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ANALYSIS OF THE DISCONTINUOUS GALERKIN FINITE
ELEMENT METHOD APPLIED TO A SCALAR NONLINEAR
CONVECTION-DIFFUSION EQUATION*

Jit{ Hozman, Vit Dolejsi

Abstract

We deal with a scalar nonstationary convection-diffusion equation with nonlinear
convective as well as diffusive terms which represents a model problem for the solu-
tion of the system of the compressible Navier-Stokes equations describing a motion
of viscous compressible fluids. We present a discretization of this model equation by
the discontinuous Galerkin finite element method. Moreover, under some assump-
tions on the nonlinear terms, domain partitions and the regularity of the exact so-
lution, we introduce a priori error estimates in the L>(0,7; L?(£2))-norm and in the
L?(0,T; H'(Q))-seminorm. A sketch of the proof is presented.

1. Introduction

Our goal is to develop a sufficiently robust, accurate and efficient numerical
method for the solution of the system of the compressible Navier-Stokes equations
describing a motion of viscous compressible fluids. Due to the lack of the theory con-
cerning an existence of the solution of the Navier-Stokes equations we consider the
model problem represented by a nonstationary two-dimensional convection-diffusion
equation with nonlinear convection as well as diffusion.

Among a wide class of numerical methods, the discontinuous Galerkin finite
element method (DGFEM) seems to be a promising technique for the solution of
convection-diffusion problems. DGFEM is based on a piecewise polynomial but dis-
continuous approximation, for a survey, see, e.g., [2], [3]. Within this paper we deal
with the space semidiscretization of the model problem with the aid of the three vari-
ants of DGFEM. Namely nonsymmetric (NIPG), symmetric (SIPG) and incomplete
interior penalty Galerkin (IIPG) techniques, see [1].

This article represents a generalization of research papers [5], [6], [7], and [§],
where the linear diffusion term was considered. Moreover, let us cite works [4], [9],
and [10], where simpler forms of nonlinear diffusion were analysed.

*This work is a part of the research project MSM 0021620839 financed by the Ministry of
Education of the Czech Republic and it was partly supported by Grant No. 316/2006/B-MAT/MFF
of the Grant Agency of the Charles University Prague.
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2. Problem formulation

We consider the following unsteady nonlinear convection-diffusion problem. Let
Q) C IR? be a bounded polygonal domain and 7' > 0. We seek a function u : Q7 — IR,
Qr = Q2 x (0,7, such that

(a) z:; + 2—21 a"(];sw(?) = div(K(u) Vu) +¢ in Qr, (1)
(b)  ulpoxor) = up; (2)
()  wu(x,0)=u"x), z€Q, (3)

where g : Qr — IR, up : 92 x (0,T) — IR, v° : Q@ — IR are given functions,
f1, f2 € CY(IR) represent convective terms and the matrix IK (u) € IR*? plays a role
of nonlinear anisotropic diffusive coefficients. If IK(u) = eIl, where ¢ is a positive
constant and I € IR*? the unit matrix, then problem (1) reduces to the equation
considered in [5], [6], [7], [8]. For simplicity we prescribe the Dirichlet condition
on the whole boundary but it is also possible to consider mixed Dirichlet-Neumann
boundary conditions.
Formally, we introduce a weak solution u of the problem (1) by

((jt(u(t),v) +b(u(t),v) +a(u(t),v) = (g(t),v) Yove Hy(Q), ae. t € (0,T), (4)

where u(t) denotes the function on € such that u(t)(z) = u(z,t), x € Q. Further,
(+,+) denotes the L%-scalar product, a(-,-) and b(-,-) are nonlinear forms represent-
ing the diffusive and convective terms, respectively. We also consider appropriate
representation of initial and boundary conditions. For details see [4], [7].

3. Discretization

Let 7;, (b > 0) be a family of the partitions of the domain Q C IR? into triangular
elements. We do not require the conformity of the mesh, i.e., the so-called hanging
nodes are allowed. However, more general elements (even non-convex) can be con-
sidered within the frame of DGFEM, see [7]. By F;, we denote the smallest possible
set of all edges of all elements K € 7;,. Furthermore, let Ff and FP? represent the in-
terior and the boundary edges of 7T,, respectively. Obviously F,, = Ff UFP. Finally,
for each I' € Fj, we define a unit normal vector 7ir. We assume that 7ip, I' C 0€2 has
the same orientation as the outer normal of 0€2. For rnip, I' € F; the orientation is
arbitrary but fixed for each edge.

The approximate solution is sought in a space of piecewise polynomial but dis-
continuous functions

Sp = Shp (0, T) = {v; 0| € P,(K) VK € T;}, (5)

where P,(K) denotes the space of all polynomials on K of degree < p, K € 7).
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For each I' € .7-}{ there exist two elements K, Kr € 7, such that I' C K N Kg.
We use a convention that Kpr lies in the direction of nir and K in the opposite
direction of 7ip. For v € Sy, by

’(FL) = trace of v|g, on T, 0| = trace of V|g, on T’ (6)

we denote the traces of v on edge I', which are different in general. Additionally,

ol = ol — o, ) = 5 (ol +olP) (7)
denotes the jump and the mean value of function v over the edge I', respectively.
For I' C 02 there exists an element K; € 7, such that I' ¢ K; N 0€2. Then for
v € Shp, We put: v|{~L) = traceof v|g, on I', (V) = [v]p = v|}L) . In case that
[-Jr and (- ) are arguments of [i.... dS, ' € F), we omit the subscript I' and write
simply [-] and (- ), respectively.

Similarly as in [5], it is possible to derive the space semi-discretization of (1).
A particular attention should be paid to the nonlinear diffusive term. In order to
replace the interelement continuity, we add some stabilization and penalty terms into
formulation of the discrete problem. The convective term is approximated with the
aid of a numerical flux H(,-,), known from the finite volume method.

Therefore, we say that u, € C1(0,T;Sy,) is the semi-discrete solution of (1) if
(un(0),v1) = (u®, vp,) Yoy, € Spy and

<8uh(t)

5 ,vh> + by (un(t), va) + ay; (un(t), vn) + aJf (un (), va) = € (un(t), vn) () (8)

Yo, € Shp, Vit e (O,T),

where
ag (u,v) = > /Kﬂ((u)VwVvd:c— > A(K(u)Vmﬁﬂv]dS
KeT, TeF,
+ ey /F (K (1) Vo - 7Y[u] S, 9)
w,v) = — 3 uavx u(L)u(R)ﬁva
o) = =3 [ S hwgmdos 3 [ HE . m) pas. (10
Juv) = 30 /Fa[u] (] S, (11)
©(u,0)(t) = /Qg(t)vdx—i— > /F(@]K(u)VU~ﬁuD(t)+auD(t)v)dS. (12)

rerp

Nonlinear forms af(-,-) and by (-, ) are the discrete variants of the forms a(-,-) and

b(-,-), respectively. According to value of parameter ©, we speak of SIPG (6 = —1),
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ITIPG (© = 0) or NIPG (© = 1) variants of DGFEM. Penalty terms are represented
by J7 and the penalty parameter function o in (11) is defined as o|p = Cy - |T'|7,
I' € F, where Cy, > 0 is a suitable constant depending on the used variant of the
scheme and on the degree of polynomial approximation. The value of multiplicative
constant a before the penalty form J;7 will be specified in Section 4, assumption (14).

The problem (8) exhibits a system of ordinary differential equations for wy(t)
which has to be discretized by a suitable ODE method.

If the numerical flux H is consistent with the convective fluxes fi, fo (i.e.,
H(u,u,m) = fi(u)ni + fa(u)ne Yu € IR Vil = (ny1,n2)) then we find that the suffi-
ciently regular exact solution u satisfies

(55

) b (u(t), on) + a (u(t), 0n) + a7 (u(t), va) = €2 (u(t),0n) (1) (13)

Yu, € Shp Vite (O,T),

4. Error analysis

To carry out the error analysis we need to specify the additional assumptions
on mesh, nonlinear diffusion term and regularity of the solution u of the continuous
problem. Therefore, we assume that:

(A1) The matrix IK(v) = {ki;(v)}7,_;, kij(v) : R — IR, appearing in the diffusion
terms satisfies

(a) |IIK(v)]|oo < Cy <o Vo e R,
(b) HK(Ul) — K(UQ)HOO S CL”Ul — ’1)2’ V’Ul,vg € R, (14)
(c) &K@E=algl?, a>0,YveR, Ve R,

where || - [ represents the [**-matrix norm, ie., Kl = 212, 37 [kijl-

(A2) The weak solution u is sufficiently regular, namely

(a) we L*0,T; H(Q)), ?;Lf € L*(0,T; H*(Q)), p>1  (15)

(b) IVu(t)||ze@ < Cp fora.a.te (0,T),
where p > 1 denotes the given degree of the polynomial approximation.

(A3) The triangulations 7, h € (0, hy) are locally quasi-uniform and shape-regular
(for detailed definitions see [4]).

Now, we are ready to formulate the main result of this paper.

Theorem Let assumptions (A1) be satisfied, let u be the exact solution of the
continuous problem satisfying (A2). Let T, h € (0, hg) be a family of triangulations
satisfying (A3) and let the numerical fluz H from (10) be consistent, conservative
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and Lipschitz continuous. Let up € Sy, be the solution of the discrete problem given
by (8). Then the discretization error ey, = uy — u satisfies

T
s len(®ls + 5 [ lea)Fao < cn, (16
where ||[v]]|* := YKeT, |U|%{1(K) + J7(v,v) and C > 0 is a constant independent of h.

Sketch of the proof: Let u € HP™(Q,7;) be the solution of the continuous
problem. For v € L?*(Q) we denote by Il v the L?-projection of v on Sp,. We
set £(t) = up(t) — Hpu(t) € Skp, n(t) = Mpu(t) — ult), en(t) = wnlt) — u(t) =
&(t) +n(t) for a.a. t € (0,7). We subtract (13) from (8), set v, := £ and add terms
—af (Mpu, &) + €9 (M,u, £) on both sides of this identity. Then we obtain

0
(55+6) + 20,9 = R0 ) + (M) ~ Bl + aSflE.

=x1

_ (Z’g) (1, €) — b (un €) — @7 (n, ) (17)

e
—i—a?(u,f) — a,(?(l'[hu,f) + ES(Hhu,f) — Eg(u,é") )

=1X3

With the aid of the multiplicative trace inequality, inverse inequality and approxima-
tion properties of the space Spyp, (see [7, Lemmas 4.2-4.4]), we estimate terms x1, x2
and ys:

X2| < C{h%U/atIm(ﬂ)||€||L2(ﬂ> + NENPP T ul gpir ) + ahPlul e o) + ||€||L2<Q>>}'

(18)
Analogously as in [9] we derive
xs| < C(Cuh?lulae) + CoCrh? M ul gy ) €] (19)
Finally, by a particular choice of the constant Cy, we obtain
a
xi 2 S lIEIF = C (Cohlul s + CoCuléll2w) €N (20)

In consequence, we use inequalities (18)—(20) in identity (17), apply Young’s
inequality, and integrate from 0 to ¢, t € [0, T]. Finally application of the Gronwall’s
lemma leads to desirable error estimate (16). 0

5. Conclusion

We presented a space semi-discretization of a scalar nonstationary convection-
diffusion equation (with nonlinear convection as well as diffusion) with the aid
of SIPG, IIPG and NIPG variants of DGFEM. We presented a priori error esti-
mates which are optimal in the L?(0,7, H'(Q2))-seminorm but suboptimal in the
L>(0,T, L*(Q))-norm.
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