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ON ONE SYSTEM OF NONLINEAR EQUATIONS

Rudolf Kodnér
Bratislava, CSSR

In this paper, some problems of the system of differential
equations comnected with the theory of nonlinearly elastic plates
(Lepik [1] and JerSov [2]) will be analysed.

Let Q) be a bounded gomain in R? with boundary 90. . We consider
the system
) 51 xxxxt22 xy "53“ =L))o A2(kmy o) o ] -

- 5[(acw ) xxt (LW ):,.y 2(dw. )xngo.[so,w]qk Fl+[F,v]+ &),

(2) 54rm+255rmy+56ryms - 2[w,w]+{k,w}+ gpe

In the system (1),(2) 51(:!.:1 2y.44,6) are positive constants and
LU(xy¥)s Po(X¥)y E(X¥)s &(X)T)s &5(X,y) are sufficiently regular
real functions. Ais a real parameter. Further, in (1),(2) we use
the following notation

0= byt Fyry a2y txyr i = Nty alyytax—2 %t xy txy’

where 71'72'73 are nonnegative constants.

The existence of the solution (1},(2) is considered in the
space "HleZ' The spaces Hl Hz are generated by the boundary con-
.ditions. Let the boundary conditions have such a form, that Hi(:l.'l,
2) have the properties of the space Vlg. Let gl‘Hl’ 326}12, where
Hi(itl 2) are dual spaces to Hy.

Definition. The pair ¢w,P>¢W will be called the weak solution of
the system (1),(2) under given boundary conditions, if
¥ (ws Oy - { <D(w,)aq - %g;[w.w]mm([ro,w].te)n;,

2 Q
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+({x, 7} n‘f)l‘z*( [F,w] v?)nz*‘81v9>31:

(4) *st (Pp)y e - 3(Iw,ml ) (b, +8500

where D(w,‘c)swxx‘en-tzwxy‘eqi' vy yy’

<81!9)H1! (82"")}!2 are dualities.

Theorem 1(topological method). Let exist such constanis C, >0, C,>0,

that inequalities
5) 1 cnmgxl&l +3cl,+cm1u g,11C; 4C,,
c g2 T’Z"Cl
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hold, where cn, P'cml'ck are positive constants (as follows from

the estimates in the proof). Let T is the operator generated by
the form (3)+(4) (addition). Then there exists in W a solution of
the equation

(T“’»P}'(‘b"f>) =0.
If the solution is unique in the bounded domain Q (©0¢Q), then the
Galerkin approximations converge in the norm W.

Theorem 2(variational method). Let 15_* 72' ‘83-1. Let G is a operator
generated by the form (3)-(4) (subtraction). Then G is a potential
operator. If
(6) 1>cnm£xldl +c1;\+02,
then there exists in W a solution of the equation

(GLw, B> ey '1)) wo
and the Ritz approximations represent the minimizing sequence.

Theorem 3(compactness method). Let inequalities (5) hold. Then
there exists solution of the system (3),(4) and subsequence of the
Galerkin approximations converges to the solution in the norm W.
Proofs of the theorems are in [3].

Remark 1. The existence of the solution for equations of type [1]
under the Dirichlet boundary conditions is considered in (4].

Theorem i(bifurcation theorem) Let gZg,3 O,Tl X'a '8':1. Let ine-
quality (6) holds. ﬁ is the bifurcation point of the system (3),
(4) if and only if 11: is the eigenvalue of the problem

¥
Q‘ul‘ ("Q)HI-L‘LD("Q)- %['n‘d]du -( [k, F] »e) L=2 S ([Fot"]o?)]"a'

¥ B - [
Wﬂz‘ (P,‘P)Hz ([kn"]t"’)nz
Proof is given in [3].

It seems [5] that in the course of the numerical solution of
the nonlinear problems of the type [1] by the Ka¥anov’'s method,
the difficulties may arise due to the complexity of the process re-
alisation. These difficulties can be removed by properly modifying
the Ka¥anov’s method [5]. Then we obtain a sequence of problems
each of them being a special case of (1),(2). When solving these
problems by Galerkin method, the original problem is converted to
that one of finding solution to the systems of nonlinear algebraic
equations of the form

N Yo (-3 )me 6,528, w,= Cygx"sFicterss
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¥ =
?* Ppa¥q™ Epm1"m™ *&2p0

with Ai'Bi'cijk'npq'gpml’gli'g'ep’cc being constants; " and Pq are
unknowns and A is a parameter. The indices i,Jj,m,1 take value from
the one set and indices p,q,k (in general) from the other set of
indices. Special cases of the systems (7) may be successfully sol-
ved by using a perturbation method [5)], as it is shown in [6], whe-
re also the proper interpretation of the results is presented.

When using any approximate method it is convenient to have an
aposteriori information on the solution. This information is of the
utmost importance, when the use of an iterative method of the Ka-
tanov’s type for problems of form [1lis undsr consideration. In the
case of linear potential problem, the Slobodianskij’s approach [7]
may be used provided proper conditions are- satisfied. In a more ge-
neral case the folloving procedure may be used[8]:

Let B is a real Banach space and ¥ a functional defined on B.
We are seeking
(8) m}:lin"l'(u) .

Let the existence of minimum in (8) is guaranteed by the assumption
on Y. Let us suppose further, that
n ;
¥(u)= £ Y,(u)
i=1
and that
¥: grad \t’i
i
exist. Let us denote
£ Bk
(9) 3345 Yiwy) + 5%y -0y,
where X,¢B'and < ,> is duality on B. Let the problem
min J

B ) .
is well defined. Let the necessary conditions of the minimization
of individual functionals from J are also the sufficient ones.

Theorem 5. Let uy, X; (1%1,2,...,n) fulfill the relations
i?ls grad Yi(“i) + «1_1‘ 0,
n-1
ad V. " AN
1(m)= X Xy
Then an%n? holds.

Remark 2, If the Slobodianskij ‘s assumptions are satisfied, then
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our construction of the lower estimate is identical to that one of
Slobodianskij.

Remark 3. Let in (9) ne2 and VY, is a quadratic functional. Then

Y'J'wl(uz-“l) ’

where ay is an arbitrary function from B.
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