Acta Universitatis Carolinae. Mathematica et Physica

Véclav Nydl
A note on reconstructing of finite trees from small subtrees

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 31 (1990), No. 2, 71--74

Persistent URL: http://dml.cz/dmlcz/701956

Terms of use:

© Univerzita Karlova v Praze, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/701956
http://project.dml.cz

1990 ACTA UNIVERSITATIS CAROLINAE—MATHEMATICA ET PHYSICA VOL. 31. NO. 2

A Note on Reconstructing of Finite Trees from Small Subtrees

V. NYDL*)

Czechoslovakia

Received 11 March 1990

Some basic observations on the reconstruction of a finite tree from its subtrees are given.
It is conjectured that every tree with n vertices is determined by the collection formed of all its
subtrees with the number of vertices g =1, 2, ..., k provided k is greater than n/2.

1. Preliminaries

All graphs considered are finite, simple and undirected. If G = (X, E) is a graph
and Yis a subset of the set of vertices X then G/Y denotes the induced graph with the
set of vertices Y and the set of edges formed of all edges from E contained in Y. We
use the symbol 2 to denote the isomorphism of graphs.

For every two graphs H, G we define the frequency frq(H, G) as the number of
induced graphs of G isomorphic to H. Four types of similarity can be defined.

Definition. Let € be a class of graphs and let k be an integer. For two graphs G, G,
we define G; ~* G, (G, ~=* G,, respectively) iff frq(H, G,) = frq(H, G,) for every
graph H on k (on <k, respectively) vertices, G; ~& G, (G, ~¢* G,, respectively)
iff frg(H, G,) = frq(H, G,) for every graph H from % having k (having <k, respec-
tively) vertices.

2. Reconstructing trees

In the reconstruction theory we are interested in the implication “G, ~ G, =
= G; = G,” where ~ denotes some of the similarity types. There are some positive
answers in the case of trees (the class of all trees will be denoted by 7).

Kelly [4] proved in 1957 that the implication holds for trees G,, G, on n vertices
in the case of similarity ~"~!, i.e. that trees are reconstructible from one vertex
deleted subgraphs. Further, Harary and Palmer [3] proved in 1966 that the implica-
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tion holds for trees G,, G, on n vertices in the case of similarity ~% ', i.e. that trees
are reconstructible from endvertex deleted subtrees. In 1976, Giles [1] showed that
the implication holds when G,, G, are trees on n vertices (n > 4) and the type of
similarity is ~% 2, i.e. that trees are reconstructible from two-vertex deleted subtrees
(with a trivial exception). He also studied k-vertex deleted subtrees reconstruction.

The reconstruction of a graph from ‘‘small” subgraphs was first investigated
by Manvel [5]. The following theorem we regard as basic.

Theorem 1. Let k, n be integers, Ty, T, trees on n vertices. The following three
properties are equivalent
G) T, ~* T,
(ii) Tl ~ 2k Tz,
(i) T, ~3*T,.

Proof. Apply Theorem 1.7 from [8] to the class of trees.

One may try to add the fourth property to Theorem 1, namely the property (iv)
T, ~% T, We are going to show (in Theorem 2) that it is not possible.

Let ny, ..., n, be integers and n their sum. We define the “star” graph St(n;, ..., n,)
as a tree consisting of s paths of lengths n,, ..., ng all “emanating” from one common
vertex. Obviously, this tree has n + 1 vertices.

Theorem 2. Let k = 5 be an integer. Then for every n = 2k — 2 there exist two
trees Ty, T, on n vertices such that Ty ~% T, but not T, ~3* T,.

Proof. Take ¢ = n — k + 1, T = St(1, k — 4, q) and suppose T = (X, E) where
X ={xg,.c0o Xgm2} U {a}, E = {{xs, xi+1}5i =1, ...,n — 3} U {a, Xz4,}. Now, for
x,y¢Xlet X, =Xu{x}, X, =X0u{y}, E; = Eu{x,x,}, E; = EU {x,-3, y}
and finally T; = (X, E;) for j = 1, 2. The trees T, T;, T, are shown in Figure 1 for
thecase k = 5, n = 8.

Y 3
Xg *6 .

a
a xs

X
X
D x4 Tyt X4 T,8 1
Fig. 1.

To prove the required properties we put M; = {K < X; TJ-/K is a tree and
card K = k} and we define f: M; — M, as follows:

(1) if x¢ K then f(K) = K,

(2) if xeK et x, ¢ K then f(K) = {x,-1, ..., Xau2} U {},

(3) if xeK et x; €K then f(K) = {x,, ..., X,—2} U {y, a}.
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It can be easily shown that f is a bijection and for every K € M, it is true that T,/K x~
= T,/f(K). Thus, we have Ty ~ 5 T,.On the other hand, since T; has just two vertices
of degree 3 while T, has only one such a vertex, we have frg(S«(1,1,1), T;) = 2
but frq(S¢(1, 1, 1), T,) = 1 and thus T; ~3* T, does not hold.

The following theoram shows that the diameter of a tree cannot be reconstructed
from ‘‘small’” subtrees.

Theorem 3. For every k = 1 there exist two trees Ty, T, on 3k + 1 vertices such
that Ty ~3* T, and diam T, #+ diam T,.

Proof. Let T = St(k — 1, k, k) = (X, E) where X = {xy, ..., Xu} U {¥1,--s W}
and E = {{x;, x;41}5i=1,..,2k = 1} U{{ys, yisa}s i = 1,.., k — 1} U {x;, y4}.
Now, let Ty = St(k, k, k) = (X;, E;) and T, = St(k — 1,k,k + 1) = (X, E,) where
X, =Xu{x}, X, =XU{wh E, =Eu{x,x,}, E, = EU {x3, W

Wetake M; = {K < X;;card K < kand T;/K is a tree} and we define f: M; - M,
as follows:

(1) if x¢ K then f(K) =K

(2) if xe K then K = {x,, ..., x,} U {x}, where r < k, and then we put f(K) =

= {ka-r-f-l’ . ka} {W}
It is clear that for every K € M, we have T} K =~ T,/ f (K) but, on the other hand,
diam Ty = 2k % 2k + 1 = diam T5.

3. Bounds of reconstructability

To analyse the problem in more details we define the concept of a function rec.

Definition. Let & be a class of graphs. The integer valued function recg is defined
as rec,(n) = min {k; for every two graphs G;, G, on n vertices from the class &
it is true that G; ~=* G, = G, = G,}.

Miiller [6] proved that there exists a class 5 containing asymptotically the most
of graphs with n vertices (in the sense of limit) such that for every r > 1/2 there
exists n, such that for n > n, the inequality rece(n) < r.n holds. On the other
hand, we have proved (see [7]) that for the class & of all graphs and for every n = 15
rece(n) > (2n/3) — 6.

Since Miillers class ¥ does not contain the class J of all trees nothing can be
derived for recy.

Theorem 4. For every n = 6 recy{(n) > n/2.

Proof. It was shown in [7] that for Ty = St(k — 1, k — 1,1), T, = St(k — 2, k, 1)
with 2k vertices (k = 3) it is true that T; ~* T,. Obviously T;, T, are nonisomorphic.

Checking all the cases of trees with <10 vertices (according [2]) we obtained the
exact values of recy(n) (see Table 1). Taking into acount this result and supposing
that our construction from Theorem 4 is “‘the best possible’ we formulate:
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Table 1
(#(n) denotes the number of nonisomorphic trees on n vertices)

n 4 5 6 7 8 9 10
t(n) 2 3 6 11 23 41 106
recy(n) 3 3 4 4 5 5 6

Conjecture. For every n 2 4 recy(n) = [n[2] + 1, where [ ] denotes the integral
part of a number.
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