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ON THE SOLVABILITY

OF THE NON-HOMOGENEOUS POTENTIAL PROBLEM

1.
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AT A CORNER SINGULARITY

ARSCOTT F., WINNIPEG, MANITOBA, Canada

The problem

In several branches of applied mathematics one meets the following
mixed boundary value potential problem: .
3 is a plane infinkte sectorial region in R3,given by x 2 0,
ly] s x tan y, z = 0. We require a function ¥ such that
(1) Vzlp =0 in TK3 \J (ii) ¢ takes prescribed values on d ’
i.e. Y(x,y,0) = £(x,y) for (x,y) € & (ii1) oy/3= =0
for (x,y) ¢ J (iv)y > 0 as r = (x2+y2+zz)* +
(There is an analogous problem with ¢ ,3yfdzinterchanged in (ii)
and (iii)).

lz=0

Such problems occur, for instance in

(a) electrostatics (potential due to a charged plate, [8]),

(b) aerodynamics (air flow over a 'delta wing',[4],[10]),

(c) elasticity (indentation of an elastic medium by a wedge-
shaped punch, [5],[9]1).

Observations

It must first be noted that the problem does not have a unique
solution. If f(x,y) = 0, the problem is homogeneous, with zero
boundary conditions, but nevertheless has non-trivial solutions.
(The sector # acts in a similar manner to the 'spine' described
in [7], page 285). Hence, if we denote solutions of the homo-
geneous and non-homogeneous problems hy wh and wnh’ then

] h + wnh.is also a solution of the non-homogeneous problem.

On both mathematical and physical grounds,one expects a
solution to have (locally,at least) a dominant component of the

form v
r’ x (angular function), (2.1)

where the index v (which depends on the vertex angle y of d )
has to be determined.

There appears to be some confusion in the literature regard-
ing the acceptable values of v , which requires some comment.
Morrison and Lewis [8] argued correctly that for the homogeneous
problem v is necessarily real, but their reasoning does not
carry over to the nan-homogeneous problem. Mo;eover, it is found



that for a solution ¥ to be real, it is only necessary that the
quantity v(v+l) be real. Besides the obvious possibility that
v is real (we take v 2 -} without loss of generality), we can
also take v in the range

v =-=%+ip (p 2 0) (2.2)
and the main purpose of this paper is to show that such values
of v suffice to solve the non-homogeneous problem. Such a
solution is unique in the sense that the function f(x,y),subject
only to reasonable smoothness and suitable behaviour at infinity,
determines the solution completely. The non-uniqueness of the
solution arises only from the possible occurrence of solutions
of the homogeneous equation with v real.

When considered in a physical context, there may be grounds
on which a solution with complex v must be excluded. For example,
in the wedge punch problem, this would theoretically imply loss
of contact between the punch and the elastic material near the
vertex. Such an argument on physical grounds is, however, not
wholly convincing because in the real world a completely sharp
vertex cannot be achieved or would, at least, have effects such
that the assumption of linearity, implied in the formulation of
the problem, ceases to hold. (For example, in the wedge punch
problem, the material would cease to behave elastically and would
become plastic.) It seems reasonable, therefore, to regard a
solution with v complex as quite possibly valid in a region
away from the vertex, where the solution is in any case indeter-
minate both physically and mathematically. This is the viewpoint
adopted here.

The analysis was done jointly by the author and Dr.A.Darai

of the University of Western Illinois.

Solution of the problem
The method is to embed the sector P in a system of elliptic conal
coordinates, which allows separation of variables. Morrison and

Lewis [8] use a trigonometric form, but here we use the more
compact version which employs Jacobian elliptic functions.

Setting r ik
X = E,dnadns , Y = kr sna snB , z= Ricno cnB (3.1)

with ranges
r € [0,v), o € (-2K,2K],. B € [K,K+2iK'], (3.2)

the sector & is given by B = K+2iK' , and the remainder of the
plane z=0 is made up of the regions B = K, a = tK. The vertex
angle of & 1sdsin”! k, where k ( € (0,1)) is the modulus of the
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elliptic functions. In these coordinates, Vzw = 0 becomes

2
299, _ P
k2 (sna - sn?g) 5;(r b% ) = ;;i ;E% (3.3)
(11, p.24,[2], sect. 12 ). =

Separation in the form y = R(r) A(a) B(B) (3.4)
gives the three equations
2 dr _
d—r(r ar - V(v+l)R = 0‘ (3.5a)

A" + (A-v(v+l)k%snZa)a = 0, B+ (A-v(v+1)k?sn?g)B=0 (3.5b,c)

in which A and v(v+l) are separation constants. Equations
(3.5b,c) are Lamé equations.

The equation (3.5a) provides different forms of Solution R(r)
according to the value of the(real) quantity v(v+l). According

a8 (a) v(v+l) 2 -}, (b) v(v+l) = -3 (c) v(v#l) s -} (3.6a,b,c)

we have

(a) R(x,v) = Ar’+ V1

(vz -3), (b) R(r,v)=r }(a + Bin 1),
(¢) R(x,v) = r ¥(a cos(p &n r)+ B sin(p &n r)) (pz 0)
(3.7a,b,c)
For simplicity, we now assume that the boundary-value func-
tion f(x,y), and hence also the solution y , is symmetric about
the centre line of 8 . Then consideration of the coordinate
system [5] shows fhat A(x) musé be even in o with period 2K, so
we adjoin to (3.5b) the conditions
A'(0) = A'(K) = 0. (3.8)
We have thus a regular Sturm-Liouville problem, with the
usual infinity of eigenvalues A(m) and corresponding eigen-
functions. Such solutions were investigated by Ince [6],
dgnoted by chm(a), and given either as power series in sn2a
or as Fourier-Jacobi series. They were partly tabulated by Ince,
but may readily be computed by the technique given in [3].
Further analysis shows that B(Bi must be the same function
of B that A(a) is of o . We thus obtain a separated solution ,
satisfying (i), (iii) of the original problem, for arbitrary v and
arbitrary m = 0,1,2,... A more general solution is obtained by
summing over m and integratinq with respect to v , in the form

V=) = fav Z: Cp (V) R(x,v) Ec ™ (a) Ec (B) (3.9)

The range of integration with respect to v is at present unspec-
ified. It remains to satisfy the boundary condition on o y

which becomes '
y(r,o ,K+2iK') = F(r,a) where f(x,y)= F(r,a)

(3.10)
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The integral relationship consisting of (3.9),(3.10) must
now be inverted to give Cm(v) in terms of F(r,a). In [5] it is
shown that this can be done uniquely if the range of integration
for v is taken to be v= -i+ip, p €[0,»), subject only to moderate
conditions on the smoothness of F and its behaviour as r+ «

The mathematics involves only the orthogonality of the Eczm

v
with respect to m, and a Fouxier transform with respect to
s = 4n r. It is obvious that, since Rnv ::-i as r » » , the

condition (iv) is also satisfied so the solution is completed.
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