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ON A CLASS OF WEIGHTED SOBOLEV SPACES

Jacques Camus

Many authors have studied various classes of Sobolev spaces
with weights (see for example [2], [3] and the references therein).
The aim of the present paper is, roughly speaking, to present some
results about the Sobolev theorem and about the inequalities of the
type "compacity" for a special class of weighted Sobolev spaces; one
can use these results to study spectral properties of a class of de-
generated elliptic operators.

Let us mention that the results presented here were obtained

together with P. BOLLEY and PHAM THE LAI (Nantes University).

I. The case of the half-line R

+
For an integer m € N , two real numbers o and g >0 and

an interval I of R+ , we consider the space
m ' o 2 8. m 2
Va B(I) = {ue@D(I); tuel (I, t Dtu e L°(I)}
’
equipped with the canonical norm.

PROPOSITION I.1. If u e v‘: g0, T) , where T is a strictly
’

positive real number, we have:
(1) tB—jD:-ju e1?(0, 1) foro<i< Min(j,, m) with j, = [B + %]_;

B3, .
an e 0w erto, » for s 1< am if jprt

i

m 3

(iii) u € Hm—B(O, T) <f B-m # integer + % .

The notation [A]_ means the greatest integer < A .

Proof . Let ¢ be an infinitely differentiable function

I anda o) =0 if t» 3

such that ¢(t) =1 4if t <3 = 74

Put v =

= ¢u ; then v €V (R,) with bounded support.



Using Hardy's inequality, we obtain (i).

B-j, m-J B-jo-1 m-3,
Now for (ii): we have t th 0v € L2(R+), also t Dt v
2 -3y m-jy-1 )
€ L"(R,) and by Hardy's inequality we get t D, ve L"R,);

repeating the same argument, we obtain (ii).

If B >m , it results from (i) that tB_mu € L20R+) and con-

sequently if PB-m # integer + % , we have ([4]) ueHl -BGR+).
1 1
If B < m , then jo <m and -~ > < B - jo 275 - Hence two
cases must be distinguished according to - % < B - jo <0 and 0 <
1
< B -3 275 -
0 =
2 1 B=3g m=Jo-!
First case: 0 < B = jO < 7 - We have t Dt v and
B=3o m-Jo 2
t Dt veL OR+) (notice that 0 < B - jo and B < m implies
m-j -1 m=-j
j0+ 1 < m). Then we have t%Dr 0 v and t%Dt 0v € L20R+) , and now
m-jd-l 9
we prove that these two conditions imply Dt vel 0R+) .

Lemma 1.1. ([1]). If w eV, R , then u e L’®,) .

Proof . If uEQ(lR_,), we can write

+oo
1u(t)[2 = 2 Re J u(o)u' (o) do
t

and using Fubini's theorem, we obtain

+oo

+o 2 + oo 2 + oo 2
J ]ul dt < - 2 Re J o u(o)u' (o) do < J tlu(t)[ dt +J tlu'(t)l dt.

0 o 0 0

Finally the density of Q(R*) in the space Vé %(R¢) proves Lemma
; . +

I.1.
m-jo—l e
Now, we prove that D veH R with e=1- (8- 3.
m—jo—l m'jo
To this end put Dt v = f and Dt v = F and compute
M AT TS T 105 Y K A M T 1€ WS 1691 L
Ze+l * 2e+1 :
0 IX’Y' 0 0 t
However, ¢
f(x +t) - £(x) = J F(x + o)do .
0o



Hence

+o 2 +o +o
[f(x + t) - £(x)| 1 2
J ST dt Tz || F(x + o) do|” dt
(0] [0] (o]
and using Hardy's inequality,
4o
1 2
;CI t—ze‘le(x+t)| dt .
0
(C is a constant.) On the other hand,
+o +o
1 2 1 2
J el |F(x + t)|° at = J — %1 |F(y) |© ay
o ¢ < v - xl
-
o
- x-z(s—l)J —L—IFen)|? 4o
1 |o-1]
and Fubini's theorem yields
+o 4o +o0 +o
_ _ 2(e-1)-1 _ _
X 2(e 1)( ———l—————[F(Ux)IZdo)dx = L 40 y 2(e 1)|F(y)|z
lc_1|2€-l ‘0_1|2€—1 dy;
0 1 0 H
m-j -1
0 € m-g
thus, D ve BH(R) and veH "R)).
Second case: - % < B - 3j,<2 0 . The case B = jo = 0 being

0
trivial, we can assume that =~ %-< B - jo < 0 . Then % < 6-j0+ 1< 1
B-j +1 m-j +1
t % p 7°

t

m—jo

and we have Dt v € L20R+) and v € L20R+) . By the

same computation as before we get that D:_jov € HE(R+) with € =
= - (B - jo) and finally v € Hm_B(R+) . Proposition I.1 is proved.
REMARK I.1. We can improve the result of Proposition I.1 when
B -a>m, in fact we have: if B - a > m and if u € V:’B(O, T),
then :a+(j/m)(8-a)D2U € LZ(O,T) for j = 0,..., m . The proof is ana-
logous to that of the following proposition.
PROPOSITION I.2. If B -~ a <m and if u € v:’e(r,+w) where

T <8 a real number > 0 , then
ard(e-a) .,
t Diu € L°(T,+=) for j =0, ..., m .

Proof . It will be done in two steps.
First step: Reduction to the case a = 0 .

LEMMA I.2. If uw € VR (T, +=) , then B pdy e L2(1, +=).

Proof : If B < , we have obviously u € Hm(T, +w) and

= @



then ta-jD:—ju € 1L2(T,+=) for § = 0, ..., m.

If B > % , then, as in Proposition I.l, we get that
879023y € L2(r,4e) for 0 £ j £Min(i,, m) with 3o = [8 + 3] .
Finally, since D:-ju 3 LZ(T, +w) for j =0, ..., m, we get that
ge'jD:'ju e L%(1, +=) for 3 =gt 1, ..., m 4if jrlcm (B -3
;ﬁ negative).

LEMMA I.3. The map ur»t*u <s an isomorphism from V:’B(T,+&)
onto Vg o (T, +=).

Proof . Let u be an element of V: B(T’ +o), we put Vv =
s

m
= tau; then ts_aD:v(t) = z aj.tB—jbtnju(t) and by Lemma I.2 it
j=0
m

results that v € VO,B—a(T’ +w) .,

Conversely, let v be an element of Vg S-a(T’ +®), we put

m ’

u = t_av; then tBD?u(t) = z aj.ts—a—jnz—jv(t) and by Lemma I.2 it

. j=0
results that u € V: B(T’ +»),
O,

Second step: We assume o = 0 .

We use the change of variable y =t and of the function

W(y) = yB/Z(m'B)u(t).

By induction on p we show that, for O < p < m , we have
P 5 B
_ j-ptpy
Dpw(y) = yB/Z(m 8) Z a, . t m Dju(t) ,
y j=q JP t
m-8
where app # 0 . By Lemma I.2 we get D;w € LZ(Y,+m) where Y =T

and consequently w € Hm(Y, +o) since w € LZ(Y, +w). Then Dgw e

€ LZ(Y, +») for p =0, ..., m and using the preceding formula, we
get by induction on p and since j - p + p% < j& for j < p that
Iz 2

t Dtu € L°(T, +») for j =0, ..., m . Proposition I.2 is proved.

We now apply these results to a sub-class of Sobolev spaces

with weights which will be useful for the following: let m &€ N , let

-0 and & be two real numbers >0 such that o+m > 0 and o+ém> O.

We consider the space

n -s +6k+ . _ 2 .
Vo s®) = {u e BU®RY; t? JDiu € L°(R,) for o+sk+j 2 0 and
k+j < m}



equipped with the canonical norm.
By Propositions I.1 and I.2, this space coincides with the

m
space V<y+6m,c+m(lR

+)
We now give Sobolev's theorem for the spaces W? 60R+) .
s

PROPOSITION I.3. (i) If u € W: 6(R+) s then u <8 continuous
>

on R and there exists a constant C > 0 such that for every ue€

+
e w" ®R,) and for every t > 0 , we have
0,8+
_ o'm 1 1 1
“m -
(1.1) lue)| <c.e 2™ o} |®® [luf], 2™
L

0,8
(77) Let us assume -0 > % . If u € W: 5ClR+) , then u 18 continuous

’

and bounded on R, and there exists a constant C > O such that for

every u € w: 6(lR+) and for every t > 0, we have
(1.2) luce)| < co [lul] 27 [lull ,°%
W L
g,68
- (o+8m)+%(6-1)
(1.3) lu(e)| <c. t lall o -
W
o,68

Proof . (i) First, we apply the usual Sobolev's theorem: if

v € Hm(R+) with m > 1 , then v is continuous on ﬁ: and there

exists a constant C > O such that for every v € Hm(m+) and for

every t > O , we have

+oo +o

lviey|? < ¢ {J IpTv(r) |2 ax + J lviny|? ar 3.
0 0

If w e w: 6(R+) , the function v defined by wv(t) = w(t+t) belongs
s
to HmOR+) for every t > O , Since -0 > O and o+m > O , it is

m > 1 and for every w € W: 5(R+) and for every t > 0 , we have
4o ’ e
\w(t)l2 < C. {J lDTW(T)|2 dt + J ]w(r)]z dt }.
t t
Now, let u be an element of w: 6(R+) and let us apply the preced-
’

ing inequality to the function w defined by w{t) = u(it) where X



is a positive constant. Then there exists a constant C > O such
that, for every u € WZ 60R+)’ for every t > O and for every A > O,
s

we have
4o . +o

ao o S pml@ s [ Ju@]? e,
t t

and since t

[

T, we get

+o oo
luey|2 < £ {I A A i S TC R T I [ucr)|?dr 3.
o+m t t
Choosing A =t m , a fortiori we obtain
_ o+m +e +o
+
)2 <c.c ™ {J | <OH Dy (o) |2ar + { luce) ]2 ded .
(0] (o]

Now, we apply this inequality to the function v defined by v(t) =
= u(At) where X is a constant >0

g+m g +o

|u(At:)|2 <c.t M q"l{J A_Zgirc+mD:ulz dt + J Iu(T)I2 dt }.
0 0o

L
Putting A = r20 , we get for every u € WE <s(1R+), for every t > O
s

and for every r > 0O that
1 1 _otm 1, += o
]u(trzo)]2 < C. (trzo) n r2m {I ITGTmD$u|2dT+rJ |U(T)|2dT T,

0 0

Finally, there exists a constant C > O such that for every t > O,

for every r > 0 and for every u € Wz 60R+)’ we have
>

_gtm 1 .
a2 ccoe ™ 22 (ull®, + rllall?, 0.
L
0,8
Taking r = llu||2m . ]lu||_§, we obtain the inequality (1.1).
W L
g,8

1

(ii) If -0 > 2 Sobolev's theorem implies that if v € H-°0R+) s

then v is continuous and bounded on ﬁ: and there exists a constant
C > 0 such that for every v € H-U(R+) and for every t > 0 , we

have



vy )? = c. IvllZ_, .
B °®,)

However, by Proposition I.l, the space Vg 0+m(R+) is continuously
s
imbedded in B—°0R+) . Hence for every t 2 O and for every v €

€ w: 60R+), we have
’
+o +o
lv(t)[2 < C. {I |r°+le:u|2 dt + [ [u('r)f2 dt} .
(o] 0

Using the same change of functions as before, we conclude that for

every u € W? 60R+), for every t > 0 and for every r > 0 , we have
3

1
-] -
fuey| ccoor 2 qlfull? o+ x ull?, N
L

0,8

?

We obtain the inequality (1.2) by taking r = ||u||2m
w

-2
l“ll 2
a,8 L

To establish the inequality (1.3), we start from the inequality (1.4)

+ o 1 + o 1
in which we choose 1\ = (J |u(1)|2dr)2m (I lntu(r)lzdr) 2m, yhich
yields t t
+ o 1 4+ 1 1
[uce) |* <c. ([ |n‘;’u|24r)2‘"([ lu(o |2an 2m,
t t

then we notice that, since t < T, we have

+ +o .
J pRul? ar g 72T [ 20O Ipay 20 g 2 (O |, )2
t t WG,G
and
+ +o
] lacty [2dr < =2 (o+8m) [ (2 (o ém) lu oy lzdr ,<= =2 (o+ém) l lullzm
t ) t . wo,G

which implies the inequality (1.3).

10



II. The case of the half space R:, n > 1.

Let m be an integer, -0 and § two real numbers >0 such

that o+m > 0 and o+ém 2 O . We consider the space

+§ +3 2
o+8 o] jDiDiu €L (Rg) for o+8|a|+]

and |a|+j

m n, _ 2 o0,
wO,G(R+> = {u €L (R+), t

A v

equipped with the canonical norm.

The space Q(R:) is dense in the space wz 6GR:) (cf. for
’

example [2]) and we have also
M 0,0+8 + 2
w:’soni) = {ued®D; ¢ ax(0,0+8|a] j)D1D:u e L°®}) for |al+j < m).

PROPOSITION II.1.(Z) If m > n/2 and if u € w';‘ Gmi‘) , then

u 78 continuous on R: and there existe a constant C > O such that

for every u € W: G(R:) and for every (t,x) € mz, we have
bl

o+m n-1 n n.

- 2En D2l (546m) n_ 1-2

(2.1)  Ju(t,x)| < c. ¢ 2™ 2m [Mal ] 22 [lu]]2®
g,68 L

(¢i) If Min (-0, -0/8) > n/2 and if u € w‘: s®Y) , then u is

continuous and bounded on R: and there exists a constant C > O

such that for every u e wﬁ 6(mz) and for every (t,x) € mi s, we have
’
_ 1+5§:-1) 1+ 1+5§2-1)
@2 Juew] cc lull el ,
w L
0,68

Proof . Th;:ptoof is analogous to those in Chapter I.
(i) First we apply the usual Sobolev's theorem: if v € Hm(Ri) with
m > n/2 then v is continuous on ;E and there exists a constant
C > 0 such that for evéry v € Hm(R:) and for every (t,x) € R: N

we have

Iu(t,x)]2 <c. { ) J‘ |D2Duv(r,y)|2d1 dy + J |v(1,y)lsz dyl.
j+|a|=m . X .
+ ) +

If w ¢ W: 6(R:), the function v defined by v(t,y) = w(t+t, y)

11



belongs to Hmckz) for every t > O . Hence for every w € W: GORi)
’

and for every (t,x) € R: , we have
4 -0
2
|w(t,x)|“ 2 c.{ ) j J 1|D1Diw(1,y)[2drdy+[ f lw(T,y),szdy}.
n-

[o|+i=m e R ¢ lRn-l

Let now u be an element of W:’GGRz) and let us apply the preceding
inequality to the function w defined by w(t, y) = u(At, uy) where
A and p are two constants. Hence there exists a constant C > O
such that for every u € w:’sﬂki), for every (t, x) € Ri and for

every A and u > 0 , we have

o0
2 C 2 (m-j j 2
lu(e,x)|” < — {1 J J 223 2 J)|DiDiu(T, v 1 %dr ay +
Aou |a|+j=m n-1
+o
2
+ [uCr, y)|%dr ay} ,
¢ Rn—l
and since t < 1 , this yields
2
|u(t,x)[ S oo
—C ¢ J j )\ZjUZ(m—j)t—Z(U+6(m—j)+j)lTo+6lu|+ijDuu‘2
= n-1 tx
Aou |o|+ji=m ¢ lRn-l
dtdy +
o
+ 2
|uCt,y)|° dvdy }.
t Rn+1
o+m o+8m
Choosing A =t n and M =t n , a fortiori we get
o+m n-1
- — - —(0o+8m) 8 +i i a
lute,x)|2 <coe ™ " IO [ lal jDJthulz at dy
[a|+j=m n
R,

+ J |u(r, y)|2dr dyl.
n

Ry

We now apply this inequality to the function v defined by v(t, y) =

= u(At, ux) where X and u are some constants:

lure, wx)|? <

12



<c. t { [ A-2(0+5(m-j))u2(m-j)|1a+5|a|+jDzD:u[z
n-1 |a|+j=m rR"
dtdy +

+ I |u|2 dr dy} .
n
R,
1
= 20 Z 49 m n
Putting A = r and u = A, we deduce that for every u € wo 6(]R+),
s

for every (t, x) € R: and for every r > 0 , we have

1 s
|u(tr29, xr20 )|2 <
1 o+m n-1
S - (o+6m) 2
< c.(tx29) © n r2m-1 ¢ ) J ITG+6|uI+jDiD:u|2drdy
|a|+i=m .
+

+ r J lu|2dr dy }.
n

R,

Finally, there exists a constant C > O such that for every (t, x)e

eRn , for every r > 0 and for every u € we (IR“), we have
+ g,8 " +

o+m n-1
- — - —(o+ém) _D__
Iu(t,x)[2 <c.t ™ m r2m-1 {||ul|2m . r||u|122} )
0,8 L

This yields the inequality (2.1) by choosing r = ||ui|2m' ,|]u||_§.
w L

0,8
(ii) We begin by proving

LEMMA II.1. We have the algebraical and topological imbedding
m n Min(-0,-0/8) . n
wo,G(R+) CH R,) -

Proo f . By Chapter I, we know that V m+)cﬂ_°(ll\+).

m
o+6m,o+m

Hence there exists a constant C > 0O such that for every

m
v E.WG’G(R+), we have
o

4o +o
j (1+12)7% F(ev) | 2ar < c.{J [£9* P2y | 2ae + I [£9F0my 1 24ey

where F stands for the Fourier transform in the variable t and P

for a linear and continuous extension operator from H ‘(R) (for

13



example, P can be taken

then the function u(t)
m
belongs to WG,G(R+), for

+oo
J (A2/5+12)-U[F(Pv)|2dr

Let now u be an element
us consider the function
transform in the variable

& means the Fourier tran

as the Babitch extension). If v € W? 6(R+),
’

1/6

v(tA™ ), where A

every A > O we have

+o

<

=

0

is a positive constant,

+c

c {J |t°+mD:v|2dt + Azm[ [£9+8mg 1 2qe) .

0

of Q(R:‘_) and for every £ € R“’l\{o}, let

v(t) = G(t, &), where ~

X € Rn—l; then

sform in the variable

cthe preceding inequality we deduce, taking A = |€[

£ over Rn—l, that there exists a constant C >
u e Q(Ri), we have
[Pu|| _ * s c.llul]
-0 = m n
H n wc,6m+)
with c* = Min (-0, -0/6), and thus
[Hul] _* < C.llull
-0 n, = m n
H + c,GaR+)

F(Pv) (1)

(t,

0

means the Fourier
=% Pu(rt,

x)

£),where
in R". From
and integrating in

such that for all

The space 9(R:) being dense in the space W: 6(]R:) , the proof of
E]

Lemma II.1 is complete.

Now, if

is continuous

such that for every u €
have
2
[u(t,x)] < C.{| [
a|+j=m’'_n
Ry

The change of variable of

luce, © 1% <
C

—{

A.un-l

<
=

|a]4j-m£x

+ 8 >

14

m
0,8

n

W OR+) and for every

Min (-0, -0/8) > n/2 and if u € w: 6QR:‘_), then u
’

and bounded on Rz and there exists a constant C > O

(t, x) e R} , we

2= 1 pIpey(a,y) |2 ar gy +

+ L lu(‘t‘,y)l 2 d‘!_dy}.
n
+

(1) yields

~2(o+8 (=3)) 2 (m-1) | 2046 (m=3)+3) 13
. t

Diu(r,y)lszdy
+



+ [ luCr,y) | %ar ay} s
n

P R,
we choose A = r29 and o= AG, which gives
_ 20+1+6§(n-1)
“\ 12 2 2 2
luce, |2 2 c. x o Ulall?, o+ ull?, 3,
wc,é + L (B+)
and taking r = ]Iulizm . Ilull-g, we obtain the inequality (2.2).
0,68 L
PROPOSITION II.2. Let & be an integer, 0 < & < -0 ~- % s
then the map u > y,u = Diu(t=0): 9(1!1:) SQ®R™ YY) can be extended to
o a _ 2(o+2)+1
a linear and continuous map_from wo,60R+) into H 28 OR“_I).
Proof . By Chapter I there exists a constant C > O such
that for every v € W (R,), we have
g,8 " +
+o +
Ip%v0) |2 < c.( [ [£%* % | 2qe + { [9F8my1 2qe) .
[ 0

1

If v e W2,50R+), then the function u(t) = v(t A c), where A 1is a
positive constant, belongs to w2’60R+); hence there exists a constant
C > 0 such that for every v € Wz,a(R+) and for every A > 0 , we
have

_ 2(o+e)+1 +e +o
A 2 phver|? e {J |7 T | 2ae + Asz [£9F0my | 2qe) .
’ (o] (o]
Let now u be an element of Qm{:), and for every £ € an-l\{O} let
us consider the function v(t) = i(t, &), where =~ is the Fourier

n-1

transform in the variable x € R as in Lemma II.1l, we deduce

|lylull _ 2g0+£2+1 < c. llullwm .
H 26 a,é

It will be very useful in the sequel to have an inequality of

the "compacity" type for the spaces Ws st
s

5



PROPOSITION II.3. Let m be an integer >1 and put 8, =

= Min (1, 8). There exists a constant C > O such that for every

€ > 0 and for every u € w‘(’; G(R:) with supp u ¢ {|t| < 1} ,
b
we have
-(m-1
2.3 el g o= e tellull o+ ],
w0+§1,6 L L

Proof : We begin by establishing a lemma:

LEMMA IT.2. The map uws{||t®™u|]?% + [1eoF8mpey] |2, +
_— t L2 ol=m X L2

+ ||u[[22} % s an equivalent norm for the space woRrY) .
L g,8 " +

Proof . Let k and j be integers such that ~o+8k+j > O

and k+j < m . It follows from Chapter I that if v(t) € Wz 6(IR+),
s

ta+6k+ij

2
then tVEL (R+) and

4o 4o +oo v
f | Ot Ok*] Div]zdt < c.{J |tc+mD?v|2dt + I [£9F5my | 2q¢}

where C 1is a constant >0 which does not depend on v .

-1/c

If v € W: 6(R+)’ then the function u(t) = v(t A ), where

A is a positive constant, belongs to W: 6(R+); hence there exists
b
a constant C > O such that for every v € WE 60R+) and for every
b

A , we have
+o +o +o

(2.4) AZkI |0k Ipdy | 2ae < c.{J |9y | 2ae + Asz TAASLMEFTSN
(o]

Let now u be an element of Q(R:) and for every £ € Rn—l\{O}, let

us consider the function v(t) = 4(t, £), where ~ means the Fourier
transform in the variable x € Rnﬂl. From the precedihg inequality we
deduce, taking A = 'E] and integrating in & over Rn_l, that there

exists a constant C > O such that for every u € Q(R:), we have

2 + 2 +6 2 2
ull?, <c. (]1e*™M]?, + ; e ™8] 2 + | fu] %) .
Woos L |a]=m L L

>

The space 9(Ri) being dense in the space W? SGRZ)’ Lemma II.2 is a
b
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consequence of this inequality and the Banach theorem.
Pr oo f of Proposition II.3.The inequality (2.4) with j =

=m-1, k = 1 and vlaeso implies

I+ lto+¢s+m—1Dx:-1v|z dt <
0 +e . e
< Cq eZI lt°+thv|2 at + e'z(m'l)J [£9%5my 12 ge) .
0 0

We apply this inequality to the function v(t) = @(t, £) for u €

GQOR:) and & € Rn_l\{o} and integrate in § over an_l. This
yields
‘ it0'+6+m-1Dm—1u| 12 <
t LZORn) =
(2.5) :
+ - -
< c. {e?] [ty |2 + 2@y 2 }
t LZ(Rn) 2,.n
+ : +

provided supp u ¢ {|t| < 1}.
Besides, we know that there exists a constant C > O such that

for every € > O and for every v(x) e HmORn—l), we have

(2.6) Y I |p%v|%dax < c.{e? j |p%v|%ax +
|o]=m-1 g1 x |o|=m r21 x
. —2<m—1)J
* €

=
E

lezdx}.
R 1

We use this inequality to the function v(x) = u(t,x), t > 0, where

u € Q(Rz); we multiply by 9T ona integrate in t > 0 over R,
thus obtaining
(2.7) ) ||tc+6mD;u||22 a. S C. {92 L ||t6+6mD:u||22 a. t
lu]=m—1 L (R+) |a|=m L GR+)
+ 2D g2,
L®R,)

provided supp u c {|t] < 1}.
The inequality (2.3) for 6§ < 1 1is a consequence of (2.5) and

(2.7). For 8 > 1 , we replace the inequality (2.5) by the inequality

2 Pudik, Kufner "



A

o+m_m-1 2
ul |

(2.8) ||t ) (2]t mpmy | |2
L°®D)

D, u
LZ(Rn

C. t ;
+

+

+ 2D 2,
L™ ®3)

if supp u c {|t| < 1}. This inequality is easy to prove in the same

way as (2.5).

t2(c+1+6(m—1))

After that we multiply (2.7) by and choose € =

nts_l, n > 0 . We complete the proof as before.

I11I. The case of a bounded open set £ R®, n> 1

Let Q be a bounded open set of R® with a boundary T. We
assume that Q 1is a compact c”-manifold. We introduce a C -function
¢ R®™ — R such that

Q

[}

{x e R"; ¢(x) > o},

(3.1) r = {x ¢ R%; ¢(x) = 0},

grad ¢(x) # 0 for x €T,
where grad ¢(x) = (g%—(x), cees g%-(x)) is the gradient vector as-
1 n

sociated with ¢ . Let (Xi) be vector fields with C”-coef-

Ozizq
ficients on R" such that

(3.2) XO is transversal to I on T , i. e. (X0¢) (x) # 0

for x €T3
(3.3) Xi is tangent to I on I for i =1, ..., q, i. e.
(X;4)(x) = 0 for x €T3
(3.4) for every x € 5, the rank of the system (Xi(x))O;i;q is
equal to n .
Let m be an integer, -0 and 6 two real numbers >0 such

that o+m > 0 and o+ém > O . We consider the space

Max(0,0+<6,a>)

w? s () = {u e LZ(Q);¢ x%u € LZ(Q) for |a| < m}

equipped with the canonical norm. (We have used the notation x* =

18



q+1

= XO .. X% for a = (ao, cees uq) € N and <6§,a> =

=68 Joa, +a..)
i=1 i o

PROPOSITION III.1. Under the above assumptions, we have

m m
(i) wu’a(n) c Hloc(ﬂ) H
(i1) ¢ u € w: s(8)  for every ¢ e c” (@) and for every u € wg s ().
’ ’
Proof . (i) Under the assumption (3.4), for every x, € Q

(o]

there exists a neighbourhood V(xo) of Xq in € in which we can

write

q
) ; k
_— = B, (x) X
axk 120 i i

for k=1, ..., n with some convenient functions BE which are Cw
in V(xo), and we can easily verify (i).
(ii) Let ¢ be a Cm—function on € and u.e Wg 6(Q). Then ¢ u €

’

€ LZ(Q) and for |u| < m , we have

xew) = 1 (p oy x*Puy .
BZa

Max(0,0+<6,a>)xa

It results that ¢ (%u) € LZ(Q), that is to say @ u €

m
€ Wq’s(ﬂ) .
REMARK III.1. It is easy to prove that the space W? S(Q) does
—_ s

not depend on the choice of the vector fields (X satisfying

i)Oéi;g
the conditions (3.2), (3.3), (3.4).

PROPOSITION III.2. (i) If m > n/2 and 2f u € W? 6(Q) s, then
,
u 78 continuous on R and there exists a constant C > O such that
for every u € w? 6(Q) and for every x € Q , we have
£

g-+m n-1
- —— - —=(0+6m) _
(3.5) [u(x)‘ < C. $(x) 2m 2m [l“‘lnézm ||ulI12n/2m
L

0,8
(11) if Min(-o, -0/8) > n/2 and if u e Wy ,(2) , then u s con-

tinuous and bounded on Q and there exists a constant C > O such

that for every u € WS 6(9) and for every x € Q , we have
s
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1+8 (n-1) 1 148 (n-1)
- 20 + 20
(3.6) lu) | < c. [lull Huell,
Vos L
Proof . (i) The inequality (3.5) can be obtained by means

of Proposition III.1 and of a partition of unity for functions u €

m

€ W0 6(Q) with supports in a neighbourhood of the boundary T of Q.
’
Let Xq be a point of T ; from the properties (3.1) we see
that there exists a mneighbourhood V(xo) of X, in R™ and a dif-

feomorphism 0 = (91, eeey en) with en = ¢ from V(xo) onto the

unit ball of R" such that

L}

e(vNne) =3, ={yeRrR"; |y

i
-

<
v

[«
e

(3.7) 6(VﬁI‘)=BO={yéan;|y|;1,y=0};

Xo(ek) =0 in V for k=1, ..., n~-1 .

Under these conditions, if u € W

= u e 6-1 , then Vv € W: 60R2) with supp v ¢ E:. In fact, to this
s

2 6(Q) with supp u ¢ V and if v =
’

end it suffices to notice that the diffeomorphism © transforms the

vector fields (X,)

1) 0<i<q into the vector fields (Ii) with

0<izq

(3.8) 1, = uag , a(y) # 0 for y e B={yeR; |y|] <1} ;
n

(3.9) 1

t -1, 9
I+ [(xiq;) o 0 ]5;; for i =1, ..., q ,

i

where I; means a homogeneous differential operator of order 1 ,

with C -coefficients in the variables Yys e Yoog b
(3.10) for every y € B = {ye R" ; |y] = 1} , the rank of the

system (Ii) is equal to n .

0sizq
Hence, the inequality (3.5) follows from the inequality (2.1) in
Proposition II.1.

(ii) In the same way, the inequality (3.6) at the boundary follows
from the inequality (2.2) in Proposition II.l.

In the interior, it follows from the fact that if u € W? 5(0),
s
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Al
then u e H' (2) and then it belongs to E®  (2) as well where
loc loc

on
- I 5 a1y’ in fact, since o+m > O and o+dm > O , we have
m' < m . Then the inequality (3.6) in the interior is a consequence

of the classical inequality

] - ]
luGo| < e |[ul[P/2 ||u||i2“’2“‘

PROPOSITION III.3. Let & be an integer, 0 < & < - o - &; then

2
the map u — y,u = a—%]r : D(Q) —» D(r') can be extended to a linear
an

_ 2(o+a)+1
. m .
and continuous map from wc,d(ﬂ) into H 28 ) .
3
3
points into the interior of Q.) This proposition follows from Propo-

means the derivative along the unit normal vector to T which

sition II.2.

PROPOSITION III.4. Let m be an integer 21 and & =

= Min (1, 8). There exists a constant C > O such that for every

e > 0 and for every u € Wt () ., we have
0,6

-(m-1
Gan el sete Hull o+ ™ ], 0.
wa+61,6 Ws,8 L
Proof . As before, we see that the inequality (3.11) at the

boundary follows from the inequality (2.3) and, in the interior, from

the classical inequality for the usual Sobolev spaces:

[lull sco Cellull -+ ™D )] .
Hm—l ! Hm LZ
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