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COAREA INTEGRATION IN METRIC SPACES

JAN MALY

ABSTRACT. Let X be a metric space with a doubling measure, Y be a bound-
edly compact metric space and u : X — Y be a Lebesgue precise mapping
whose upper gradient g belongs to the Lorentz space Ly, 1, m > 1. Let
E C X be a set of measure zero. Then M, (E Nu~1(y)) = 0 for Hum-a.e.
y € Y, where Hy, is the m-dimensional Hausdorff measure and 'ﬁm is the
m-codimensional Hausdorff measure. This property is closely related to the
coarea formula and implies a version of the Eilenberg inequality. The result
relies on estimates of Hausdorff content of level sets of mappings between
metric spaces and analysis of their Lebesgue points. Adapted versions of
the Frostman lemma and of the Muckenhoupt-Wheeden inequality appear

as essential tools.

CONTENTS

© 00 O Ui Wi+

—_ ==
wWw N = O

1991 Mathematics Subject Classification. Primary 28A75, secondary 28A78, 31C15,

. Introduction

. Results in the Euclidean setting

. Setting in metric spaces: preliminaries

. Lorentz spaces

. Riesz potentials

. Frostman measure

. Hausdorff content of level sets

. Upper gradients

. Consequences of the Poincaré inequality
. Hausdorff content of level sets continued
. Lebesgue points

. Coarea property

. Eilenberg inequality

49B25, 43A85, 46E35, 54E99.

Key words and phrases. coarea formula, Eilenberg inequality, Hausdorff content, Haus-
dorff measure, Lebesgue points, Riesz potentials, Lorentz space, upper gradient, Poincaré

inequality, space of homogenous type, metric space, doubling measure.

The research is supported in part by the Research Project MSM 113200007 from the
Czech Ministry of Education, and by Grant no. 201/03/0931 from the Grant Agency of

the Czech Republic (GA CR).

149



150 JAN MALY

1. INTRODUCTION

The Federer’s coarea formula is a common generalization of the formula on
change of variables in integral and of the Fubini theorem. Suppose that
we integrate a non-negative measurable function w on an open set 2 C R”
through a transformation of variables represented by a mapping u : Q — R¢.
The formula gives us a chance to integrate first over the level sets u~1(y),
y € R? and then conclude the operation by integration over y. If either
n = d or the range of u is m-dimensional, then under some assumptions on
the quality of u we can expect the coarea formula in the form

/Rd ( /ul(y)“’(@ d”n—m@))dﬂmw): /Q w(@) Jmul@) o (11)

Here J,,u is the [(:1) (i)}—tuple of all m X m minors of the Jacobi matrix
of u and Hj is the s-dimensional Hausdorff measure.

Recently, some new results on coarea formula for Sobolev transformations
and fine properties of Sobolev functions have been obtained by J. MALY,
D. SwANSON and W. P. ZIEMER in [MSZ1], [MSZ2] and [M3]. The main
goal of this article is to present these results and to show a generalization to
metric spaces.

In Section 2, we discuss the coarea formula and the Eilenberg inequality
for mappings between Euclidean spaces. The main result there, Theorem 2.6,
is reduced to verification of the so-called coarea property. This is done in the
remaining sections. Starting from Section 3, all is done in the generality of
metric spaces equipped with a doubling measure. With the aid of a version
of the Frostman lemma (Section 6), we estimate the Hausdorff content of
level sets of potentials of Riesz type (Section 7). This is, in fact, a version
of the relationship between Hausdorff content and Sobolev-Lorentz capacity.
In Sections 8-13, properties of functions with integrable upper gradients are
studied. We prove a kind of the inequality between the Hausdorff content
and Whl-capacity (Section 10), existence of Lebesgue points outside a set
of null Hausdorff measure (Section 11), and the coarea property needed in
the proof of the coarea formula (Section 12). Although the statement (1.1)
of the coarea formula does not seem to give a sense in the very generality of
metric spaces, the Eilenberg-type inequality in Section 13 shows that also in
this abstract setting some interesting results can be achieved.

2. RESULTS IN THE EUCLIDEAN SETTING

In this section we review some results on area and coarea for mappings
between Euclidean spaces. Some notions used already here (like Hausdorff
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measure, Lorentz spaces) are explained in Section 3 in the setting of metric
spaces. The n-dimensional Lebesgue measure is denoted by L.

First, we list H. FEDERER’s result for Lipschitz transformations. The
case m = n of (1.1) is known as the area formula [F, 3.2.3]:

Theorem 2.1. Let Q C R™ be an open set, E C Q be a measurable set and
u:Q — R be a Lipschitz function. Letw : Q — R be a measurable function.

Then
/Rd< > u’(ﬁ”))dﬂn(y)—/Ecv(:v)lJnu(gmdgc,

Enu—1(y)
provided the integral on the right makes sense.

Another important case, namely the coarea formula in the narrow sense,
is m =d, see [F, 3.2.12].

Theorem 2.2. Let Q) C R"™ be an open set, E C Q) be a measurable set and
u: Q — R? be a Lipschitz function. Let w : @ — R be a measurable function.

Then
/]R ., ( /E ﬂu_l(y)w(x) dHnd(x)>dy= /E w(a)|Jqu(z)| dz,

provided the integral on the right makes sense.

If m < min{n,d}, then the formula (1.1) breaks down. If, for example,
n = d and u is the identity mapping, then the point preimages are single
points, so that the integral on the left-hand side is zero. On the right-hand
side we integrate (" )w(z). One might think that the effect is due to the fact
that the rank of the Jacobi matrix is bigger than m. Therefore we present
a bit more sophisticated example.

Example 2.3. There exists a C' function u : R? — R? and a measurable
set £ C R? of positive measure such that Jou =0 on E, Jyu = 1 on E and
u is one-to-one on E. Hence

/ Hi(ENu ' (y))dy =0< Lo(E) = / |Jiu(z)|de.
R? B

Construction. Let D be a discontinuum of positive measure in [0, 1],
E =D x[0,1] and g : R — R be a continuous function which is strictly
positive on (0,1) \ D and vanishing elsewhere. Let

v(t) :/ g(s)ds, u(z) = (v(z1),2).
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Then u is one-to-one on E and thus the point preimages are points, which
makes the left-hand side to be 0. For the right-hand side, we notice that
Jiu=1on E.

The coarea formula (1.1) remains valid if the range of w is, in some suitable
sense, m-dimensional, e.g. if u(Q?) is H,,-rectifiable, see [F, 3.2.22]. We shall
not pursue this direction. We shall concentrate on the inequality which is
preserved even in the case when any of m-dimensionality on the image fails.
If we replace |Jpu| by |Vu|™, we even do not need m to be an integer. The
next theorem is a version of Eilenberg’s inequality [E]. The general case is
due to H. FEDERER, [F, 2.10.25, 2.10.26]. We write

a(s) = —.
R
Theorem 2.4. Let Q C R™ be an open set, E C Q be a measurable set

and u : @ — R be a Lipschitz function. Let w : Q — R be a non-negative
measurable function. Suppose that 1 < m <n is a real number. Then

/Rd (/Eﬂu—l(y) w(x)H”—m(f”)) dHon (1)

e —ma(m) [ )™ de
o [ @) ute)| ™ de

(2.1)
<

In this lecture we are interested in validity of (1.1) or (2.1) for Sobolev
transformations of variables. It is well known that the problem can be re-
duced to analysis of Lebesgue null sets E.

For m = n this leads to the so-called Lusin N-property: if £, (F) = 0,
then H,(u(E)) = 0. We shall consider a more general version, which fits
also to m < n.

Let m be a real number, 1 < m < n. We say that a Sobolev mapping
u : Q — R satisfies the m-coarea property in Q if for every Lebesgue null
set £ C Q and H,,-almost every y € R? we have H,,_,(ENu~1(y)) = 0.

The following theorem is still an easy consequence of results in [F] al-
though it is not explicitly written there. See also [Ha).

Theorem 2.5. Let Q C R™ be an open set, E C Q be a measurable set
and u : @ — R? be a Sobolev function satisfying the m-coarea property. Let
1<m<n. Letw: Q — R be a non-negative measurable function. Then
the following assertions are true.
(a) The FEilenberg-type inequality (2.1) is valid.
(b) If m = min{n, d}, then the area or coarea (respectively) formula (1.1)
is valid.
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Proof. It is enough to investigate the case when w is a characteristic
function. By [F, Thm. 3.1.8], there is a sequence u; of Lipschitz mappings
of R” to R? such that uj = v and Vu; = Vu a.e. in Q. Since each formula
holds for Lipschitz mappings, it remains to consider sets of measure zero.
However, the claim for w = xp with Lebesgue null set E is exactly the
m-coarea property. |

Theorem 2.5, though very general, does not give the final answer to the
question of validity of coarea formula and other results on change of variables
for Sobolev functions. It only converts the problem to verification of the most
delicate case, namely that of null sets. Now, let us discuss the final question,
namely, if u is a well represented Sobolev function and Vu is in a function
space in consideration, when this implies that the formulas on change of
variables hold.

We really need a restriction on representatives, since even very regular
Sobolev functions may loose their good properties for change of variables if
we modify them on a null set. Therefore we assume that they are as well
represented as possible. We say that a measurable function v :  — R?
is Lebesgue represented if it does not have “removable singularities” of the
type that a point would become Lebesgue when correcting the value at it.
In the following discussion we tacitly assume that functions are Lebesgue
represented; this, for example, implies that elements of WP are continuous
for p > n.

The area formula for Sobolev spaces WP, p > n, was established by
M. MARcus and V. J. MizeL [MMi]. We cannot pass to the borderline
case p = n. The counterexample is due to L. CESARI [Ce], his example
was further adapted and generalized by O. MARTIO and J. MALY [MM],
J. KAUHANEN, P. KOSKELA and J. MALY [KKM] and P. HaJt.AszZ [Ha]
to demonstrate sharpness of all further discussed results on area and coarea
formulas. It is shown in [KKM] that the area formula holds for Sobolev
mappings with gradient in the Lorentz space L, ;. This result is the best
possible in the class of rearrangement invariant spaces, see also [M1].

The coarea formula for scalar W1 !-functions is due to H. FEDERER [F,
4.5.9 (14)]. In WP spaces, p > n, it was obtained by R. VAN DER PUTTEN
[VP]. The correct borderline exponent is, however, m. The range p > m has
been reached by P. Hajtasz [Ha| for measuring level sets by the integral
geometric measure, and the final statement with the Hausdorff measure and
the Lorentz space Ly, 1 (for the gradient) has been established by J. MALY,
D. SwaNsON and W. P. ZIEMER [MSZ1]. The “Eilenberg part” has been
added in [M3]. The presentation of the following theorem in this paper
is self-contained in the sense that the proof, based on the results of later
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sections (namely on the m-coarea property in Section 12), is given here. The
development here is not the mere translation of previous proofs to metric
spaces, the methods used now are essentially different.

Theorem 2.6. Let 1 < m < n. Let Q C R" be an open set, E C § be
a measurable set and v : Q — R? be a Lebesgue represented Sobolev function
with Vu € Ly, 1. Let w : @ — R be a non-negative measurable function.
Then the following assertions are true.
(a) The Filenberg-type inequality (2.1) is valid.
(b) If m = min{n, d}, then the area or coarea (respectively) formula (1.1)
is valid.

Proof. From Theorem 2.5 we see that it is enough to verify the m-coarea
property. This is done below in Theorem 12.3. ([l

We can prove the m-coarea property with all consequences for a mapping
w € Wh™ if u is Holder continuous. Such a result was first proved in
the area case by J. MALY and O. MARTIO [MM], the coarea case based on
estimates by S. HENCL and J. MALY [HM] has been established by J. MALY,
D. SwANSON and W. P. ZIEMER [MSZ1]. See also [M3].

Finally, let us note that another approach to the coarea formula is based
on the BV theory. A classical version is due to W. H. FLEMING and R. Ri-
SHEL [FR], for new developments see R. L. JERRARD and H. M. SONER
[JS]. Following this direction, we obtain a weak formulation of the result for
a very general class of transformations.

3. SETTING IN METRIC SPACES: PRELIMINARIES

The main goal of the rest of this paper is to establish estimates of level
sets and coarea properties in the setting of metric spaces. This enables
applications to weighted spaces, manifolds, Carnot-Carathéodory spaces etc.
and simultaneously demonstrates that the structure of metric spaces with
doubling measures is the only requirement for this type of results.

We refer to [HaK], [GGKK], [He|, [AT] for introduction to the analysis
on metric spaces and historical remarks.

We consider a metric space (X, dx) with a doubling measure m, i.e., we
assume that m is a Borel measure and there is a constant D such that

m(B(z,2r)) < Dm(B(x,r)) (3.1)

for every ball B(x,r) in X. A measure here means an outer Borel-regular
measure, if it is in addition locally finite, we call it a Borel measure.
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Notice that any doubling measure is sigma-finite and forces the space to
be separable.
We shall work with Riesz potentials of measures,

R _ " ,u(B(x,r)) el
1) = [ BBy

The Riesz potential of a measure with density ¢g with respect to m (i.e.
dip = gdm) is labeled as I,g.
We also consider the fractional mazimal operator

R r(Bl,r)
Monle) = swp A Blw.r)

The m-dimensional Hausdorff measure H.,, on a metric space Y is defined
" Hn(E) = lim H;, (),
where
H%@D:ZWhmm%E:&mM%@ydmm@WSé,ECLJ@}
J

xl/2

Oy, = .
L(3+1)

We shall also use the spherical Hausdorff measure of codimension q on X:

ﬁg(E) = inf{Zr;qm(B(xj,rj)) ir; <9, EC UB(xj,rj)}.

Again, the limiting process § — 0 gives a Borel measure labeled as ﬁq.

Note that a Vitali-type covering theorem in metric spaces is available,
namely, from a given family of balls with an upper bound for radii covering
a set £ C X we can select a pairwise disjoint subfamily {B(z;,;)} such
that

E c | JB(z;,5r)),
J

see e.g. [F], [He], [HaK], [Z]. Since we work in separable spaces, the selected
subfamily is always countable (= finite or countably infinite).

In what follows, C' will denote a generic constant which can change from
expression to expression; the dependence of C' on various entries will be
indicated in statements.
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4. LORENTZ SPACES
The distribution function of a measurable function f: X — R is
s—m({|f]| >s}), s>0.

The “generalized inverse” of the distribution function is called the non-
increasing rearrangement of f, it is defined by

@) =inf{s >0: m{|f| > s}) <t}, t>0.
Its fundamental property is

LY > sh) =m({|f] > s}), s>0.

Notice that
Lo(f) := {[7“,5] € Ri s f(rP) < s}

) » (4.1)
={[r,s] e R : m({|f| > s}) <r"}.
We need the Lorentz spaces L, 1 and Ly o, with “norms”
= [ £ @),
and
£z, = supt'/?f*(t).
t>0
These expressions can be rewritten as
(oo}
1l = [ mldlf > st s (42)
and
1fllz, 0 = Sggsm({\fl > sh)VP. (4.3)

Indeed, (4.3) is the supremum of measures of rectangles contained in I',(f)
whereas (4.2) is the two-dimensional Lebesgue measure of I',(f), and the
equivalence of the expressions follows from (4.1).

Whereas || ||, , is actually a norm, |- ||z, . is only equivalent to a norm
if p > 1 (and for p = 1 the situation is even worse). The space L,  is also
called the weak LP space or the Marcinkiewicz space. Let us notice that
Lii =L

The only fundamental property that we need is the duality

/mméM
X

Lm’,oo Hf”Lm,l (44)

when m, m’ > 1 are conjugated exponents, i.e. % + # =1, see e.g. [BS].
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Lemma 4.1. Suppose that E; are pairwise disjoint Borel subsets of X and
fe€Lni(X). Then

DoIxg Iz, < AL, -
j

Proof. Letn be the distribution function of f and 7; be the distribution
functions of fx;. Then
Z nj <1
J

Let S =inf{s > 0:n(s) = 0}. (S = oo if 7 is strictly positive everywhere.)
Hoélder’s inequality yields
m—1
(s) ds)

</OS nﬁ(S) ds>m = (/OS nj(s)”’l”'_l(S)dS) </osn

for every j € N. Summing over j, we obtain

S 1 m
S I8, =( [ of (as)

< (/OS nfa(s)ds)m1%:(/057”(8)77&—1(8) ds)
< (/OS 7 () ds)m — Il .

5. RIESZ POTENTIALS

i

The Riesz potentials studied here are a version of Riesz potentials from
[HaK], see also [MMo], [MP].

Definition 5.1 (Whitney ball, Whitney covering). Let R > 0 be fixed.
Let G C X be an open set. We say that B = B(z,r) is a Whitney ball for
G constrained by R if

r= min{%dist(z,X \ @), R}.

A Whitney covering of G constrained by R is such a covering W of G by
Whitney balls for G constrained by R that the balls { B(z,r/5) : B(z,1) € W}
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are pairwise disjoint. The existence of a Whitney covering follows from
the Vitali-type covering theorem. Every Whitney covering has its overlap
multiplicity bounded by a constant depending only on the doubling constant
of m.

Whitney balls are a powerful replacement of Whitney cubes; evidently
the latter ones are not available in metric spaces. The idea comes from
R. R. CorrMAN and G. WEIss [CW].

The Riesz kernels in Euclidean spaces are symmetric. In our generality
we have the following.

Lemma 5.2. Suppose that y and v are measures on X. Then

/Xlgu(x) dv(z) < D/XffV(y) du(y),

where D is the doubling constant of m.
Proof. Fory € B(z,r) we have

m(B(y,r) < m(B(z,2r)) < Dm(B(x,r)).

Hence we have

[ ([ 2B e g

=P /oR (/X </B(y,r) m(dg((
R v\x
=P X (/o </B(y,r) m(dBEy’)T)) dra) du(y))

-D /X I%0(y) du(y).

O

The main result of this section is the following “good lambda inequality”.
In the Euclidean setting, it is due to Muckenhoupt and Wheeden [MW]; in
this generality it is done in [Ho]. The method of good lambda inequalities
has been invented by D. L. BURKHOLDER and R. F. GunDY [BG].
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Theorem 5.3. Let o> 0 and € > 0. Then there ezxist a = a(D,a) > 0 and
o =o(e,D,a) > 0, where D is the doubling constant from (3.1), such that,
for every measure pu on X,

m({I8 > ax}) < em({If = A}) + m({M > 0 }).
Proof. Set
a=2*"*D? (5.1)

Denote
G={Ifu>X\, G*={Iu>a)\}.

Obviously, G, G* are open sets. Let B = B(z,r) be a Whitney ball for G
constrained by R/3. We claim that

m(BNG*) <em(B)+m(Bn{Mlu>a(e)r}). (5.2)

The claim clearly holds if M > X\ on B. Hence we assume that there is
z' € B such that
MIu(z') <\

Now we choose § = (e, D, ) € (0,1) to be determined later and denote
A
E=Bn {Igm > %}

Let v be m restricted to B. Since B(z,d0r) C B(z/,3r) for every x € B, we
have
LTv(y) =0, y¢ B(',3n).

For y € B(%,3r) we have

r _ or m(B(y,t)ﬂB(z,T)) « a,.a
I V(y)—/o B < o,

Thus, using Lemma 5.2, we obtain

a\

5 m(E) < /Bfgm(x)d:cSD/XIQ’”V(Z/)du(y)

<D 8%r*du(y) = D6*r*u(B(2,3r))
B(z’,3r)

< DS*MEu(z'ym(B(2',3r)) < D3*6*Am(B(z,7)).
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This shows
m(E) < em(B) (5.3)

if 0 = d(e, D, @) is chosen small enough. Choose x € BN G\ E. Then

A _ /37' HB@, 1) o /R” p(B@.1)
3

2o m(BR(x’;)(;u D e o
* B
We have
3r 3r
| BT e <arfuto) [ <aMfu@nGn)  (55)
and similarly "
/R/2 m dt™ < aln2 MEu(x). (5.6)

Finally, we consider the integral from 3r to R/2. In the non-trivial case we
have 3r < R and thus from the definition of the Whitney ball there exists
2" € B(z,3r)\ G. Since

IFp(z") <A

and
B(z,t) C B(2",2t) C B(z,3t), 3r<t,

using (3.1) and (5.1), we obtain
R/2 R/2 "
[ B o g [T )
3r m(B(J?, t)) 3r m(B(ZNv Qt))

pape [P HBELS) 657
—2°D / m(B(5)) "

<27DIRu(2") < 279D\ = =
From (5.4)—(5.7) and (5.1) we infer that
A< Cn(3/8)MEu(x), =€ BNG*\E. (5.8)

A combination of (5.3) and (5.8) yields (5.2). Summing over B in a Whitney
covering, we obtain the assertion of the theorem. O
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Now we may easily estimate norms of operators as in [MW].

Theorem 5.4. Suppose that p is a measure on X and p > 1. Then

& pllz, . < ClIMEulL,

with C = C(D, «, p).
Proof. By Theorem 5.3,

(aNPm({Ifp > ar}) < ea® X ({Ifp > A}) + a?Xem({MEp > o(e)A})
< ed?| I plL, . + Ce) 1M ul;

Lpoo
Taking supremum over A\, we obtain the required inequality provided that e
is chosen such that

ea? < 1.

6. THE FROSTMAN MEASURE

We give here a version of the Frostman lemma [Fr] which works for g-co-
dimensional Hausdorff measures. For a general information on the Frostman
lemma we refer to P. MATTILA [Mt]. Related results in abstract spaces were
obtained by S. K. Vopopr’vyaNov [V] and T. SJODIN [Sj].

Theorem 6.1. Let ¢ > 0. Let G C X be an open set and R > 0. Then
there exists a measure p on G such that

and

with C = C(D, q).

Proof. Consider a Whitney covering {B(z;,7;)} of G constrained by
R/2. Let N be its overlap multiplicity. For every j let v; be the measure
m restricted to B(xzj,r;). We construct recursively a; > 0 such that, for
every j, a; is the greatest constant making the maximal function Mf of

J
My = E a;V;
=1
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bounded from above by 1. At the end we set

oo
o= E a;V;.
i=1

Obviously Mf'u <1lon X. Fix j € N. By the maximality property of a;,
there exists z; € G and R; € (0, R) such that

pj-1(B(z;, Rj)) + (a; + R™)v;(B(z5, Ry)) > R} "m(B(z;, Ry)).
Since
pi—1(B(zj, Rj)) + a;v;(B(z5, Rj)) = 1 (B(z, R;)) < Ry “m(B(z, R)),
it follows that v;(B(z;, R;)) > 0, so that
B(z;, R;) N Blxy,ry) # 0.
We have
Ry "m(B(z;, R;)) < i(B(z5, R;)) + R™Im(B(z;, Ry)),

and thus
Ry 'm(B(z, Ry)) < Cu(B(z;, Ry)). (6.1)

Now, we distinguish two cases.
Case (a): If Rj < 1r;, then

B(Zj,Rj) C B(CL']‘, %Tj).
We find k& = k(j) such that

ar = max{a; : i < j, B(z;,r;) N B(zj, 3r;) # 0}

B(x], 515) C B(wg, ri + 3r)).

R "m(B(z;, R;j)) < Cu(B(z5, R;)) < CNaym(B(z;, R;))
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and thus
R;q < Cay,. (6.2)

Set
Y =Tk, t; =1+ 3r; <2R.

Then B(xj,r;) C B(y;,t;). Suppose that 2ry = dist(xg, X \ G). Then
3
2r; <dist(zj, X \ G) < dx(xj,zx) + dist(zg, X \ G) < 37 + ri + 21,

and thus
rj < 6rg. (6.3)
If r, = R/2, we have trivially r; < rj and thus (6.3) holds as well. We infer
that
m(B(y;,t;)) = m(B(zy, rx + 3r;)) < D*m(B(zy, k).
Since

Rj§ Tjgtj,

| =

by (6.2),

t;9m(B(y;,t;)) < DSR;qm(B(kak)) < Capm(B(xg, 1))
< Cu(B(zk, k) < Cu(B(y; ty)).

Case (b): Suppose that R; > 1r;. We set
Yij = Zj, thRj-FQTjSQR.

Then again
B(xj,rj) C B(Zj,Rj + 2Tj) = B(yj,tj).

We have
t; <IR;.

By (6.1) and (3.1),
t;m(B(y;,t;)) < D*R;"m(B(z;, R;)) < Cu(B(zj, R;)) < Cu(B(yj, t5))-

In any case, with each j we have associated y; € X and t; € (0,2R) such
that

B(zj,rj) C Bly;,t;) and t;'m(B(y;,t;)) < Culy;.t;).
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Using the Vitali-type covering theorem, we find a set A C N such that

{B(yj;,t;) : j € A} is pairwise disjoint

and
G C U B(yj,5tj).
jEA
Thus N
HR(G) <) (5t;) “m(B(y;, 5t;))
jEA
<579D*) (t)) B(y;,t5))
JEA
<O u(Blys.ty) < Cu(G).
JEA

7. HAUSDORFF CONTENT OF LEVEL SETS

In the following theorem we estimate Hausdorff contents of level sets of Riesz
potentials. This is in fact a relation between Hausdorff content and capac-
ity. The linear case (m = 2) is essentially due to O. FROSTMAN [Fr]. The
nonlinear case (for W1P-capacities) has been obtained by YU. G. RESHET-
NYAK in [R] and its sharp version by V. G. MAz’yA and V. P. HAVIN in
[MH]. See the exposition by D. R. ApAaMS and L. I. HEDBERG [AH]. We
consider there the estimate by the “capacity” corresponding to the Sobolev-
Lorentz space W!(L,,1). This could be done referring to the relation be-
tween Lorentz spaces and Orlicz spaces (see [KKM]), this way has been
chosen in [MSZ2]. The estimates for Sobolev-Orlicz capacities have been
found by A. FIORENZA and A. PRIGNET ([FP]). In [MSZ2], another proof
of these estimates, based on Orlicz version [M2] of [KM], is shown, see also
[M3]. The above mentioned result by T. KILPELAINEN and J. MALY of
[KM] consists in estimates of solutions of p-Laplace equations with measure
data by Wolff potentials, see also [MZ]. For relations between capacities and
Hausdorff measures in metric spaces we refer to S. K. Vopopr’yaNov [V],
T. SJODIN [Sj] and P. HAaJEASZ and J. KINNUNEN [HaKi]. Our approach
does not require the knowledge of asymptotics of volumes of small balls.
This enables applications to a weighted case, where the idea of codimen-
sional Hausdorff measure comes from. Related results on W'P-capacity and
codimensional Hausdorff content in a weighted case have been obtained by
E. NIEMINEN [N], P. MIKKONEN [Mi] and B. O. TURESSON [T].
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Here we present a direct proof of the estimate of the m-codimensional
Hausdorff content by the “W?(L,, 1)-capacity”, not passing through Orlicz
spaces.

Theorem 7.1. Let m > 1. Suppose that IFg>b >0 on G. Then
PHIOR(G) < ClglE, (7.1)

with C = C(D,a,m).

Proof. Let u be the Frostman measure for ﬁé?ff(G), see Theorem 6.1.
Let A > 0 and = € {MZu > A\}. Then, for every t € (0, R),

p(B(z,t)) <t=*"m(B(z,1)), (7.2)
and there exists t,, € (0, R) such that
At “m(B(x, t2)) < p(B(z,t2)). (7.3)
Multiplying (7.2) with the m-th power of (7.3), we obtain
™ (m(B(a, 1)) < (u(Ble. 1))

By the Vitali-type theorem, there exists a sequence {B(z;,r;)} of pairwise
disjoint balls such that z; € {Mfu > A}, r; = t,, and

{MEu >N} c UB(J;j,5Tj).
J

Using (3.1), we obtain
m({Mfu > A}) < o\ Zm (xj,575))

<o\ Zm (xj,75))

<C’Z,u (xj,75))
SCu( )-

It follows that
[MEp <

m/, oo

< Ou(X).
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By Theorem 5.4, we have also
MR, < Cu(X).
Using the duality (4.4) between L,, 1 and L,/ o and Lemma 5.2, we obtain
()< [ 1igdu<c [ gilipds
X X
<Cllgllz, M plL, . .

< Cllglp,, (n(x)™ .

Hence, by the properties of the Frostman measure,

BTHL < Chmu(X) < ClgllT, |-
O

Example 7.2. The estimate (7.1) does not hold for m = 1. Indeed, if 4 is
the (n—1)-dimensional Hausdorff measure in R™ restricted to

F={zeR":2,=0, |z] <1}

and R > 0, then Iy = +oc0 on F, but ﬁ{% > 0. In this example p is not
absolutely continuous with respect to the Lebesgue measure. However, if g;
are mollifications of p with radii §; — 0, then (7.1) cannot hold with m =1
and C' independent of j.

In fact, the only estimate that we can have for m = 1 is the following
Cartan lemma. It can be obtained by the method of proving the Hardy-
Littlewood maximal theorem, see [BZ] (for the Euclidean case) and [HaK]
or [He] (for the maximal theorem in metric spaces).

Lemma 7.3. Let R > 0. Suppose that g € L*(X). Then

VHER((MPg > b)) < C / o) da.
X

We shall need also the following modification.

Lemma 7.4. Suppose that g € L*(X). Then

rli%l+ M{g(z) =0 Hp-a.e.
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Proof. Choose e >0 and R > 0. Let

E. ={z € X : limsup M{g(x) > e}.
r—0

It is clear that M%®g(z) = +o0 at every € E.. By the maximal theorem,
cf. [HaK, Thm. 14.13], m(E.) = 0. Let G C X be any open set containing
E.. For every x € G we can find r, > 0 such that 5r, < R, B(z,7,) C G
and

/ g(a")da’ > er 'm(B(z,r,)).
B(z,ry)

Using the Vitali-type covering theorem, we observe that

HE(E.) < C / o(a) da.
G
Since G was arbitrary, we obtain
HE(E.)=0, R>0,¢>0,
which is enough to prove the conclusion. O

8. UPPER GRADIENTS

There are many non-equivalent ways how to define “Sobolev spaces” on
metric spaces, depending on what is considered to serve as a substitute
to gradients. We shall use upper gradients introduced by J. HEINONEN
and P. KOSKELA in [HeK]. See [Sh], [Ch], [HaK] for various definitions of
such spaces. Spaces based on an upper gradient are well fitting not only
to abstract domains, but also to abstract targets, see [HKST]. The main
reason for our choice is that once assumed Poincaré inequalities, they are
stable under truncation, an observation due to S. SEMMES [Se].

Definitions. Let Q C X be an open set. Given points z, 2z’ € Q, we denote
by I'y ./ o the set of all 1-Lipschitz paths « : [a,b] — Q with v(a) = = and
~v(b) = y. The interval [a,b] depends on v. Let g be a non-negative Borel
measurable function on 2. We define the weighted geodetic distance of points
z, 2’ € Q by
b
dg(z,2';9Q) = inf / g(y(t)) dt.
V€2 g0 Jq
The function d, has all properties of distance except that dy(z, z’; Q) can be
0 or oo for distinct points x, 2. Let (Y, dy ) be a metric space and u: Q@ — Y
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be an m-measurable function. We say that g : Q@ — [0, +0o0] is an upper
gradient to u if

dy (u(z),u(z")) < dg(z,2';Q), z,2" €.

Throughout this section we suppose that X supports pre-Poincaré inequali-

ties
f o aeawa <pf @i s
B(z,r)J B(z,r) B(z,77)

for every z € X, 7 > 0, and g € L' (B(z,7t))", here the constant P and the
scaling parameter 7 > 1 are fixed parameters of the space X.

Let u: Q2 — Y be an m-measurable function and g be its upper gradient.
Then (8.1) easily implies the Poincaré inequalities

][ ]l yu(r')) de dx’ < PT]Z g(x)dx (8.2)
(z,r)J B(z,r) B(z,Tr)
for all balls B(z,r) with B(z,7r) C Q.

Remarks. (a) If X = R", then X supports (8.1) and if u is a Sobolev
function, |Vu/| is a limit of upper gradients to u. More precisely, if Vu =
> 9j» where the sum converges in L', then for every k, D i<k 95 T2 sk 195l
is an upper gradient to .

(b) There are many examples of spaces supporting Poincaré inequalities
in the literature, see eg. [HaK]. A usual assumption is that inequalities equiv-
alent to (8.2) are satisfied for all scalar functions u : X — R and their upper
gradients. Our assumption is probably a bit stronger but realistic, because
standard proofs of Poincaré inequalities implicitly show (8.1).

In fact, (8.1) is equivalent to validity of (8.2) for all spaces Y with the
constant independent of Y, as the following example shows: Let Y, be the
quotient space X/~ where

x ~ z’ means d,(z,z') =0,

and u : X — Y, be the quotient mapping. We define the distance dj, on Y
by
di(u(z),u(z")) = min{d,(z,2"),k}, k>0.

Assuming (8.2) for (Y, dy), we obtain

][ ][ ,u(z')) de dx’ < PT‘/ g(z)dx
B(z,r)J B(z,r) B(z,TT)

which, letting k — oo, yields (8.1).

The following lemma is essentially due to Semmes [Se|, see also [Sh,
Lemma 4.3].
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Lemma 8.1. Suppose that u : Q — R is an m-measurable function and g is
an upper gradient to u. If G D {u # 0} is an open set, then gxo is also an
upper gradient to u.

Proof. Letz,2’ € Qand vy: [a,b] — Qis a path, v € I'y ,». We want to

show
b

fu(z) — u(@')] < / (v (D) X6 (1(1)) dt.

a

This is evident if v([a,b]) C G. Otherwise there is s € [a,b] such that
v(s) ¢ G and thus u(vy(s)) = 0. Set

o =inf{t € [a,s] : y(t) ¢ G},

v =sup{t € [s,b] : y(t) ¢ G}.

Then a < @’ < s <V < band u(y(a)) = u(y(¥)) = 0. If «’ > a, then
v([a,a’]) C G and thus

’ /
a

)] = o) —uaa)] < [ gr@)de= [ g6)xa60) d
Similarly,

b
@)l < [ ateto)

It follows that

b
u(z) — u(@)] < fu(@)] + u(@)] é/ 9(v(®)xe(v(t)) dt

if v([a,b]) ¢ G. In any case the assertion is valid. O

Lemma 8.2. Let k > 0. Suppose that u : Q@ — R is an m-measurable
function and g is an upper gradient to u. Suppose that B(z,7r) C Q. If
a < b are real levels such that

m(B(z,r)N{u>b}) > km(B(z,r)),

m(B(z,r)N{u < a}) > km(B(z,r)),

then
(b—a)m(B(z,7r)) < C’r/ g(x) dx,

B(z,rr)N{a<u<b}
where C = C(k, 1, P).
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Proof. Let
a on{u<a}
w=14 b on{u>b}
u elsewhere.
Then g is an upper gradient to w. Let G, be an open set containing {u > a}
and G} be an open set containing {u < b}. Then by Lemma 8.1, gxq.
is an upper gradient to w — a. Hence it is also a weak upper gradient to

w—>b. Using Lemma 8.1 once more, we obtain that gxg_ g, is a weak upper
gradient to w — b and hence also to w. By (8.2),

(b—a)m(B(z,1)) < C’m(B(z,r))]{g( )]{B( ) lw(z) — w(z")| dx dz’

< Cr/ g(x)d.
B(z,mr)NG NGy

Passing to infimum over all open sets G, D {u > a} and Gy D {u < b}, we
obtain the assertion. d

9. CONSEQUENCES OF THE POINCARE INEQUALITY

In this chapter we recall some standard estimates modified to the form that
we need.

Lemma 9.1. Suppose that Y is a metric space, u : @ — Y is an m-

measurable function and g € L'(Q) is an upper gradient to u. Suppose that
B(z,21r) C Q. Let 0 < s <t <r. Then

][ ][ dy (u(z),u(2")) deds’ < CIi™g(z)
B(z,s)J B(z,t)

with C = C(D, P,T).

Proof. Supposethat 0 < s <t <r. Let k besuch that 27%~1t < s < 27%¢.
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Then by (8.2),

][ ][ dy (u(z),u(x")) dz dz’
B(z,s)J B(z,t)
g][ ][ dy (u(z),u(x")) dx dx’
B(z,s)J B(z,27*t)
k-1

+Z][ i ][ » dy (u(z), u(z")) dx dz’
B(z,273-1t)J B(z,2779t)

Jj=0

k
< CZ][ ][ dy (u(z),u(x")) dz dz’
=0 B(z,279t)J B(2,279t)

k
< CZZijt][ g(z) dx
=0 B(

z,7277t)
27t
< C/ (][ g(x) dx) ds
0 B(z,s)
= CIig(2)

as required. O

Lemma 9.2. Suppose thatY is a metric space, u : Q0 — 'Y is an m-measur-
able function and g € L*(Q) is an upper gradient to u. Suppose that

Jim Myg(z) =0.
Then there exists {y, : r > 0} CY such that

lim dy (u(z),y,) dz = 0.
r=0JB(z,r)

Proof. We find r; \, 0 such that
Pr][ glx)de <271 0<r<ry.
B(z,7r)

Set x,. = z for r > 1. Let rq1 <7 < rg. By (8.2), we obtain

][ ][ dy (u(z), u(z")) do da’ < 27F1,
B(z,r)J B(z,r)
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It follows that
2 *m({a' € Bz.r) :]i(z | dru(a) u(e) da > 2+})
/ ][ dy (u(z), u(e’)) dz o’
<27 (B( r))

and thus there exists a point =, € B(z,r) such that

IA

][ dy (u(z,),u(z)) de < 27F,
B(z,r)

Now we can set y, = u(z;). O

10. HAUSDORFF CONTENT OF LEVEL SETS CONTINUED

In this section we estimate level sets of functions in terms of integrability of
their upper gradient. For m > 1 this is a consequence of previous results on
Riesz potentials. If m = 1, then this needs to use the truncation structure of
upper gradients. In the Euclidean case the equivalence of (n—1)-dimensional
Hausdorff content and W'-'-capacity has been obtained by W. H. FLEMING
in [F1]. Here we follow the proof in [MSZ1].

Theorem 10.1. Suppose that m > 1. Let a < b be real numbers and let
R > 0 be a fized radius. Letv : Q) — R be an m-measurable function with an
upper gradient g € L*(Q). Let E C 2. Suppose that for every z € E there
exist radii v, R, such that 0 <r, < R, < R, B(2,27R,) C ,

m(B(z, R.)N{v>a}) <

m(B(z, Rz)),

m(B(z,r.) N{v>b}) > 3 m(B(z,7;)).

(10.1)

)—l[\')\)—l

Then ~
(b—a)"Hp"(E) < Clgll, o

where C = C(D, P,7,m).
Proof. First, suppose that m > 1. By Lemma 9.1,

b—agc][ ][ dy (u(z),u(z’)) dedx’ < CI}™Rg(z), z€E,
B(z,r)J B(z,R)
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and the same certainly holds with g replaced by gxq. Using Theorem 7.1,
we obtain R
(b—a)"Hy"H(E) < Cllg|IE, , (o)-

Now, suppose that m = 1. Let us consider the monotone real function

(s) = /{ L

Then 9 is a.e. differentiable and

b
/ W (5)ds < (b) — (a) = ¥ (b).

Hence there exists so € (a, b) such that (b—a)y’(sg) < 2¢(b). We find 6 > 0
such that

b(s) — Us0) _ 20(0)

s — 8o “b—a

for every s € (sg, so + 0). (10.2)

Choose z € E. By (10.1), the set

B m(B(z,t)N{v>s0}) 1
SZ_{t>O' m(B(z,t)) : >§}

contains r, but does not contain R,. Then, with every z € E we can
associate t, € (0, R;] by

t, =sup(0,R,]NS,, t.=min{R,,2t.}.

Obviously, we have

m(B(z,t,) N {v > so}) > %m(B(z,t;)),

m(B(z,t;) N{v > s0}) < %m(B(z,tm)),

and thus

m(B(z,t.) O {v > s0}) > % m(B(z, 1)),

1 (10.3)
m(B(z,t;) N{v < s0}) > im(B(z,th)).
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We use the Vitali-type covering theorem to extract a (finite or infinite) se-
quence {Bj}jer of pairwise disjoint balls B; = B(zj;,t;) from {B(z,Tty):
x € E} such that
EC U B(Zj,5tj).
jel
Here I =Nor I ={1,2,...,ipax}. Fix i € I. Using (10.3), we find a level
s; € (80,80 + 9) such that

1
m(B(z,t;/7) N {v > s;}) > Em(B(zj,tj/T)), j=1,...,i. (10.4)
From Lemma 8.2, (10.3) and (10.4) we infer that

t:1(s; — s0) m(B(zj,t;)) < C g(x) d.

J
B(zj,t;)N{s0<g<si}

Summing over j = 1,...,4 and using (10.2), we obtain

(5= 50) Yt m(B(z, 1)) < 3 / o(x) de
j=1 j=1

B(zj-,tj)ﬁ{so<g<si}

< x)dx
a Aso<g<s,i}g( )

< P(si) — ¥(s0)

< (s — 50) 24D

Passing ¢ to imax Or 0o, we obtain

HTR(E) < (5t) "' mu(B(z,5t;)) <CZt 'm(B(zj,t;))

J
y() _ 20
<o = 2 [ gy

as required. ([l

Remark. We cannot prove the m = 1 part of Theorem 10.1 similarly to
the m > 1 part because of the lack of ﬁl—estimates of level sets of Riesz
potentials, see Example 7.2. Also the estimate of Lemma 7.3 is not enough.
Indeed, the inequality

v(z) < CMig(z), =z €E,
does not hold under the assumptions of Theorem 10.1; consider the functions
ve(2) = elog(1/]a])*, & — 0+,

as an example in R", n > 1.
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11. LEBESGUE POINTS

H. FEDERER and W. P. ZIEMER [FZ] showed that Sobolev functions have
Lebesgue points g.e. in the sense of the Sobolev capacity. The case Sobolev-
Orlicz and Sobolev-Lorentz spaces was treated by P. MALY, D. SWANSON
and W. P. ZIEMER in [MSZ2]. The results concerning Sobolev-Orlicz spaces
also follow from AISSAOUI’s work [A] on Lebesgue points of potentials.

In metric spaces, a WP result for p > 1 has been obtained by J. KIN-
NUNEN and V. LaTvara [KL].

Definitions. Let €2 C X be an open set, z € Q and u : X — Y be an m-
measurable mapping. A point y € Y is said to be a Lebesgue limit of u at z
and denoted by L-lim,_,, u(x) if

lim dy (u(z),y)dx = 0.
™=0/B(2,r)

We say that an m-measurable function u : 2 — Y is Lebesgue precise if

L-limu(z) = u(z)

r—z

whenever the Lebesgue limit of u at z exists.

Lemma 11.1. Suppose that Y is a complete metric space, u : Q@ — Y 1is
an m-measurable function and g € L*(Q) is an upper gradient to u. Suppose
that B(z,2TR) C Q and

IFRg(2) < cc. (11.1)

Then u has a Lebesque limit y at z and

][ dy (u(z),y) dx < CI¥ " g(z) (11.2)
B(z,r)

for every r € (0, R], with C = C(D, P,T).
Proof. By (11.1), we have

Jim Iig(z) =0, (11.3)

and thus also

2r
. - < . —0
r1_1>r(1)1+ Mig(z) < Crl_l)r(r)1+ : (é(zt) g(x) da:) dt =0



176 JAN MALY

By Lemma 9.2 and (11.3), there exist r, \, 0 and yi € Y such that
][ dy (u(z),yp) dz < 27F 7% (2) < 27K, (11.4)
B(z,mk)
For k < j € N we estimate
dy (Ye,y5) < dy (yr, u(@)) + dy (w(@), u(2’)) + dy (u(@’), y;),
z € B(z,ry), 2’ € B(z,rj).

Integrating with respect to z and 2’ and using (11.4) and Lemma 9.1, we
obtain

dY(ykvyj) ][ d (yka ( ))dl’

][ ][ ,u(z) do'’ dx
(z,r) Y B(z,rj) (115)
—|—][ dy (yj,u(z")) dz’
B(z,r;)
<27l L CIFRg(2) < C27F.

Hence {yi}r is a Cauchy sequence and, since Y is complete, there exists
y € Y such that
y = limyg.

Now, for 0 < 1, <r < R, by Lemma 9.1, (11.4) and (11.5) we have

][ dy y) dz <][ ][ ,u(x')) da’ da
B(z,r) B(z,r) (z,7k)

][B( () o+ (1)
< C(IFg(z) +27%).

Letting k — oo, we obtain (11.2). O

Theorem 11.2. Let m > 1. Suppose that Y is a complete metric space,
u: Q — Y is an m-measurable function and g € Ly, 1(Q) is an upper
gradient to u. Then for 'f—Zm—a.e. x € Q there exists a Lebesgue limit of u
at x. In particular, if u is Lebesgue precise, then ﬁm-a.e. points of Q are
Lebesgue points for u.

Proof. This is a combination of Lemma 11.1 and Theorem 7.1. O
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Theorem 11.3. Suppose that Y is boundedly compact. Let Q C X be an
open set and u : Q — Y be an m-measurable function with an upper gradient
g € LY(Q). Then for Hi-a.e. © € Q there exists a Lebesque limit of u at x.
In particular, if u is Lebesgue precise, then ’)'A(1—a.e. points of Q) are Lebesgue
points for u.

Proof. The scalar case.
Set
Z ={z € Q:limsup Mjg(z) > 0}.
r—04

By Lemma 7.4,
H1(2) = 0.

Hence we may consider only z € Q\ Z. Then by Lemma 9.2, there exists
a sequence {yx}, Yk = yx(2) € R, such that

lim lu(x) — y|de =0, 71 =27".

k=00 JB(z,m)

Using the doubling property of m and the special choice of rj, we easily
observe that the values

p(2) = limsupyi(z), ¥(z)=liminf y(z)

k—o00 k—o0

do not depend on the choice of yi, and that L-lim,_,, u(z) € R exists if and
only if p(z) = ¥(z) € R. Therefore, it remains to prove that

o(z) =1(z) €R for Hi-ae. z€Q\ Z. (11.6)

Suppose that ¢(z) = co. Then we consider a ball B(zp, R) containing z and
such that B(zg,37R) C Q. There exists a number a € R satisfying

m(B(z0,2R) N{u > a}) < # m(B(z,2R)).

Then, since B(z, R) C B(z0,2R) C B(z,4R),

m(B(z, R) N {u>a}) <m(B(z,R) N {u>a})
1
=202

%m(B(z, 2R)).

m(B(z0,2R))

IN



178 JAN MALY

Suppose that b > a and yx, > b+ 1. Then

m(B(z,r) N {u < b}) _ T —s
m(B(z,71)) = ]{B(z,rk) =l )

which implies that there exists r, € (0, R) such that

m(B(z,r,) N{u > b}) > %m(B(z,rz)).
By Theorem 10.1, we have
(b= a) P (B(a0. B) (1 {p(2) = 0}) < C [ gla)da
On letting b — oo, we obtain that

Hi({z: p(z) = 00}) =0, (11.7)

and similarly

Hi({z 1 1(2) = —o0}) = 0. (11.8)
Now, given rational numbers a < b, consider the set
E:={z:9(z2) <a<b<pz)}

Since m-a.e. point z €  is a Lebesgue point for u, it follows that m(E) = 0.
Let G C Q be an arbitrary open set containing F and a’ € (1(z),a). Then
for big k, yr < a’ and thus

o m(B(z,7,) N {u > a}) " -
(a ) m(B(Zv Tk)) = ][B(ZJ‘k) | yk| I N

Hence there exists R, > 0 such that B(z,27R,) C G and

1
m(B(z,R.) N {u>a}) < 3 m(B(z, R.)).
Similarly, there exists r, € (0, R,) such that

m(B(zr) N {u> b}) > %m(B(z, ).
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By Theorem 10.1,
HOR(E) < C/Gg(a?) dx.
Since G containing E was arbitrary, we have
HOR(E) = 0.

Letting R — 0 and passing to union over all rational couples (a, b), we obtain
that

Hi({z 1 0(2) < ¢(2)}) = 0. (11.9)
Getting together (11.8), (11.9) and (11.10) we verify (11.6), which concludes
the proof.

The metric space valued case.
Set
A= U {z € Q: L-limdy (u(z),y) does not exist}.
r—z
yey
Let us consider a dense countable set S C Y. If y € Y and z € Q, then there
exists a sequence {y;} of points of S such that y; — y. Assuming that

L-lim dy (u(z),yx) = Lr € R,

r—z

we observe that
|Lk—LJ‘ SdY(yk7yj)> k,jEN,

so that there exists

L=limL; € R.
Then
lim sup ][ dy (u(x),y)de — L ‘
r—0+ B(z,r)
<timsup| f dy(uo) ) do - L |+ d (o) + |Lx - LI,
r—0+ B(z,r)
and thus

L = L-limdy (u(x),y).

r—z

This shows that

A= U {z € Q: L-limdy (u(z),y) does not exist},

r—z
yeS
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and since S is countable, by the scalar part of the proof applied to the
functions
dey(U(I)7y), Y€ Sa

we infer that
Hi(A) =0. (11.10)

Fix z € Q\ A and set

f(y) = L-limdy (u(z),y), yeY.

r—2z

Then clearly

lf(y) = F@) <dy(y,v) < fly) + fW), v,y €Y.

Hence f is a 1-Lipschitz function and

lim  f(y) =00, y €Y.
dy (y,y’)—o00

Since Y is boundedly compact, these observations imply that f attains its
minimum at some point yo € Y. Set

Lo = f(yo) = 2%13 f(y).

Assume that Ly > 0. The set
K={yeY :l|dy(y,y0) — Lol < Lo/2}
is compact and thus there exists a finite set
{yp :k=1,...,¢} CK

such that the balls B(yk, Lo/4) cover K. For every € > 0 we find § > 0 such
that

<eg 0O0<r<é.

£ vt - )
B(z,r)
Fix r € (0,6). Then

q
B(Z7T) = U Ek‘u
k=0
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where

Eo = {x € B(z,r) : |dy (u(x),y0) — Lo| > Lo/2},
By ={z € B(z,7) : |dy (u(x),yr) — f(yr)l < Lo/4}, k=1,....q.

If x € Ey, then
dy (u(x),y0) < |dy (u(@),y0) — Lol + Lo < Lo/2 + 2|dy (u(x),y0) — Lol-
If x € By, k € {1,...,q}, then by the minimum property of Ly,

dy (u(),y0) < 2Lo < 2f(yx) < 2|dy (u(®),yx) — f(yx)| + 2dy (u(z), yx)
< 2|dy (u(x),yr) — f(yx)| + Lo/2.

Integrating these inequalities, we obtain

L L —+
[t a2 (vt - 2) @
B(zr) B(z,r)
LO 1 d LO +
< 5 T T P —_——
@JFQZ][ |dy (u(@), yr) — fyn)| dz
2

B(z,r)

IN

Lo
< 5 +2(q + 1)e.

For sufficiently small £ this implies that

3
][ dy (u(z),y0)dx < — Ly, 0<r <§,
B(z,r) 4

and thus f(yo) < Lg. This contradiction yields
f(yo) = Lo =0,

so that yg is the Lebesgue limit of f at z. We have shown that the Lebesgue
limit at z exists for every z € 2\ A. By (11.11), this concludes the proof. O
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12. COAREA PROPERTY

Now we are ready to establish metric space versions of results already dis-
cussed in Section 2.

Definition. We say that a function v : Q@ — Y satisfies the m-coarea
property in § if for every Lebesgue null set £ C 2 and H,,-almost every
y € Y we have H,,,(ENu~(y)) = 0.

Notation. Consider a mapping u : X — Y. We denote by L, the set of all

Lebesgue points of u. For any z € X and r > 0, we denote

Gu(z,r) ={z € B(z,r) : u(z) € B(u(z),7)}.

Lemma 12.1. Suppose that m > 1. Let u : Q@ — Y be a mapping with
an upper gradient g € L*(X). Let z € Q, y € Y and let R > 0 be a radius
such that B(z,3TR) C Q. Then

R™HT (G (2, R) N L) < Cll(L+ 90X, e T 0 (12.1)

with C = C(D, P,T,m).

Proof. Set
+

v(z) = (2R — dy(u(x),u(z)))
and consider an open set G containing {v > 0}. Then g is an upper gradient
to v and, by Lemma 8.1, gx is an upper gradient to v.

Suppose first that

m(B(z,R) NGy(2,2R)) < = m(B(z,R)) for every z € B(z,R). (12.2)

DN =

Then, taking into account the definition of Lebesgue points, there exists
r € (0, R) such that

m(B(z,r;) N {|lu—u(z)| < R}) > %m(B(a:,rx)).

Hence

m(B(z,R)N{v>0}) < - m(B(z,R)),

— DN

m(B(z,r;) N {v>R}) > = m(B(z,ry)).

[\)
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By Theorem 10.1,
77207 R
RMH ™ (G2, R) N Ly) < Cllgxa, 2 3rm)llT, .-

Suppose now that (12.2) is violated. Then there exists z € B(z, R) such
that

m(B(z, R) N Gu(2,2R)) > % m(B(z, R)).

We estimate the Hausdorfl measure via the trivial covering of the set by the
ball B(z, R). Thus

R™HE (Gu(z,R) N L)) < m(B(z, R))
< Dm(B(z, R))
< 2D m(G,(z,2R))
< 2D||XGu(z,2R)|

m
Lyt

In any case we have (12.1). O
Definition 12.2. For integration with respect to the Hausdorff measure, it

is useful to consider the functionals

A f inf{Zyj(diamAj)m i 2 0,diamA; <6, f < Z%XAJ}’ 6 >0,
j J
defined on non-negative functions f on Y. By [F, 2.10.24],
/ fdH,, = lim A (f)
Y d—0

for any such an f provided that Y is boundedly compact. Recall that f -
stands for the upper integral.

The following theorem is our final statement on the m-coarea property.

Theorem 12.3. Suppose that m > 1 and that Y is boundedly compact. Let
Q C X be an open set and u : Q2 — Y be a Lebesgue precise m-measurable
mapping with an upper gradient g € Ly, 1(Q). Then u satisfies the m-coarea
property in Q.

Proof. Let E C Q be a set of m-measure 0. By Theorems 11.2; 11.3, we
may assume that F consists only of Lebesgue points for . In the Cartesian
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product X x Y we shall use “balls” B([z,y]|,r) = B(z,r) x B(y,r). Given
€ > 0, we find an open set G C () such that

EcGand [1+9)xql7,. ., <e
Choose § > 0. Let x € E. We decompose
E=FEUE",
where

E"=E! ={x € E: there exist t, ; — 0 such that
He, (Enu(u(z)) N B(z,5t,5)) <m(B(z,t,;))},
E =E =E\E".

Let y € Y. Using Vitali’s covering theorem, we find a pairwise disjoint
system of balls B(z},t;) selected from {B(z,t,;)} such that 5t; < e,

177

B(z!,t}) C G and B(z},5t;) cover E” Nu~1(y). Then we obtain

177

He, (E"nu'(y)) < Z He, (E" nu=t(y) N B(a},5t5))

: (12.3)
<3 m(B(}.1}) <m(G) <.

Now, consider z € E’. We find 7, > 0 such that
157140 < 0/2, B(z,37rg0) C G,

and denote 1, ; = (157’)_1'1“%0. Observe that if {a;} is a bounded sequence
of positive real numbers, then there exists ¢ such that a;+1 < 2a;. Applying
this trick to

m(B(z,rz,))

4= ﬁfn (E N Gu(x,rm’i))

and using (3.1), we find r, among radii 377, ; such that
He (BN Gy(x,5r,)) < OHS, (BN Gy(z,r,/(37))). (12.4)

The system {B(z, r,) x B(u(z),r,)} forms a covering of the graph of u over E
and, by a Vitali-type covering theorem, we find a pairwise disjoint sequence
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{B;} of “balls” B; = B(xj,7;) X B(u(x;),r;) such that x; € E, r; =y,
and
{[z,u(z)]:z € E'} C UB(xj,Srj) x B(u(z;), 5rj). (12.5)
J
We denote

Aj = B(u(xj)7 5rj)a

Vi = ﬁfn(E N B(x;,5r;) Nu~ ' (A;)) = ﬁfn(E N Gy(zj,575)).
Then for every y € Y, we have by (12.5),

ﬁfn (E’ N u_l(y)) < Zﬁfn (E N B(zj,57;) N u_l(Aj))XA (v)

J
J
= ixa, ®),
J

so that for the functional introduced in Definition 12.2 and
foly) = H (BLOw™ (y))
we have
AS,(f-) <y diam(A;)™
L (12.6)
< CZ H (ENGy(zj,5r;)) diam(A4;)™.
J
By Lemma 12.1 and (12.4),
e, (B0 Gu(a,5ry)) diam(A;)™ < OrPHE, (E N Gulxj,r;/(37)))
<O+ 9)Xay @) T

Since the sets G, (z;,7;) are pairwise disjoint and contained in G, by Lemma
4.1, (12.7) and (12.6), we obtain

A% (fo) < CIIA+ 9)xelE, , < Ce.

m,1 —

(12.7)

Letting § — 0, we obtain

[ B ) ) = 0
Y
so that, by (12.3), for H,,-almost every y € Y we have
Ho (B Nu™(y) < Hiy(BLOu™! () + Hiy (BY nut(y) <e.

Since € > 0 was arbitratily small, it concludes the proof. ([
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13. THE EILENBERG INEQUALITY

In this section we generalize the part (a) of Theorem 2.5 to metric spaces.
A combination with Theorem 12.3 verifies that the Eilenberg inequality in
our metric space setting is valid for mappings with upper gradients in the
Lorentz space Ly, 1.

Lemma 13.1. There is a constant £ = £(D, P,T) with the following prop-
erty: Suppose that'Y is a metric space and u : Q — Y is an m-measurable
function with a strictly positive upper gradient g € L*(Q). Then for every
Borel set E C ) and € > 0 there is a pairwise disjoint decomposition

E=NU|JE;

J

such that m(N) =0 and

dy (u(z),u(z") < (1 +e)ldx(z,2) inf g(w)

J
for every z,2' € Ej.
Proof. Let e > 0 be fixed. First, we decompose X into the sets

Xp={z:(1+e)" ' <g@)<(1+e)}, kel

We may assume that E C X for some k. By the Lebesgue differentiation
theorem [HaK], almost every point x of E is a Lebesgue point for g. This
means that for every € > 0 there exists a radius R, such that B(z, R,) C €,

][ lglde’ < (1+e)*, 0<t<R,.
B(x,t)

We can decompose E into countably many pieces on which R, is bounded
away from zero, so that we may assume that R, > d > 0 on E. Suppose
that z,z' € E are Lebesgue points for u, dx(z,2") = r < §/(47). Then
B(z,r) C B(2',2r) and, by the Poincaré inequality (8.2),

][ ][ dy (u(x),u(z")) da’ do < OT][ g(x') dx’
B(z,r)J B(z',2r) B(z',2717T) (131)

< Cr(l+e)".
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By Lemma 11.1,
f dy (u(a), u(2)) dx < CI¥"g(2),
B(z,r)

][ dy (u(z"),u(z')) dz’ < CI{™"g(2).
B(z’,2r)

Since

2Tr
I77g(z) = / (][ g(z) dx) dt < Cr(1+e¢)*
0 B(z,t)

and similarly
I g(2) < Cr(1 +¢)k,

together with (13.1) we obtain

dy (u(z),u(2)) < Cr(1+e)* < (14¢)ldx(z2) xlené g(z)

J

for an appropriate constant £. O

Remark. The proof of Lemma 13.1 is fairly general, but it hardly leads
to the optimal constant. In some situations, e.g. in Euclidean spaces, one
obtains Lemma 13.1 with ¢ = 1. Indeed, we have ¢ = 1 if u is smooth.
For Sobolev functions, a theorem of Lusin-type (see e.g. [Z]) enables us to
approximate u by a smooth function v such that the set where u differs
from v is small.

Now, we are ready to establish the Eilenberg-type inequality.
Theorem 13.2. Suppose that Y is boundedly compact and m > 1. Let
u: Q — Y be an m-measurable function satisfying the m-coarea property

and let g € L™(Q) be an upper gradient to uw. Let w be a non-negative
m-measurable function on Q. Then

/Y * ( /u ) w() dﬁn(x)) dHm(y) < (20", /Q“’ g"dr,  (13.2)

where £ is the constant from Lemma 13.1.

Proof. We may assume that w is a characteristic function of a measurable
set E. Also, we may neglect sets of m-measure zero, because for (character-
istic functions of) such sets (13.2) holds by the m-coarea property. An easy
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approximation argument shows that we may assume that g is strictly posi-
tive. Given € > 0, by Lemma 13.1, we may decompose F into Borel sets Fj
such that

dy (u(z),u(@")) < (1 +¢) Ldx(x,2") infg, =z,2" € Ej.

Taking away a set of m-measure zero, we may assume that every point of Fy,
is a Lebesgue density point of Ej. Fix k € N and choose § > 0. Let G, C Q2
be an open set such that

/Gk g™ (z)dx < / (g™ (z) + ™) dx.

Ey

By the fine Vitali covering theorem [He, Thm. 1.6.], we find a sequence of
pairwise disjoint balls B(z;,7;) C G such that r; <,

diamu(B(xj,rj)) < 2(1 +€)£Tj lélfg < 5,

(13.3)
m(B(z;,75)) < (1 +¢)m(B(zj,7;) N Ey),
and
m(Ek \ UB(LL’jﬂ”j)) =0.
For each j, by (13.3),
m(B(xj,rj))(diamu(B(xj,rj)))m
< (1 + 5) m(Ek N B(xja Tj))(diamu(B(xja rj)))m (134)
< (14 g)mtlgmypm M(x)dx.
<(+9) j/B(w)g (x)

We denote
Aj =u(B(xj,1;)).

Then for every y € Y we have by (12.5)

Ho (BN (v)) < 305" mi(B(ag, )X, (),

so that for the functional introduced at Definition 12.2 and

Fre(y) = H (Br 0™ (),
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appealing to (13.4), we have

AD(fre) <Dy " m(B(x, ;) (diam A;)™
i

(I]‘,T]‘)

<@0™@ +€)m+lakZ/B 9" (z) dz

<20 (1 +e)" ey, /G g™ (x)dx

<(@0m(1+ g)m“ak/E (g™ (x) + &™) da.

Letting § — 0, we obtain

/* ﬁ;(Ek N u_l(y)) dHm(y) < (20)™(1 + 5)m+1ak/ (g™ + &™) dx.
Y

Ey

Summing over k and then letting € — 0, we obtain the required estimate. [J
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