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TRANSFORKATIONS AND FACTORISATION OF ORDINARY
NONLINEAR DIFFERENTIAL EQUATIONS

‘L.M.Berkovié
Kuibyshev State University, USSR

In the constructive investigation of differential equations the facto-
risation and transformation methods play a great role. But their sepa-
rate usage as a rule is not quite effective: there are no general ru-~
les for searching of substitutions and finding of the explicit form

of factorisation faces principal difficulties.

In the report the advantages of using these methods together are shown.
It gives an opportunity to expend them to the nonlinear case and to
obtain concrete results concerned with integration and qualitative
investigation of broed class of differential equations.

I.Factorisation and reducibility of linear eguations. Consider a line-
er differential equation

® K
ly= Za«(")_‘/ =0, ()=dfde, do={ dmy« dp [245) ).

20 s 4
According to the G.Mammana theorem there always exists factorisation
/in general noncommutative/ in terms of the first order differential
operators

|y = ﬁ (D ~odutx)y = O) L= L//:L) (2)

d..(‘x) are generally complex-valued functions in X . There fore one
fails to construct such factorisation in general case as it is neces-
sary to solve the Lyapunov-Poincare ( n-I) order nonlinear differenti-
al equation

- .. )
LWP“*. clx) E%cu;)texp( {AedX)] =¢C @)

/vwhen n=2 (3) becomes the Riccati equation /.

Effective explicite factorisation can be realised if one employes to
{ts structure additional requicements. There is remarcable explicit
factorisation structure for commutative multipliers (jb-,g.(x ))' ,‘,1",'7_

when A« ‘-'-’*0.-.'?5 lxcnf and (2) is reducible by the transformation

Y=enx (‘kﬁ; ,dx)z to the equation with constant coefficients.
More eral is the class of differentiel equation being reducible
by the transformation

"
Y=Vix)Z ) ot =mx)¢/x; Ure Q'I , wr#A0 (4)
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to the equation

/‘/]Z —_._-.Kﬁﬂg‘ (zk)-.-.—ol 5.,=consi, ()=dfd. (5)

Theorem I.In order to reduce (I) to (5) by (4) it is necessary and suf-
ficient that either the factorisation /noncommutative/

ly= Ijl[;o- -0 - Tty

or the commutative factorisation

Lle=[ |(ED- & - 2y

k=4

X
where T« are the roots of the characteristic equation go 6."=0
is hold. .

In this case it is necessary / sand for n=2 at the same time suffi-

cient / that ]
Vex) =| u(z)l%exp (- %[t s + 0 fudkr)
. 3 1 R 2 ,
%‘:% -7(4) +-,€-ﬁi{3u ='6n’(%i‘¢))
where

ntd ¥ _n-t,'
Auy = Qs =77 Auyg = g Gn-s,
2
B,,_z = En-s — 3‘;;' &a-s

are semiinvarisnts of (I) and (5) with respect to the transformation
of the function only Y=200)Z, _
There is the differential relation between U ana lL:

(
tau(z)if 9_ & U =0.
K=0Q
3. Factorisation of ponlinesr reducible equatiops.

Theorem 2.In order to reduce the nonlinear nonautonomous n-order dif-
ferential equation

foxe,9, 9. 9'™) =0 (6)
to (5) by the transformation
Y= 9z, dt=wix dx M

it is necessary and 1auﬁ1ciont that
fe~ D[D - -L&-—V BN - (k-)layled *f’ ']y ®
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U=V /9x are the roots of 2'6’ 7"=0,
The important special caseas of (7) are the transformation (4) carrying
out autonomisation /elimination of independent variable from the equa-
tion / and transformation

Y=z , dt=u)dx (9)
carrying out exact linearisation of equations.
4.The autonomisation gives an opportunity to find the conditions for
reduction 6 to autonomous form and to solve an inverse problem of
finding the form of variable coefficients necessary for this, and also
to obtain exact solutions.
Lemms_JI, In order to reduce (6) to the autonomous form

Yz ,., 2) =0 (10)

by (4) it is necessary and sufficient (6) admits the one-parameter’
Lie group with generator

K =¥z, 9 +le, W
and has the following structure
' 2
)(._._._L‘tb.% + ExYay: (11)

In the theory of differential equations and numerous applications
there are often the equations represented as a sum of linear and non-
linear parts which are suitable to be n-itten in rom

Y'ra,my r-f(z);! Ftx 9 9)=0. ()
Theoren 3. Yor reduction of (I2) to the sutonomous form

e o, 9 [}
% +6,31+62+az z2)=0, (13)
it is necessary and sufficient that

fay=av" 4", Foxy9)=b[§:ED- Ja)g],

Y2
where UTz)= Q‘f(rf'gﬁdz\) and U(x) satisfies the Kummer-Schwarz
second order oquat:lon

'lZf -—(u') +(bo- 7’5 Ve =Qutz)
in this case (I2) has the exact particular solution of the form Y=

= _PW‘&) vhere p is a root of é. P+af§§(P O=0., For reduction
(12) to (I3) by (4)4it is necessary and sufficient f()() satisfies
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uf;"_.—i T’-(]/.’})y&(,)j +4_(')'$) - ’ {7+ ))/ 2 \))1\-{ ,-%6

" +¥,’:—’.‘,( I5 ")

/K=T,3f b=0_; k=0, if bo=0/. e
3eExect linearigation gives opportunity to find a genersl form of the
nonlinear autonomous equation F'('/ 4, 77) €  asmitting an exact
reduction to (5) by the nonlinear transformation (9) , to construct
invarients /the first integrals/, to obtain the general solution of
the nonlinear equation in & paremetric form, to investigate the eque-
tions of forced nonlinear oscillations of the forme F(% Y’ , ¥'")=¥(x)
In particular the second order equation which can be linearised must
have structure .

Y L9 rE 405" +hY=C 14

where 4.<%) f, (¥) ore orbitrary functions. fe=de f’\[’(-fhlf‘l) or
Lo 20fusr6) ~t5.)/% | Jo ';/, (ow’)&://t.‘.
In these cases (I4) has the general solution respectively B
Y=X"(Z0) Yz G[?.f.f,eo«/v([fzdd)’w x = § vatf:)')?
Y= CZ2le) -
T T1-q2(¢) Hhyw)
and admits the first integrals /invariants/ I..:

I('z) T.xX- f‘_{‘vx (lf;;;b):/d [ J)=L X é’fy(ahfjjty k<),

The analogous results have been obtained for the equations of the
third and higher orders but because of its complication we shall not

take them here.
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