ if %u(w)ew then Ce‘}”((_a-* {”2.;5) cW for i sufficien-
tly large. Then

U < hLe)N Dk‘{'a.e“{h: CS*((Q'&VZ‘:)X{HZ"_B) C WS

For any k€N we put
= Qh{aeu : CS*((&+V2L)xLuz;3) CWS

thus U= ,}g‘}‘

According to the Baire category theorem there exists k and a non-

empty set VC R® such that VC.int(_I-f )N U, Vie shall prove that V

satisfies the conditions of lemma. Let cEV and 1> k. We want to

find @ € Hy such that &€ c+(-V,;), thus c¢& o +V,;, and hence
F*(c, W) EW . Therefore ?*(thuzL))cw for i>k. Since UDV,

we got X ’i.NS)C CS*(U*{,WS) CW , wvhich ends the proof.

Now we can proceed with the proof of Theorem B. It is easy to
check that for any ((x,v),z)G(R"AR")X?@R"XR“)we have:
T ( (x,u’),z.) =
(3
=TTt porgnqe(2),0) ° (v, ?TC-POTTRV,,R\%(:),O)(Z))

Pt
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where p:IR"xR“—’IR“. According to Lemma 1 it is sufficient to
show that F* is continuous. Let ELG\R\Q', i=1,2,.++ be a sequence
convergent to} € R® , Wi €TR*a sequence convergent to WETRE, we
shall prove that T*(§i,wi) —> T*(§,w) . Without loosing generali-
ty we can assume that {=W(\~0=0. We shall prove that subsequence
of the sequencecg*(ii,wi) contains a subsequence convergent to
CS-*(SIW)' It is sufficient to achieve the demonstration of the

theorem. Let ‘LVPSPche a basis of open subsets of the space?‘kh. Let
us denote ‘

Qp = {ue R®:F*(w+hy; 14)€V, for 1 sufficiently large)
Qo ={aeR T*(a,W)EV, o éQ93

and

A =]ac R® : T*(ar§,; W, )is not convergent to c5"(o~,»~l):‘]

We shall show that ACPLEJN-Q.P. Let us assﬁme, that (5(52; ) Nz:) is
not convergent to W . Hence we get A= R® ,From the Baire theorem
there exists p €N such that int(Lp) # @ . Let us take

€ n int(ﬁp), then

W=t (—-Q, + (V'd’.a‘,) nq*({‘—ah XVP)

is an open neighbourhood. According to Lemma 3 there exists an
open subset VC R® satisfying the conditions:

%) T*(Vxwy) © n"(-m+fn+_c—lp)
% %) ?*(Vx{‘NZEB)CCE*({Q}]xVP) for i sufficiently large.

¥ implies that o+Vcint() p s and ) that Fx ((atV) vz ) CVp
for i sufficiently large, hence, as E,; tends to 0, o, +VC Q». It is
80, as n€& w+V implies that \2+’§z£(:q+v for i sufficiently large,
and then ?*(Q"’E?.[ )Nzi)CVP for i sufficiently }‘arge. Thus v € O\P
loreover, a+V<C Qpn int(2,) C (‘R\_QP) A inf(.Q_P).
4 contradiction.

As a consequence of the theory of Lie group we get (cf. [ 2 ])

B
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1)and 2) of Definition 1. Then the action

T R R T (R 2 RE) T (R xR®)

is smooth (C*).,

For F= “;\(Z"*IR‘(O;(» we have a following homeomorphism(l?."»f:é")x?-aﬂwxﬁ\k\/'
given by the formula

((x, 5_ ),V) »———55‘!:(*’ E)(U’)
The inverse is defined as follows
u't ’ ( nm'\xmh.(-u)lc;(t_ ‘TIR"’-RE{“)L“))

Both mappings are of class C* ., Moreover, F is a smooth submani-
fold of F(R'xR%)

Now we are in the position to formulate a theorem which implies
the regularity condition for a natural functor.

Theorem D. Let §y: KRR xR for w=1,... and P RxRR'x R
be morphisms in the catg_goryl xﬂ%.,'\,, such that the sequence jl(‘o (%m
is convergent to jro 0 ‘P . Moreover, let U “_‘(‘_’2 be a sequer’me
convergent to V€ n“Eo)’, where 1M IR%—R*, Then q?m("wm) is conver-
gent toq§ () . In particular, if Y and Y are two morphisms in
&%n‘\z,having the same r-jet at (0,0) thenFY and FY are equal
‘on m'(0)

- .

Proof. Substibuting §.., by Qb @m , We can assume § =id. Applying
the form of @m we can construct a sequence of smooth embeddings
Ym: R2—>R" and a sequence of smooth mappings h : R »R%such
that '

u(x,5) = (ym, h,.,(mg)

for m=1,... It is clear that the r-jets of (‘fm’hm) at 0 are
convergent to r-jet of (idgm ,0), where O3 R2—R®is a constant
mapping given by the formula x+—— 0, We shall show that any sub-
sequence of the sequence c:‘f'@.,,(vm) contains a subsequence conver—
gent toty . By taking a subsequence, we can assume that
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I D(‘-fm" d RY }hh)(O)“‘( e~

for any differential operator D obtained from partial differential
_relative to natural coordinates. Let us choose €,<e™%,€,>0 so
that on a €,,~neighbourhood of O D(q,,,,—- icxm-.,h,,,) is smaller than

o™ for any differential operator D as above. Let xm—_*(-";‘,o,..O)e‘R“
According to the Whitney extension theorem there exists a smooth
mapping hi R™—— R*«R%qual to 0 on B(Xop.q0 €opeq) @nd to
(Pam='dgn 9b5 9Ty, on B(x, €, ) for m sufficiently large.
The mapping h is of the form (t,ﬁs where hi R"—>R'ang ?1’:“1"-—7“1\2‘
On some neighbourhood UxR*®of the point (0,0) we define a morphism
in AP ne by the formula H: R xRe—— R x R

H (x,%) = ( h(x)+ x,?’(x)r{)

Then H=id on B(Xpy 4y € opyq)¥R® and B= Ty, 0)° 0T (g 0) 2
B(Xpps € op)*R® for m-gufficiently large. HenceF,.(vm)=V, £0r m
odd and ?@.\(V'm)=°5‘t(.xm,o)°v5’\"\°c5°n(xm,o)(vm) for m even and suffi-
ciently large. Then using Theorem B we get that?‘t(_ x...,og’(;H';}t(*n,év")
tends to FH(v). Since the space?(R"xR‘)is Hausdorff, the se-
quence "54)2,,,(\15,,.) is convergent to v. This ends the proof.

III. Natural equivalence of functors,

In this section the proof of Theorem A is outlined, but first of
all we have to introduce some notions and notations.

Let us recall that ALf1 X is the group of r-jets of local isomor—
phisms R™R%:—s R'xR? at (0,0). ALfl x 18 a Lie group, as it is

a closed subgroup of I"fuk’ the groﬁp of all r-jets at 0 of iso-
morphisms of R, |Rntk (not morphisms of (ﬂgn,\e,).,We also define
ALY, = the set of infinite jets at (0,0) of morphisms of APk,
of | R"x®® into itself, The group_AL:;k is the projéctive limit of
the system -}_AL}!'k , rrj'k wheie Hj:ALn"k——vALg’k is the natural
projection. We denote by ANn,k the kernel of the projection
AL:’k—>AL3;’k. Exactly as in [ 5] we prove the following theorem

Theorem E, If F is a manifold (metric space) of dimension s and
the action of AL ) on F is continuous, then ANIQ:}":] acts
1

trivially on F.

Now we shall construct a natural equivalence between the natural
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functor <¥ and the functor described in Example 2. Let E be an
object of (-Agh,\z « The elements of the bundle FE are equivalence
classes (e,f>_ where e€J(E,r) ( for some r) and £&F. The equiva-
lence relation is the following:

{e,}) =, 1> & 3 seAL‘,}'\,“ . dze’% ’ Q—l= 3_|(:

The projection M

E:FE—_——»E is given by the formula

< 3oty £ ——> 9(0,0)

From the theorems proved up to now it follows that there exists
r >0 such that ALg’k acts on F= rr"&nxmv.(o,o) and this action is con-
tinuous.Namely

gf = FyW)

where \p is a morphism in &g"":k such that jl(‘o 0)‘{:3' Moreover

)
r& 2dimF + 1 . Thus for any object E of &gn,\z we can define iso-
morphism IE:FE —+3E as follows:

Te (< dne, £>) = Fe(h)

The family of mappings {,IES ‘defines a natufal equivalence of
functors ¥ and F(.). The I, are local diffeomorphisms. Indeed,
if l(:E,l-——>E2 is a local isomorphism and a morphism of (AE "R

then the following dlagrams are commutative:

FE ——-I—-E—>C§E

n ] —
=

and

Tg I IgeFy=Syele
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For example, we shall verify that the second diagram is commutati-.

Ve

Tere Fo(Cipot §2) =
=Le(Cigoter, §9) = FuoTy(s) =
=By oTp (Cibot, £2)

The above remarks end the proof of Theorem A.

1.

2e

3

4,

5.
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