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SOLUTION OF MUSCLE-BONE CONTACT
PROBLEM IN BIOMECHANICS ∗
Vı́t Vondrák, Zdeněk Dostál, Michael Damsgaard, John Rasmussen

1. Introduction
Mechanical analysis of the musculoskeletal system of the human is a subject of
importance to fundamental research as well as to practical engineering design and
medical applications. The AnyBody Modeling System, or in short just AnyBody, is
a software that is aimed at analysis of this particular type of systems. For instance,
we may want to investigate the basic function of the body, or we may want to
design an rehabilitation exercise, a man-driven or -operated machine or tool. In
either of these cases and many others it will be a great asset to know motion and
forces accurately during a given exercise. Computational models can assist us by
quantifying certain parameters and estimating performance measures that cannot
possibly be measured.
The musculoskeletal systems of humans or animals are mechanically very complex due complex shapes and material properties of the structures. In general such
a system must be highly simplified in order to achieve efficient computational models.
In AnyBody the soft tissue is assumed to be fixed rigidly onto the bony structures
providing a model with a rigid-body structure and well-defined movement patterns
governed by kinematical joints. The force-carrying function of the soft tissue, i.e.,
ligaments and muscles, are modeled by attaching elements with particular properties
to the rigid bodies. Figure 1 shows an example of such a model.
The actuators of the system are the muscles and they are activated by the Central Nervous System (CNS) by mechanisms that are not understood well enough
for detailed modeling. A fundamental problem is that there are more muscles than
necessary to drive the degrees of freedom of the system. This implies that there
are infinitely many muscle activation patterns that provide dynamical equilibrium.
Therefore, the model of the muscle recruitment mechanisms must be based on assumptions, typically some kind of optimality condition. This problem is often referred to as the redundancy problem of the muscle recruitment.
AnyBody currently allows for inverse dynamic analysis using an efficient min/max
criterion [1] for solving this redundancy. This criterion assumes that the CNS minimizes the maximal stress on the muscles. The efficiency of this approach allows
∗
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Fig. 1: A bicycling full-body model made in AnyBody by the AnyBody Research Group [2].
It comprises more than 400 muscles and all the major segments of the upper and lower
extremities of the body as well as the spine. More than 150 of these use the string-contact
model described in this paper. The bicycle is modeled by a single segment, the crank,
whereas the rest is pure visualization.

for making and analyzing models of the size depicted in Figure 1 on an ordinary
PC. In an inverse dynamics approach the motion must be completely prescribed as
input, contrarily to ordinary forward dynamics, which however is much more computational demanding. In practical applications the motion is however often known
from measurements.
In both forward and inverse dynamic model we need to generate the equations
of motion, i.e., the Newton-Euler equations for each rigid segment. In order to find
the contribution for each muscle we must have a mathematical model for the lineof-action of the muscles. The complex shapes of muscles are typically idealized to
simple line models that directly gives the line-of-action. Particular complex shapes
are divided into several parts represented by the simple line approach. For many cases
a line between the muscle origin and insertion or a piecewise line with a number
of body-fixed via-points provides an adequate representation of muscle geometry.
However, there are a significant amount of the muscles in the body that wrap and
slide over obstacles.
In this paper, we shall demonstrate a much more general method. We still stay
with the shape of a string, but we find the path of the string using a general numerical
method. We model the string by the finite element method and solve this in a contact
algorithm. This approach does not put any limits to the shape and number of
obstacles we can deal with. Moreover notice that this formulation is not restricted
to deal with a string shaped muscle. More complex geometric shapes can perhaps
be introduced at the cost of a more complex finite element model, but for the sake
of efficiency we must currently stay with the string shape.
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To indicate the need for this type of geometric modeling of the muscles, it can
be noticed that more than one third of the muscles in the model in Figure 1 is using
this type of muscle wrapping model. This also explains the need for efficiency of
muscle wrapping model, since it must be solved for each muscle in each time-step of
the dynamic analysis.
2. Muscle wrapping
We shall identify a homogenized muscle as an elastic string between two points
in 3-D. Let the string be parameterized by a parameter p ∈ R and each point of
the string be represented by a vector Φ(p) = [x(p), y(p), z(p)] where the parameter
p ∈ hp0 , pn i. The position of the string can be found by minimizing potential energy
of the string that has the form
J(x, y, z) =

i
1 Z pn h 0 2
2
2
x (p) + y 0 (p) + z 0 (p) dp.
2 p0

(1)

While the solution of such a problem is trivial, the problem becomes more difficult
when we introduce a rigid obstacle between string endpoints as depicted in Figure 2.
In this case, the final position of the string is governed by the shortest path beΦinitial
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Fig. 2: Contact of a string and surface.

Fig. 3: Linearized conditions of
non-penetration.

tween the given endpoints wrapping around the rigid obstacle. For human body
simulations, we identify a rigid obstacle as a bone, and muscle wrapping around
a bone could be solved as the minimization of the potential energy with conditions
of non-penetration of the rigid obstacle.
The linearized conditions of non-penetration, proposed for example by Kikuchi
and Oden in [5] for contact problems in elasticity, seem to be suitable for efficient
solution of described contact problems as being proved for example by the authors in
[6] or [7] in such difficult problems as problems of contact shape optimization. Let us
assume the situation shown in Figure 3. Do not let the string in an initial position
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Φinitial penetrate the surface Ψ, and let the position of the surface Ψ be between
the initial string position Φinitial and a straight line Φ0 as depicted in Figure 3. We
can interpret the conditions of non-penetration in such a way that the position of
any point P = Φ(p) of the string Φ must be above the surface. The surface Ψ
can be locally linearized at a point S by the tangential plane τ (S) that is given by
two tangential vectors t~1 (S), t~2 (S) or by the outer unit normal vector ~n(S) to the
surface Ψ at the point S. For simplification of further expressions we shall drop (S)
from the notation of tangential and normal vectors. Hence the linearized condition
of non-penetration can be defined as non-penetration of the tangential plane τ by
the string point P , the position of which is in the normal direction ~n to the surface Ψ
at point S as it is drawn in Figure 3 by the dashed line. This uniquely identifies the
pair of possible contact points P and S. Then the condition of non-penetration can
be represented by the following simple inequality
~nT (P − S) ≥ 0.

(2)

Prescribing this condition of non-penetration for all points on the string we obtain
the linearized conditions of the non-penetration of a surface by a string.
Now, let us discretize the string for example by the finite element method. The
potential energy of the discrete string has the form
1
J(u) = uT Ku − uT f
2

(3)

where u = [x1 , . . . , xn , y1 , . . . , yn , z1 , . . . , zn ]T is the vector of unknown positions of n
string points Φi = [xi , yi , zi ], i = 1, . . . , n, K is a tridiagonal 3n × 3n stiffness matrix
and f is a 3n vector applying external load and fixing positions of the end points.
Using a discretized string, we prescribe conditions of non-penetration only for a finite
number of string points Φ1 , . . . , Φn . That means that for each string point Φi we
have to find corresponding contact pair point Si on the surface Ψ and the normal
vector n~i . Then we prescribe n conditions of non-penetration in the form
~nTi (Φi − Si ) ≥ 0,

i = 1, . . . , n.

(4)

Defining 3n dimensional vectors ci = [0, . . . , 0, −ni1 , 0, . . . , 0, −ni2 , 0, . . . , 0, −ni3 ,
0, . . . , 0]T with the normal vector ~ni entries at positions n, 2n and 3n, and denoting
di = −ni1 Si1 − ni2 Si2 − ni3 Si3 , we can rewrite conditions (4) into the vector form
cTi u ≤ di , i = 1, . . . , n. Finally, assembling matrix C and vector d from row vectors
cTi and values di we can introduce the matrix form of conditions of non-penetration
Cu ≤ d.

(5)

Now, we can define the contact problem of a string and a rigid obstacle as the
following minimization problem
min J(u) subject to Cu ≤ d.

(6)
287

We should notice that this appears to be a quadratic programming problem with
linear inequality constraints that could be solved very efficiently using its dual form.
The dual form then has the form of the quadratic programming problem with simple
bounds. All the advantages of dual formulations are described in [8], [9] in more
details.
Unfortunately, solving contact problem (6), we do not usually obtain expected
solution because some string points are penetrating surface and some of them are
too high over the surface even though their contact with surface is expected. This is
caused by the inaccuracy of the linearized contact conditions, which prescribe nonpenetration of the surface only in the normal direction at the contact pair point on
the surface. Therefore, we have to construct new conditions of non-penetration for
the new string position and solve again the contact problem with updated contact
conditions. We repeat this loop of contact condition improvements until we do
not obtain a satisfactory solution. As the suitable stopping criterion for this loop
a sufficiently small relative change of the string position could be used, i.e. ||uk+1 −
uk ||/||uk || < ². Now we can summarize the iterative algorithm for solution of the
contact problem of a string and a surface:
1. Initial step. Assembling of stiffness matrix K and vector f .
Initial position of the string u0 , k = 0.
2. Building contact conditions for string position uk , i.e. C k , dk .
3. Find solution uk+1 of the contact problem
1
min uT Ku − uT f subject to C k u ≤ dk .
2
4. If stopping criterion is fulfilled, then uk+1 is solution. Otherwise, set k = k + 1
and return to step 2.

a) Initial string position

b) Final string position

Fig. 4: Contact problem of a string and STL-sphere.
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The algorithm described above was successfully tested on practical examples. We
shall present here at least the contact of a string and a discrete sphere. The sphere
is described as the general STL-surface used by almost all CAD systems. The sphere
was discretized by 686 points and these were used as vertices of 1368 triangles. The
finite element string mesh was defined by 20 string nodes. In Figure 4 you can see
the initial and final string position that was found in 9 iteration steps of contact
condition searching algorithm. The string length was reduced from initial 4.888394
to 4.132996. The perpendicular lines to the sphere in the initial position represent
the outer unit normal vectors at potential surface contact nodes.
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