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SINGULAR INTEGRALS AND STRONG MAXIMAL
FUNCTIONS IN WEIGHTED GRAND LEBESGUE SPACES

VAKHTANG KOKILASHVILI

ABSTRACT. In this lecture we will discuss the weighted boundedness problem
for various integral operators in generalized grand Lebesgue spaces Lﬁ)"’.
Namely, a complete description of weight functions governing one-weight
inequalities for multiple singular integrals and strong maximal functions will
be presented.

1. THE GRAND LEBESGUE SPACES AND THEIR GENERALIZATIONS

The grand Lebesgue spaces were introduced by T. IWANIEC and C. SBOR-
DONE [5]. Nowadays, the theory of these spaces and associated small Lebes-
gue spaces is one of the intensively developing directions of modern analysis.
The necessity to investigate these spaces emerged from their rather essential
role in various fields, in particular, in the integrability problem of Jacobian
under minimal hypothesis (T. IWANIEC and C. SBORDONE, P. KOSKELA
and X. ZHONG), in the study of maximal operators and, more generally,
quasi-linear operators (A. FIORENzZA and M. KRBEC), in extrapolation
theory (M. MILMAN), in variation problems (T. IWANIEC and C. SBOR-
DONE), in regularity and uniqueness problems in grand Sobolev spaces for
parabolic equations with measure data (A. FIORENZA, A. MERCALDO and
J. M. RAKOTOSON). In the theory in PDE, it turns out that they are
the right spaces in which some nonlinear equations have been considered
(A. FIORENZA and C. SBORDONE, L. GRECO etc.).

Let G be a bounded Lebesgue measurable set in R™. The grand Lebesgue
space LP)(G) (1 < p < o0) is a rearrangement invariant non-reflexive Banach
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space defined by the norm

» = su — )P dt .
ey i=, 5w (g [ 1rcop=ar)

It is worth mentioning that the following continuous embeddings hold:
LP(G) — LP)(G) — LP75(G), 0<e<p-—1. (1.1)

Let w be a weight, i.e., Lebesgue integrable a.e. positive function on G.
We denote by L (G) (1 < ¢ < o0) the space of all measurable functions on
G for which

1
1 9
I fllzeq) = (G/ | £ (®)]Tw(t) dt) < 0.
Gl Je
It is known that the space L) (@) defined by the norm

_1
1l o) = , S T £l psey 1 <p <o,

is a Banach function space. Except for the trivial case of w = const the
space LE) (G) is not rearrangement-invariant (see, e.g., [2]).

Let ¢ be positive increasing function on (0,p —1), 1 < p < co. We define

L9(G) = {f : sup 1¢(€)ﬁ||f||Lﬁrf(G) < OO}'

0<e<p—

In the case ¢(c) = €%, # > 0 and w = const we have the generalized grand
Lebesgue space denoted by Lp)’g(G). For these spaces and some applications
we refer to [3]. When w # const we have the weighted space and denote it

by LZ)’Q(G). It is known that Lﬁ,)’e(G) is a Banach function space and that
L* (G) C L) (G) C Lﬁ,)’ar“(G) whenever 0; < 0 (see, e.g., [3]). It is clear
that for 6§ = 0,

”fHLQﬂ(G)EEHf”Lﬂ(G%

the norm in the weighted Lebesgue space.
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2. THE MULTIPLE CALDERON SINGULAR
INTEGRAL AND STRONG MAXIMAL FUNCTION

The impulse for the study of mapping properties of classical integral op-
erators in grand Lebesgue spaces comes from A. FIORENZA, B. GupTA
and P. JAIN [2] who had proved the boundedness of the Hardy-Littlewood
maximal operator in weighted spaces.

Definition 2.1. Let 1 < p < co. Let J be an n-dimensional parallelepiped
with sides parallel to coordinate axes. We say that a weight w belongs to

the class A,(J) (w € A,(J)) if

Ap(w,J) = §%§<|;|[Iw(x) dx) (@/le—ﬂ(t) dt)p1 <o, (21)

where the supremum is taken over all n-dimensional parallelepipeds J with
sides parallel to coordinate axis contained in J.

B. MUCKENHOUPT [10] proved that the Hardy-Littlewood maximal op-
erator is bounded in weighted classical Lebesgue spaces L if and only if
w € Ay, i.e., there is a positive constant C such that for all cubes @,

() G ) 2

Later R. HUNT, B. MUCKENHOUPT and R. L. WHEEDEN [4] established
that necessary and sufficient condition for the boundedness of the Hilbert
transform in L% is that w belongs to the class A, defined on the real line.

Let J := I x I3 x -+ x I, where I, j = 1,...,n, are closed intervals in R.
Our purpose in this section is to characterize the boundedness of multiple
Calderén singular operator

a 1y @) — ai(t) _
C f(x)—/Jil:[l(xi_ti)zf(t)dt, = (21,...,2,) €J,

where a;€Liplon I;, ¢ = 1,2,...,n. In the case when n=1 and a;(z;) =z,
this statement was proved in [8]. One-dimensional analogy of Theorem 2.1
was proved in [7]. In the classical weighted Lebesgue spaces similar result
was established in [6].

Now we formulate the main results of this section. We begin with general-
type theorem:
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Theorem 2.1. Let a linear operator T be bounded in every weighted Lebes-
gue space LP (J) with 1 < p < oo and w € A,(J). Then T is also bounded in

the weighted grand Lebesque space Lﬁ,)’e(q]]) for every 1 < p < oo, w e Ay(J)

and 68 > 0.
The next statement is also valid:

Theorem 2.2, Let1l < p < oo and let 6 > 0. Then C* is bounded in

) ( ) if w e Ay(J). Conversely, if there exists a positive constant m such
that 0 < m < |a](acj)|, j=1,2,...,n, for a.a. v € J, then the condition

w € A, (D) is also necessary for the boundedness of C* in L’J,)’G(J),

Let us now discuss the following strong maximal operator

M, f(a) sup( /|f |Tdy>, r>1, zel,
Jox |J|

where the supremum is taken over all n-dimensional parallelepipeds in J with
sides parallel to the coordinate axes. The next theorem holds:

Theorem 2.3. Let 1 < p < oo and let @ > 0. Then the strong maximal
operator M, is bounded in L)’ if and only if w € A,(J).

Now we give sketches of proofs of the main statements of this section.
The next lemmas will be useful for us.

Lemma 2.1. Let 1 < p < oo and let w be a weight on J. Suppose that T
is a linear operator acting boundedly simultaneously in LP (J) and LE7°(])

with some positive number o, o < p— 1. Then T is bounded in v ).

Lemma 2.2. Let 1 < p < 0o and let w be a weight on J. Then there is a
positive constant ¢ such that for all f € LP (J) and all parallelepipeds P C J,
the inequality

1 xPll e gy < Cw(P)_l/prXPHLﬁ,(J)||XPHLIZJ)(_]])

holds.

Proof of Lemma 2.1. By the hypothesis of the lemma, we have that
there are positive constants ¢; and ¢y independent of f such that

ITfllce,y < ellfllee @

and
HTf”Lng(J) < 62||f||L§j)*U(J)~
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By the Riesz-Thorin theorem, we have that

1Tl ooy < ellflln-=)y, 0<e<o (2:2)

where the positive constant ¢ does not depend on f and ¢.
Let us fix € E (U p—1). Then using Hdélder’s inequality with respect to

(p 5)/ = 157:57
1Tl <cJ( [irrorue i) v, e

where

¢y == max{1,|J] 7"}
Further, the conditions o0 < p—1 and € € (o,p — 1) yield that
E—0 p—1—-o

-9 po 24

Let us denote

Applying (2.2)—(2.4), we find that

HTf”LP)(J) —max{ sup er- sHTfHLP cg)y» Sup er- s||Tf||L” E(J])}

0<e<o o<e<p—1

6 p—1l—0o
<max{ sup e7- 5||Tf||Lp ey, €I Sup sprHTfHLg;aw(J) p=7 }
0<e<o o<e<p-—1

6 __6 p—l-o _0
§cmax{l, sup = = w(J) =7 } sup gr—<
o<e<p—1 0<e

)

< cmax{1, (p—1)"0 77 (1 +w<J>>*”i?f”} sup &7 |l ey
0<e<o

__6 p—l—0o
<clp—1)0c" 771+ w() 7= 11l 22 -
O

Lemma 2.2 in the one-dimensional case was proved in [1]. The proof for
n-dimensional parallelepipeds is similar.
Proof of Theorem 2.1. Sufficiency is a consequence of Lemma 2.1 be-
cause the class A, has the property: w € A,(J) = w € A,_,(J) for some
small positive number o (see, e.g., [1]).

Necessity. Using Lemma 2.2 and choosing appropriate test functions, we
can derive that (2.1) holds for all n-dimensional parallelepipeds J in J having
sufficiently small diameters. Now the result follows immediately. O
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Proof of Theorem 2.3 is similar to that of Theorem 2.2; therefore it is
omitted.

3. WEIGHTED MULTIPLE SINGULAR OPERATORS
AND STRONG MAXIMAL FUNCTIONS
For given linear operator T', we consider the weighted operator
, f
Ty: f—=wT|—).
w
Boundedness of the operator Ty, in LP(J), 1 < p < o0, is equivalent to the

boundedness of T" in the function space defined by the norm

lewll Lo g)-
Note that for grand Lebesgue space the equivalence
feLPI) <= fw'/? € LP(J)

does not hold.
The following theorem is valid:

Theorem 3.1. Let a weighted operator T, be bounded in every Lebesgue
space LP(J) with 1 < p < oo and a weight w satisfying the condition wP €
A,(J). ThenT,, is also bounded in LP)?(J) for every 1 < p < oo, w? € A,(J)
and 6 > 0.

Proof. We start with the observation that there exist numbers o € (0,p—1)
and M > 0 such that

| Twllzo—<@) o) <M (3.1)

for arbitrary ¢, 0 < ¢ < 0. Indeed, it is known that if w? € A,(J) then
there exists such o € (0,p — 1) that w? € A,_,(J) and also wP* € A,_,(J)
for arbitrary o, 0 < o <1 (see, for example, [6]). Let now a = 2==. Then
O<a<land wP™? e A,_-(I).

According to the assumption of the theorem, we have

1 Tow fllLe@y < MallfllLe@)-

Also,
| Tow fll Lo @) < Ma|| fllLo—o)-
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For € € (0,0), there exists t. € (0,1) such that
N

p—¢ p p—o
By the Riesz-Thorin interpolation theorem, the inequality
€ 1— €
T fll oy < M= My ™" || fll o)

is fulfilled for arbitrary € € (0, 0).
From the latter inequality it follows (3.1).
Further, it is clear that

| Tow fll Loy.0 () = max{A, B},

where

_0_
A= sup 7= Ty fll o)
0<e<o

and

0
B= sup er-= ||wa||LP*E(J)'
o<e<p—1

Let us fix € € (0,p — 1). Then
p—o
p—¢

>1
and also
E—o p—1—0o

0< (p—o)(p—ce) —

267

(3.2)

Consequently, using Holder’s inequality with respect to the exponent

(p—0)/(p —€) and observing that
(1o -2t
p—e/) e—0o’
we find that
1w fllzr-c < N Twfllpr-o @70 < | T fllr--q),

where c is a constant independent of € and f.
Thus,

B<c¢ sup eﬁa_#ap—%HwaHLp—a(ﬂ)
o<e<p—1

< cAmaX{l7 (p— I)GU_P*LU }
Now, taking advantage of (3.1), we conclude

__6
| Twf |l oy < emax{1,(p—1)°0" 7= }|| fll Loy
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Corollary 2.1. The weighted operator

co: waca(g)

is bounded in LP)9(J) for arbitrary p, 1 <p < 0o, 6 > 0 and wP € A,(J).

The similar proposition is true for weighted strong maximal function:
M f = wM,.(f/w).

Remark 3.1. Theorem 3.1 remains valid if for given p, 1 < p < oo, we
suppose that T, is bounded in LP(J) with w? € A,(J), and also it is bounded
in LP~¢(J) with w?~= € A,_.(J) for some small € > 0.

Finally, we notice that the boundedness criteria of power weighted Cauchy
singular integral operator in grand Lebesgue spaces is established in [9].

Acknowledgements. The author was supported by the Georgian National
Science Foundation Grant GNSF/ST09_23_3-100.

The author expresses thanks to the anonymous referee and J. Rakosnik
for valuable remarks and suggestions.

REFERENCES

[1]  R. FEFFERMAN AND E. STEIN: Singular integrals on product spaces. Adv. Math.
45 (1982), no. 2, 117-143. Zbl 0517.42024, MR0664621.

[2] A.FIORENZA, B. GUPTA AND P. JAIN: The mazimal theorem for weighted grand Le-
besgue spaces. Studia Math. 188 (2008), no. 2, 123-133. Zbl 1161.42011, MR2430998.

[3] L. Greco, T. IwaNIEC AND C. SBORDONE: [nverting the p-harmonic operator.
Manuscripta Math. 92 (1997), no. 2, 249-258. Zbl 0869.35037, MR 1428651.

[4]  R. HuNT, B. MUCKENHOUPT AND R. L. WHEEDEN: Weighted norm inequalities for
the conjugate function and Hilbert transform. Trans. Amer. Math. Soc. 176 (1973),
227-251 Zbl 0262.44004, MR0312139.

[5] T.IwaNIEC AND C. SBORDONE: On the integrability of the Jacobian under minimal
hypotheses. Arch. Rational Mech. Anal. 119 (1992), no. 2, 129-143. Zbl 0766.46016,
MR1176362.

[6] V. KoKILASHVILI: Weighted Lizorkin-Triebel spaces. Singular integrals, multipli-
ers, imbedding theorems. Studies in the theory of differentiable functions of several
variables and its applications, IX. Trudy Mat. Inst. Steklov. 161 (1983), 125-149.
English transl. in Proc. Steklov Inst. Mat. 161 (1984), 135-162. Zbl 0576.46023,
MRO0735104.

[71 V. KOKILASHVILI: Boundedness criteria for singular integrals in weighted grand
Lebesgue spaces. J. Math. Sci. 170 (2010), 20-33.



SINGULAR INTEGRALS AND STRONG MAXIMAL FUNCTIONS 269

[8] V. KOKILASHVILI AND A. MESKHI: A note on the boundedness of the Hilbert
transform in weighted grand Lebesgue spaces. Georgian Math. J. 16 (2009), no. 3,
547-551. Zbl 1181.42014, MR2572674.

[9] V. KOKILASHVILI AND S. SAMKO: Boundedness of weighted singular operators
in grand Lebesgue space. Georgian Math. J. 18 (2011), 259-269. DOI 10.1515/
GMJ.20110027.

[10] B. MUCKENHOUPT: Weighted norm inequalities for the Hardy mazimal function.
Trans. Amer. Math. Soc. 165 (1972), 207-226. Zbl 0236.26016, MR0293384.



		webmaster@dml.cz
	2013-03-04T14:34:39+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




