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Abstract

Alignment classification of tensors on Lorentzian manifolds of arbitrary dimension
is summarized. This classification scheme is then applied to the case of the Weyl
tensor and it is shown that in four dimensions it is equivalent to the well known
Petrov classification. The approaches using Bel-Debever criteria and principal null
directions of the superenergy tensor are also discussed.

1. Introduction

The Einstein equations in an n-dimensional spacetime represent a set of second
order non-linear PDEs for n(n 4+ 1)/2 unknown components of metric gq. In full
generality it is hopeless to search for exact solutions of the system. However, there are
approaches seeking to reduce its compexity. First, obvious method is to assume some
kind of continuous symmetry (for example axial symmetry or staticity). Another
approach, less known outside of the community studying Einstein field equations
and Lorentzian differential geometry, is to make simplifying assumptions about the
Weyl tensor (consisting of partial derivatives of the metric up to the second order)
instead of assuming special properties of the metric itself. This approach is based on
the algebraic (Petrov-Penrose) classification developed by Petrov [22], Debever [6],
Penrose [20] and others and on the Newman-Penrose formalism [17] and it subse-
quently led to a discovery of many new exact solutions of the Einstein field equations,
including the Kerr metric describing gravitational field of a rotating black hole.

Since 1980s there is a growing interest in theoretical physics and differential
geometry in higher dimensional geometries with Lorentzian signature. Thus obviously
it would be of great interest to have some sort of algebraic classification in higher di-
mensions than four. In four dimensions there are several equivalent methods leading
to the Petrov-Penrose classification. This classification can be obtained using eigen-
bivectors [22], [1], using number and multiplicity of principal null directions (PNDs)
of the Weyl tensor [6], using factorization of the symmetric Weyl spinor [20] or using
principal directions of the Bel-Robinson tensor (see e.g. [2], [21]). In general these
methods do not give equivalent results in higher dimensions.
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Using alignment theory [15], [5] one arrives to a classification scheme valid in
arbitrary dimension n > 4 which is equivalent to the Petrov-Penrose classification
for n = 4. It turns out that similarly as in the four-dimensional case most of the
known exact solutions to the Einstein field equations are algebraically special.

In this contribution we will focus on introducing the higher dimensional clas-
sification using alignment theory (Section 2), we briefly summarize two equivalent
approaches using Bel-Debever conditions and Bel-Robinson tensor (Section 3) and
we briefly discuss classification of several known metrics (Section 4). Various appli-
cations of this classification are discussed in Ref. [24] in this volume.

2. Weyl aligned null directions and their multiplicity

In a tangent space of an n-dimensional Lorentzian manifold we choose a null
frame with two null vectors £ = m™® = Mgy, M = m©® = m1) and n — 2 spacelike
vectors m(®) = mg) (i,5,k =2...n — 1), obeying

("l =nn, =0, 'n, =1, mP*mY) =5, a=0...n—1. (2.1)
The metric then takes the form
Gab = 2L (qnp) + 5Z-jmg)m£j). (2.2)

Obviously, such frame is not unique - one can still perform Lorentz transfor-
mations. The group of ortochronous Lorentz transformations is generated by null
rotations of one of the null frame vectors about the other one, e.g.

,\ , 1 . , .
=0+ zm® — Qz’zi n, n=n, m®»Y=m® — zn, (2.3)

with parameters z;, spins defined by an orthogonal matrix X ij

Ny

=2, n=n, m® =X md (2.4)
and boosts with a parameter A
E=XM, A=\ "'n, m® =m®, (2.5)
Let us now present a short summary of useful definitions based on [15], [5].

Definition 1. A quantity q has a boost weight bw if it transforms under a boost

according to
4= \"g. (2.6)

Thus for frame components of a tensor T' we obtain their boost weight
T = T(May, . . . 1)) = AVT@OT, (2.7)

where bwy(a...b) can be conveniently expressed as number of 0’s minus number of
1’s in frame component indices.
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Definition 2. Boost order of a tensor T with respect to the null frame £, n, m®
is the mazimum boost weight of its frame components

bor = max {bwr(a...b) | To., #0}. (2.8)

Proposition 1. Let £, n, m® and £, A, @ be two null frames with £ and £ being
scalar multiples of each other. Then the boost order of a given tensor is the same
relative to both frames.

Thus boost order of a tensor depends only on the choice of null direction (£) and we
will denote it bor(£€). Note that for components for which bwr(a...b) = borp(f) it
follows

T

T(’ﬁ’l(a) .. .m(b)) = T(m(a) .. .m(b)). (29)

Definition 3. Let T be a tensor and let bya(T) denote the mazximum value of
bor(£) taken over all null vectors £

bmax(T) = max{bor(¢) | V null (¢)}. (2.10)

We say that a vector £ is aligned null direction (AND) of a tensor T whenever
bor(€) < bymax(T') and we will call integer byax(T) — bop(€) its multiplicity.

Definition 4. We will call a quantity
bmax(T) - bmin(T), (211)

where
bimin(T') = min{bor(¢) | V null (¢)}, (2.12)

principal alignment type (PAT) of a tensor T.
Choosing € with mazimal multiplicity (which is equal t0 byax(T) — bmin(T")), we
define secondary alignment type, SAT, to be

bmax(T) — bmin(T), (2.13)

with
buin(T') = min{bor(n) | V null (n) except (£)}. (2.14)

Definition 5. We can classify an arbitrary tensor according to its alignment type
consisting of two integers (PAT, SAT).

To determine an alignment type of a tensor one has to project the tensor T' on
the null frame and sort its components by their boost weight

T =) (T)w) (2.15)
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where

(T =Y Toym@ ...m®  bwr(a...b) =b. (2.16)

Then using null rotations (2.3) about £ and n one has to set as many leading and
trailing terms in (2.15) as possible to zero.

For arbitrary tensor in arbitrary dimension we define (in part we employ defini-
tions of [12], [11]):

Definition 6. A tensor T is of

type G if for all frames some maximal boost-weight components do not vanish,
i.€. (T)(bmax(T)) 75 O,

type I if there exists a frame such that maximal boost-weight components do
vanish, i.e. (T')(ppa () = 0,

type 11 if there exists a frame such that all positive boost-weight components
vanish, i.e. (T)@ps0) =0 and T =3 (T)w),

type D if there exists a frame such that T has only zero boost-weight compo-
nents, T = (T)),

type 111 if there exists a frame such that T has only negative boost-weight com-
ponents, i.e. (T)p>0) =0 and T =3, _o(T)w),

type N if there exists a frame such that T has only components of boost-weight
_bmaX(T)7 Ze T - (T)(fbmax(T))

Note that according to this definition, type N is a subcase of type III which is
again a subcase of type II, etc. Sometimes, the term pure type 11 is used meaning
a spacetime of type II which is not of type III, etc.

Let us illustrate these definitions on some examples:

A vector v can be decomposed as
UV =v9n —+ vzm(’) + 1)1/6. (217)
It has byax(v) = 1. There are three classes of vectors:

1. Timelike vector (v*v, < 0) is of alignment type (0,0) (type G):
In this case vy cannot be set to zero by null rotations, i.e. for all £
bo,(€) = 1, there are no ANDs.

2. Spacelike vector (v*v, > 0) is of alignment type (1, 1) (type D):
There exist £ and n such that vg = 0 = vy, i.e. with bo,(£) =0 = bo,(n),
both ANDs are of multiplicity 1.
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3. Null vector (v*v, = 0) is of alignment type (2,0) (type N):
There exists £ (£ || v) such that vy = 0 = v;, i.e. with bo,(£) = —1 and
multiplicity is 2.

e A bivector (an antisymmetric tensor of rank two), F', has in general decompo-
sition

F = (F)) + (F)o + (F) (1), (2.18)
or equivalently
~ 2 L
J— EFOZ- n[amilg—l—éFOl nialy + Fij mi[amjgg—l—éFM E[amib] ) (2.19)

Thus bpax(F) = 1.

There are cases

1. Case (0,0) - type G: there are no ANDs.

2. Case (1,0) - type II: this occurs when Fp; can be set to zero using null
rotations, £ is AND of multiplicity 1.

3. Case (1,1) - type D: this occurs when Fy;, Fi; can be set to zero, both
ANDs £ and n are of multiplicity 1.

4. Case (2,0) - type N: all components Fy;, Fyi, Fj; can be set to zero, £ is
AND of multiplicity 2.

In even dimensions, there always exists an AND and thus a bivector is of type II
or more special (see Prop. 4.4 in [7]).

In four dimensions, only the following two cases exist

1. Generic case (1,1) with canonical form Fy, = Am?,m?y + ping,ly.

2. Special case (2,0) with canonical form Fy, = M;m?.

e In this paper, we are mainly interested in the algebraic classification of the
Weyl tensor with the following symmetries

C(abcd = C{abcd} = %(C[ab] [cd] + C[cd} [ab])a Ccacb = 07 C(a[bcd] = 0. (220>

Decomposing the Weyl tensor in its frame components we obtain:
C = (C)2) + (C) 3 + (C)) + (C) (1) + (C)-2), (2.21)
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or more specifically

boost weight 2 — type G 1, I
Clted = 40010] g}y nm + 8Cono ngalynam'yy + 4Co5 ngm)mPm)
+4C()101 n al ncl + 4001i' n al mcl m(])
falb ) F e v T 0 o (2.22)

+8C0i; n{amb I md} + Ciju 771?62771(1)])771(C )m(é)}

—1, III -2, N
A A~

+8Chou 1 (ol + 4C1 50 Lm'y mY )md} +4Ch; Lymby 1m'),

so e.g. components Cpo; = Cabcdfaml(’i)ﬁcmfj) have boost weight bw(0i07) = 2.
The Weyl tensor has by.x(C) = 2.

For Weyl components, we will follow the notation of [8] which is together with
additional identities (2.20) summarized in table 1.

bw | Compt. | Notation | Identities
Coioj 0y Oy = Qyi, Uy =0

1 Coijk Wik \Ijuk = Wi, Yy =0
Co1os \L U = Wy

0 Cijnt D Dy = @[Sij][kl} = @iy Pijry =0
00@'1]' (I)i{% (I)Xj) = Cpij = _§q)ikjk
Corij 20;; D35 = Py
C10101 o d = q)u

-1 Chijk \Ij;_]k \Ij;_]k \Il;kj’ \I’fzjk] =0
Choti i Vi = Ui

2 | Cuy 0, [0, =0, =0

Table 1: Decomposition of the Weyl tensor by boost weight bw for dimensions n > 4
(c.f. Ref. [5]).

We classify the Weyl tensor according to the (non)existence of Weyl aligned
null directions (WANDs) and their multiplicity. Note that a generic Weyl
tensor for n > 5 does not possess any WAND [15]. All possible algebraical types
are given in the table 2 (for the conformally flat case, type O, the Weyl tensor
vanishes). Alignment type classification of the Weyl tensor in four dimensions
is equivalent to the Petrov classification and WANDs coincide with principal
null directions (PNDs) of the Weyl tensor. As in four dimensions the Weyl
tensor is called algebraically special if it is of type II or more special.

Let us briefly summarize further refinement [5, 4] of the alignment type classi-
fication.
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n >4 dimensions 4 dimensions
Petrov type alignment type || Petrov type

G (0,0)

I (1,0)

I; (1,1) I
11 (2,0)

11, (2,1) 11
D (2,2)

111 (3,0)
111, (3,1) 111
N (4,0) N

Table 2: Possible Petrov/alignment types in higher dimensions compared to the
four-dimensional case [5].

e Boost-weight +1 components U, can be decomposed as (see [4])
Uiie = —25(059% — 0 V;) + Tije, Ty =0, Tiji =0, Tige =0. (2.23)
Thus there are two subcases of type I
— Subcase I,: ¥; =0 & ¥, =0,
— Subcase I: Tjjp =0 < WUy = 250,10,

Similar subclassification can be introduced for type III, i.e. for boost-weight

/
—1 components, ¥},

e Zero boost-weight components ®;;;; can be decomposed in the same way as the
Riemann tensor:

_ 2 _ _ _
(I)ijkl = Cijkl + m (5i[le}j - 5j[le}i) - —(d — 1)(d — 2) R5@'[k51]j (2-24)
with d =n — 2 and
_ R s -

Therefore the following subclasses appear

— Subcase II,: R =0,
— Subcase II,: S”Z-j =0,

— Subcase II.: Cjji =0,
— Subcase II;: ®4;; = 0.

Some of their possible combinations are given in the table 3.
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Type | Bel-Debever crit. | superenergy ten. | +2 +1 0 -1
G | (4Cpeial 00 # 0 | Tapeal™0°0e0* £ 0
I CeCogperal n ¢ =0 | Tapeal™Pl0 =0 | Q5
Ia f[eca]bcdﬁbﬁc =0 Qij \Dz
I, Qy; Tijk
I UeCapeal pl” =0 | Tapeal “0°1° = Qi | Yigr (W5)
11, Coapeal® =0 Qij | Wi (V) N
11, Qij | Wiji, () Sij
I1. Qij | Wi (¥3) | Ciju
11, Copfealel’ =0 Qij | Wik () o}
e | CeClapjieals) = 0 Qij | Wi (Vi) | i
(@, F)
Hapa Capefalel® =0 Tabeal™® =0 | Qij | Vi () Dj;
(@, %)
IT b Capeal® =0 Qij | Yiji () Dy v
(@, @3)
M | £.Cupjeals) = 0 Tabeal®0 =0 | Qij | Wi (V5) | ijra, O
C(abc[dge}gC =0 (@, @%)
HIa f[eCab}[Cdff] =0 Qij \I’zjk (\I]z) (I)ijkla CI)%A]' \I’;
Cabcdgd =0 ((I)7 (I)ZS]>
111, Qij | Wigre (V) | Pijue, O35 | Ty,
(@, @5’7)
N Cab[cdge} =0 Tapeal® =0 Qij \I’zjk (\I]Z) (I)ijkl7 CI)% \I];]k
(@, 3) | (%)

Table 3: Summary of criteria for various algebraic classes of the Weyl tensor. Note
that for some subtypes Bel-Debever criteria or conditions involving the superenergy
tensor are not known. Last four columns show vanishing components of the Weyl
tensor of the corresponding boost weight. Components that are automatically zero
due to the identities given in table 1 are in brackets. Note that Cgpealel® = 0
which is equivalent with Top.qf®® = 0 follows from Top.q¢®¢¢ = 0 which is equivalent
with {{Capjiealy) = 0 A Cab[cdfe]ﬁb = 0} [28, 29]. The same conditions can be
applied in the case of secondary classification (e.g. condition for type II applied to

a vector m in type D spacetimes). In four dimensions the following equivalences hold:
I, =I1=I1, =I1,, 1. =I1,, [Ty =111 and 1Ty =111, =N [19].

e Boost-weight -2 components are represented by a symmetric traceless matrix

;; and so type N spacetimes can be further classified according to multiplicities
of eigenvalues of (2};. In four dimensions, there is only one case with two distinct
non-vanishing eigenvalues, i.e. in Segre notation {11}. In five dimensions, there

are three possible cases:
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— Three distinct non-vanishing eigenvalues, i.e. in Segre notation {111},

— Two distinct non-vanishing eigenvalues, one of them with multiplicity 2,
i.e. in Segre notation {(11)1},

— Two distinct non-vanishing eigenvalues and one vanishing, i.e. in Segre
notation {110}.

One can similarly classify type N in each dimension. As was shown in [26],
for type N Ricci flat spacetimes the only possible case in arbitrary dimension
is {110...0}. This result can be straightforwardly generalized to the case of
Einstein spacetimes, see also Ref. [24] in this volume.

3. Equivalent approaches to the algebraic classifications of the Weyl tensor
— superenergy tensor and Bel-Deber criteria

There are equivalent approaches to the algebraic classification of the Weyl tensor
leading to the same classification scheme as in table 2, namely finding principal null
directions of the superenergy tensor [28, 29] and classifying the Weyl tensor according
to Bel-Deber criteria [19].

3.1. Classification based on principal null directions of the superenergy
tensor

In four dimensions Petrov types can be defined using principal null directions of
the completely symmetric and traceless Bel-Robinson tensor! [28, 29|

1
7;bcd - ancfobedf - ggabgcdcefghcefgh (31)

as follows?
1. Petrov type I < there exists £ such that Tp.gl®¢0c¢¢ = 0,
2. Petrov type II (or D) < there exists £ such that Tgp.qf°¢(? = 0,
3. Petrov type III < there exists £ such that Toeql<l? = 0,
4. Petrov type N < there exists £ such that Top.q¢¢ = 0.

In higher dimensions, superenergy tensor [28, 29], a generalization of the Bel-
Robinsor tensor, can be defined as

e e e e 1 e
7;bcd - ancfob df—l_andfOb cf_%gaboefcgc fdg_%gcdcaefgcb fg+ggabgcdcefgh0 fgh’
(3.2)

!Note that in four dimensions PNDs of the Bel-Robinson tensor coincide with PNDs of the Weyl
tensor.

2Recall that in the sequence of algebraic types I, II, III, N, each type is considered as a special
subcase of more general types.
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having symmetries

7;de = ﬁab)(cd) = ﬁcd)(ab)' (33)

The superenergy tensor is completely symmetric only in four and five dimensions [27]
and in four dimensions it reduces to the Bel-Robinson tensor (3.1) [9, 27].

Algebraic classification using principal null directions of the superenergy tensor
is summarized in the table 3.

3.2. Higher dimensional generalization of the Bel-Debever conditions

Generalization of the Bel-Debever approach towards classifying the Weyl tensor
was developed in [19]. It is summarized in table 3.

4. Examples

Now let us briefly classify some known exact solutions of the Einstein equations
in higher dimensions.

e Black ring solution representing spinning five-dimensional black hole with hori-
zon topology S? x S* [10] consists of regions of type I and G and it is of type II
on the black hole horizon [25].

e Kerr metric describing gravitational field of a rotating black hole and its higher
dimensional generalization - Myers-Perry rotating black hole metric [16] are of
the algebraic type D in arbitrary dimension.

e Kerr-Schild spacetimes [13] are spacetimes with metric of the form
Jab = Nab — 2HKqh, (4.1)

where H is a scalar function and k a null vector with respect to the background
flat metric 7,, and also to the full metric g,,. Thanks to the simple form of the
metric these spacetimes can be analyzed in arbitrary dimension [18]. This class
contains important solutions such as Kerr and Myers-Perry black holes [16] and
type N pp-waves [3, 18]. Einstein Kerr-Schild spacetimes are of type II or more
special in arbitrary dimension and they split in two groups [18, 14]:

— Non-expanding solutions are always of type N and belong to the Kundt
class [3, 23]. This case contains radiative solutions.

— Expanding solutions are always of type Il or D. This case contains black
holes.
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