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THE SUPERPOSITION OPERATOR IN MUSIELAK-ORLICZ SPACES
OF VECTOR=VALUED FUNCTIONS

Ryszard Pzuciennik

This note is a selection of results obtained by the author la-
telys It concerns properties of the superposition operator acting
from the Musielak-Orlicz space into another one; Moreover, there
is formulated a theorem for compactness of the integral Hammerstein
operator acting from Musielak-Orlicz space of vector-valued funce-
tions into Musielak-Orlicz space of real functions; Finally, there
is given, as an application above results, the theorem on the exi-
stence of solutions of Hammerstein integral equations in Musielake
=0rlicz space of real functions,

These results have been presented on the 14th Winter School on
Abstract Anaiysis in January 1986 which was organized in Srni by
the Union of Czechoslovak Mathematicians and Physicists, the Fa-
culty of Mathemafics and Physics of Charles University and Insti-
tute of Mathematics of Czechoslovak Academy of Sciences,

1+ Introduction, Let (TJ;M) be a space of non-atomic, complete,
positive, 6=-finite and separable measure., (X, - " ) denotes a re=
flexive and separable real Banach space,

Definition 1, A function M:XxT—[0,] is said to be an #-func-
tion, iff

a) M is BxI-measurable, where B denotes the f-algebra of Borel
subsets of X,

b) M(*,t) is even, convex, lower semicontinuous, continuous at
zero and M(O,t) = O for asa., teT,

¢) M(u,t)—-o0 as ||u|| —oc for aja, teT'

Let us assume that.ﬂlfunction satisfies the so=called Condi-
tion (B), which can be also formulated in the following simple
form (see [9] Remark 1:5)

(B): For every natural numbers n and i
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J_ sup M(u,t)du < oo
il <1

n

where { Tn} is an increasing sequence of measurable sets such that
<o )T =T
,u(Tn) o "and nL=)1 n= Te

In the following by E'x we will denote the set of all strongly
measurable functions from T into X, The famous Pettis theorem sta-
tes that the strong measurability and the weak one are equivalent
for separable Banach spaces., Therefore, we will say shortly "mea-
surable function', ‘

Remark 1, Elements of the set ¥y will be denoted x(-), y(*),
z(+) or, in order to simplify the notation, we will omit sometimes

the brackets when it does not lead to a misunderstanding. Symbols
u, v will be used for vectors from the space X,

By Musielak=Orlicz space I‘M we mean the set of all functions
xe.’{x for which there exists a constant k> O such that

I (kx) = JM(kx(t),t)d/qu.
T

The functional )
xlly = 1nf{a> 0: IM(a"1x) < 1} '

is a norm in Ly; It is called the Luxemburg norm, If M(u,t)=M(u,s)
for every t,s €T, then we say that M is generated the space Ly
which is called an Orlicz space,

By EM we denote a subspace of finite elements i,e,

0y

Ey = {xeix: Iy(kx) < 0 for every k> 0}.

Obviously, EMC I‘M“ The space EM equals the space of all x€L
possessing absolutely continuous norms (see [7] Theorem 1.2)¢ What
concerns properties of the space Ey we refer to [1],[2] and [5]
(Theorem 1:15).

2. The superposition operator and its fundamental properties,
Definition 2, Suppose the function f:TXX—=X satisfies the Ca~
rathéodory conditions, ijed it is continuous in u €X for almost
all t €T and measurable for every u € X, The operator F, defined by
the formula
[Fx](t) = 2(t,x(t)),

where xelx, is called a superposition operator,

£
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Now, we present the fundamental properties of this operator,

Property 1: The operator F transforms measurable functions ine
to measurable functions.

Proof of this fact is in [5] (Corollary 2;2).
Property 2., The superposition operator has a partial additivi-
ty property, i.e. for functions XysXppeeerXy such that for i#j
supp x,()supp x4 = @
there holds the equality
P(xy + X, +iio+ X)) = Fxy + Fx, +.00+ Fxp = (0 = 1)F(0),
where 0 denotes a funotion equal to zeroy
Proof of this property is obviousy
Property 34 1If M(T) <o, then the superposition operator transe
forms sequences of functions which are convergent in measure into
gequences of functions which are convergent in measure also,
This statement is shown in [5] Theorem 2.6,
Let d(x,EM) be a distance between x GLM and the subspace EM
defined by the equality
d(x,EM) = inf{llx - yIIM. yeEM}
By TT(Ey,r) we denote a set of all functions x €Iy for which
d(x,EM) <ry If M satisfies 8,-condition, then the set '].T(EM,r) is
equal to the whole Musielak-Orlicz space LM Denote by SM(r) a ball
with radius r and center at the null-function de I‘M’ il.es

Sy(zx) = {xe Ly? ||xIIM<r} !
Let M, and M, be two N=functionsy
Property 4.
a) If the operator F acts from a ball SM (r) into the space LM

or EMZ’ then the operator F can be extended to the operator acting
from CL'I.‘(EM »T) into the space LM or EMZ, respectively.
Iif the operator F acts from s (r) into Orlicz class
don Iy = {xeLM Iy (%) < 0 }
and if additionaly FO = 0, then F acts from TI(EM1,r) into dom I
b) If the operator F acts from a ball

B
Sy (r) ={x€B, s Ixll, <x
M, { By, ¢ 1xhy, }
into LMa or EMZ, then it can be extended to the operator acting

from all of EM1 into le12 or Emag respectively.

"\
¥,
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If FO = O and F[Sﬁ1 ()] ¢ dom IM2' then F acts from all of EM1

into dom IM .
2

Proof of this fact can be found in [5] Theorem 2i4:

Definition 3. We will say that the family R of functions x€ Ly
has equi-absolutely continuous norms if for every £ > O and for eve=
ry decreasing sequence of sets Cn}¢ as n—+, an n, can be found
such that

x) <
|| cnllM £
for all functions of the family R, provided n>n J!

Combining methods from paper [7] with the proof of Theorem 2;5
from paper [5] we obtain
Property 5:; If the operator F acts from TI(Ey ,r) into Ey ,
1 2

then the operator F transforms a family of functions with equi=ab=
solutely continuous norms into family with equi-absolutely conti-
nuous norms:;

Now, we formulate two very important theoremsq

Theorem 1:(6n continuity of superposition operator).

If the operator F acts from TI(EM1,r) into EMZ’ then F is con=-

tinuous at every point of TI(Ey sT) e

For the proof of this theorem we refer to [5] Theorem 3.1

The boundedness of the superposition operator was proved in [6]
by dint of introducing and applying the notion of an absolutely
continuous modular,

Theorem 2; (On boundedness of superposition operator)

Suppose the operator F acts from the ball SM1(r) into dom IMZ.

Then F is bounded on any ball Sy (ro) for r <r, ijey
: 1

sup  [IFxly <eoq
IIXIIM1< T, 2

3. Compactness of Hammerstein integral operatory

Let (Y,]- "Y) ‘be the dual space to the space X; Similarly as
above; we denote by ZY the set of all strongly measurable functions
from T into Y Let (v,u) stand for the value of the functional veY
at the point ueX; Obviously, for x€ Xy and y€ Xy the function
<y('),x(' )) is y-measurable, For every f-function M we define the
complementary function N:¥x® —=[0;©] by the formula

N(v,t) = sup{(vou) = M(u;%)}

Ly
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for every t€ T, v€ Y, The function N is N=function too: The Musie=-
lak=Orlicz space generated by the function N is denoted by I‘N and
it is called conjugate to the space LM;' The Luxemburg norm for I‘N ,
is denoted [*llg& '

One can consider another norm in the space LM which is defined
by formula

lIxlig = 1 B |£<y(t) Jx(t)) auel,

where
Iy(y) = [8Gr(6),6am s
T
The norm II'IIM is called the Orlicz normy The Orlicz norm for f-func-
tion N, we define

Iyl = IMs(s:ng i{yf‘c) sx(6)) duls

The Orlicz and Luxemburg norms are equivalent;

Let (T1 ,2'.1 ,,u‘) and (Tz,Zz,,uz) be non-atomic, complete, separa-
ble and 6-finite measure spacesi' Assume that M1:XXT1—>[0,-w,] and
Ma:RXT2—>[O,oa] are f=-functions; Let function K:TZXT1——Y be strone-
gly ,uzx,u“-measurable.' Then for every strongly u,-measurable vector-
-valued function x:T,—+X, it is evident that/‘LZK(",_o),x(-» is
strongly ,azx,u1-mea.surab1e on TZxT1 3 )

Theorem 3. (On compactness of the linear integral operator)s
If the kernel K(t,s), as a function of the variable s belongs
to EN1 for a,a; t €T and "K("'“)"N1e EM1' then the linear integral

operator :
Ax(6) = [(E(t,8)ix(a))duy
T
is a compact operator from the space LM1 into the space EM .
2

Definition 4, The non-linear integral operator

Hx(t) = J(K(t;s),f(s,x(s)»d,uv
T
where the function £:TxX—X satigfies the Caratheodory conditions,
is called the Hammerstein operatoxr;

This operator can be represented as the composition of the
superposition operator F and the linear operator A ije; H = AoF}
Let M3:szn1—-—[o;e6] be f/-functiony Combining the conditions under
which the operator F acting from the space LM1 into the space I‘M3
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is continuous and bounded with the conditions under which the ope=

rator A acts from LM into LM and it is compact, we arrive at the
2 .

conditions for compactness of the operator Hy

Theorem 4; (On complete continuity of the Hammei'steix; operator).'
Let "M1 satisfies the A,-conditiony If the kernel K(t;s) as a
function of s belongs to Ey for almost all teTa and

3
NE(oey ) lly € EM2 and F acts from I‘M1 into EMB' then the Hammerstein

operator H is a continuous and a compact operator from the space
LM into the space EM

2
Remark 2, The symbols ||K(' )||N denotes that the norm is cal~
3

culated for K as a function of this variable which is denoted by
one full=stopi: "K(",')HN is an element of Ey as a function of
2

this variable which is symbolized by two full=stopsy

Finishing, we apply this result to the theorem on existence of
solutions of Hammerstein integral equations in Musielak=Orliocz
spacej To this end, we suppose: T1 = T2 = T, ,u1 =,u2 = mu, X = Y = Ry
M1 = M2 = M3 = M and N1 = N2 = N3 = N, We consider the integral
equation

@ x(t) = sfk(t,8)2(s,x(s))au + z(3) ,

T

where 3¢ is a real number, zé€ Ey and the kernel K:TXT—=R is
MXM—measurable functiony

Theorem 53 (On existence of solutions of Hammerstein integral
equations)

Let f=function M satisfies Az-condition and the superposition
acts from 'Ly into itself: If the function K(t,*)€ Ly for almost
all teT and [K(, ')||N€LM, then for every r > ||z||l?,I the integral

equation (H), where z eLM, has at least one solution in the ball
E
SM(r) for

- Izl
a“ ||K(’ )"N"M

where a = IFx “M

xe€ SMEJ.‘)

For the proof we refer to [8] $
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