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Received 31 March, 1987

In an earlier author’s paper it has been proved that every Nemytskii operator N mapping
the Banach space of Lipschitzian functions into itself and globally Lipschitzian with respect
to the Lip-norm has to be of the form N(¢) (x) = A(x) ¢(x) + B(x) where 4 and B are given
Lipschitzian functions. In this paper we give a kind of local version of this result.

1. It has been proved in [3] that every Nemytskii operator N mapping Lip [a, b]
into itself and globally Lipschitzian with respect to the Lip [a, b]-norm has to be
of the form

N(9) (x) = A(x) ¢(x) + B(x), xe[a,b], Lip[a,b],

where A4, BeLip [a, b]. Recently this result has been extended to the Nemytskii
operators mapping a normed space Lip (U, Y) into Lip (U, Z) where Y and Z are
normed spaces and U is a convex (or starshaped) subset of a normed space X (cf.
[4]).

Similar theorems have also been proved for the Banach spaces BV[a, b], C'[a, b]
and Lip® [a, b] (cf. [5], [6], [7])-

In the present paper we give a kind of local version of the above result. This
“locality” is understood here in the sense of the supremum norm, i.e. a weaker
one than any of the norms of Banach spaces mentioned above.

2. Let (X, |*]), (¥, ]*]), (Z,|*]) be normed spaces and let U = X. Denote by
F(U, Y) the vector space of all functions ¢: U — Y and by Lip (U, Y) the vector
space of all functions ¢ € (U. Y) such that

sup L_—l(p(x) — o) < oo
x+% Ix - J?I ’

where supremum is taken over all x, X € U. Assume that 0 € U. Clearly, Lip (U, Y)
with the norm defined by the formula

(1 lol = o] + sup 6 =20
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is a normed space. Let
lollo == suplo()], ¢eLip(V,Y)

and let (L(Y, Z), ||*|||) be the normed space of all linear and continuous mappings
Y- Z

Every function h: U x Y — Z generates the so called Nemytskii operator
N= N,: F({U.Y) - F(U, Z) defined by the formula

) N(¢) (x) := h(x, ¢(x)), xeU, ¢eF(U,Y).
In general it is, of course, a nonlinear operator.
We are going to prove the following
Theorem. Let (X, |-]), (¥, ||) (Z. ||) be normed spaces and suppose that U = X

is star-shaped with respect to 0. If the Nemytskii operator N defined by (2) satisfies
for a positive number r the following two conditions:

1°. N:{¢eLip(U, Y): |¢|, < r} - Lip (U, 2) ;
3°. thereis a ¢ = 0 such that
() [N = Noa)| s clos = 0z] . 0icLin (U, Y), [oi]o <7,
then there exist functions A: U —» L(Y, Z) and B € Lip (U, Y) such that
4) h(x,y) = A(x)y + B(x), xeU, yeY, |y|sr.
If, moreover, (Y, |*|) is a Banach space then A € Lip (U, L(Y, Z)).

Proof. Since for every fixed y € Y the constant function ¢(x) = y, x € U, belongs
to Lip (U, Y), it follows from 1° that

h(-,y)elip(U,Y), yeY, |y|sr.

Therefore h is continuous with respect to the first variable for every fixed y from
the ball B(0,7) := {ye Y:|y| £ r}.
Using definition (1) we may write assumption (3) in the following form
|h(0: ¢1(0)) - h(O, ‘Pz(o))l +

+ sup [t 24(D) = h(t, 02(1)) = h(E, 9:(1)) + b, @2()
t+ It - il

= C"‘Pl - (Pzﬂ

where supremum is taken over all t, #e U and |¢,||, < r, i = 1, 2. Hence it follows
that

) |h(t, @:(1) — h(t, 2(1)) — h(E, @4(3) + h(E, 92(D))]
=1
for all ¢y, ¢, €Lip(U, Y)such that |¢;|, £ r, i=1,2and t,7eU, t £ 1

=< C"‘P1 - ‘Pz"
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Let us fix xe U, x #+ 0, and X from the segment joining 0 with x. Take y,, y,,
1> 2 € B(0, r) and define the functions

Vi 1] < Il

© odt) = S h (e = |3 + v 17| < |1 < )
x| - I
Vi |t| > lxl

forteUand i = 1, 2. Evidently ¢, e Lip (U, Y), |¢|, S r,i = 1,2, and
IJH —Y2—Jyi + J—fz‘
x| — ||
Hence, setting in (5) ¢,, ¢, defined by (6) and ¢ := x, f := X, we obtain the inequality

lh(x, yl) - h(X, yz) — ﬁ(fa il) + h(f, fz)l <ec (I.VI _ y2| + |y1 e 2 ?_1 + ﬁzl) ’
Ix — %] x| = %]

“(Pl - ‘Pz” = |.V1 - ,Vzl +

which can be rewritten in the following form

|h(x, Y1) — h(x, y2) — h(%, 71) + h(%, y-z)l =
se(l -l - ML N +5).
x| = [%]
Letting X tend to x, using of the continuity of h(+, y), we hence get

(7) Ih(X, V1) — h(x, y2) — h(x, 71) + h(x, fz)l < C|}’1 - Y2—J1 + j’_zl ’

for x + 0, x€U, y1, 2, J1, 7, € B(0, 7).
By the continuity of h(+, ) it follows that (7) holds for x = 0. Let us fix an x e U
and define the function A(x): B(0, r) - Z by the formula

©®) A() () = h(x,y) = h(x,0).

Takingin (7) y; := y + W, ¥, := », J; i= W, 7, := Osuch that y, we B(0, 7[2) = Y
we obtain

h(x,y + w) — h(x, y) — h(x, w) + h(x,0) = 0,
which means that
A(x) (v + w) = A(x) (») + A(x) (w), y,weB(0,r[2),

i.e. A(x) is additive mapping in the ball B(0, r/2). It is well known that A(x) has the
unique extension to an additive map from Y to Z (cf. [1] and [2], Theorem 4.3).
Denote this extension by A(x). Setting 7, = y, = Oin (7) we get

IA(x) (J’1) - A(x) (J’z)l < Cl)’l - .V2| » Y1, ¥2€B(0, 7') s

which implies the continuity of A(x). Since every additive and continuous map is
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linear we have proved that A(x) € L(Y, Z). Putting
B(x) := h(x,0), xeU,
we have, according to (8),
h(x,y) = A(x)y + B(x), xeU, yeY, |y|<r,

where A € F(U, L(Y, Z)) and B € Lip (U, Z).
Suppose now that (Y, ||) is a Banach space. For every x, X € U, x + X, we have
A(x) = A(F) e L(Y,Z).
x - =

From the just proved part of the theorem we have N(¢) — B = A(*) y, for ¢(x) = y.
Consequently, for every y € B(0, r), A(+) y € Lip (U, Z), and, therefore

sup H4G)Y = A 5| _ (14 - 4G

X+ X — fl X% X Ix — fl
x,XeU x,xeU

<o, yeB(0,r).

This shows that the family of linear maps

is pointwise bounded. In view of Banach-Steinhaus Theorem the number

s 146 = G
PEY lx - )?I
x,xeU
is finite. This completes the proof.
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