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F i n e a n d s i m p 1 y f i n e 

spa c e s 

Věra Kdrková - Fohlová 

unifor m 

In íP] z. Prolík introduced the notion ot a retine

ment ot a category and ot tine and coarse objecta with 

respect to this retinement. These notions i.ve sened hia 

aa a usetul tool 1n his etudy ot retlective and coretlec

tive aubcategories ot the category ot unito.rm spaces. In 

Vilímovský's paragraph [Vl ibid a generel theory ot reti

nements ot a categar y is developed and eome special re

sul ts valid 1n the category ot unitorm spaces are deri

ved. We suppoee that the reader is tamiliar with the no

tions trom Vilímovský'e paragrapb [Vl. We recall here on

ly that for any moditication "' trom any concrete cate

gory � to its eubcategory we can detine a retinement, 

say !i , ot X by putting 

JI, ( X, Y l • -t. -f e Se..t C I X I , I Y I ) , _A-y • I' • X < X, Y > J •

By I X\ we denote the underlying set ot an object X and 

by Jf,y : Y � � Y the mod ification of Y • Se.t

is the category ot seta and mappings, Sa:e1 the catego

ry ot seta and bijective mappings. Similarly, Um.u- ia 

the oategory ot U11itorm epacea and uitormly continuoua 

mappings. �1 the oategory ot uitorm epacee and bi

jective u.nitormly continuous mappinga. We use an abbreYi-

ated notation 'U C X, Yl inatead ot t.Ltu.f ( X, Y) , 

In thia note we turn ou:, attention to the retine

ment a ot � and ot � 1 given, 1n the way desori-
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bed above, by an arb1 trary given modit1oation Jf,, ot lJMcjf'

and lt• reatr1ction JC,.1 to Ll.mLf
1 

• We study the inter

relation ot clasaea �, ot dt -tine apaoee and !t� ot

b1jeotively '2,-tine spaoes. 

An eaay reformulation of det1nit1ona yields thi• dee-
f· # 

011iption of olaaeea lt , 31.., , 

1t • .( X c u,,.,ie:,f'0, (1' Yc Ltnwl0
) ( f'• 'Z(. C X • .-. Y> -> ,r d 'UC X, Y) I •

a: • { X , t.l.Mtf O, ( 1" Ý • �f 
O) (f X l • I Y t & "' l • J&. Y) --,. X • Y > J •

tor every moditication Jr, • Th• 

oonverae 1nolueion taile to be generally true, ae two ex

amplee given in thie nota ill�atrate. Thua tbe problem a-

l'ieee tor wh1oh moditicetiona "'-' ot lLltLll ft� • .1t,
., 

•

We atate one euttioient oondition tor a moditioation "' 
� f' 10 that �.. • � • The a11tbor oonjeotures that thie 

oondition 1a tar trom being neoeaeary, but no co11nterex

ample ia 1nown. Thia leade to, maybe, a difticult prob

lem, whetber ther• exiate a cardinal reflection JL. auoh 
f, ,.,, ihat 1t + ,t.

1 
• Tbia problem ia pa�tially disoueaed at 

tbe end ot our note and ona interesting 1nf1nite oombina

torial problem 1• given tbere. 

I. 

Let-" ba the serodimensional moditication, 1.e. for 

•••rJ X c �• , 1t,,X b.as for ita baae all tbe pu-ti-

tiona Ve X „ 



_ 1Q.9 -
I. 1. Lemma. It JC. ie the zerod imensional modit1ca-

t1on then every member ot tt" is a diacrete uniform spa

oe. 
Proot a For any X • ,ti' denote by J'x. the aubspa-

oe ot J.x CI XI) (eee lil) with tbe 11nderlying set I �I =

• .( t. �,O� & , 4 •li• IXí J • Detine a mapping -f
J<.

: IXI-+

-+ I JX \ by fll t � > • � g,, tor every JI( e I )l \ • Since,

clearly •Jx 1s an indiacrete un1form space, it foll-

owe that f'x c fL ( X , -.. lx , • Then f'
>t 

c � < X , Jx > tor X &

• A" • Hence X ia a discr'111ie 1111iform space.

A unitorm apsce X ie cal led an atom it i t ia a mi

nima l element 1n ihe aet or all non-diacrete nniform apa

oee ·witb tbe underlying a4't t X I • ( X • Y 1:t l ie ti

ner than Y .) 

1.2. LelDlla. Let A M the aerodi.JDenaional moditi

oation od l be 8.b atom nib • X • A • •tben X tE :ll�. 

Proota Let 1' X :- IL V tor eane unitorm space Y 

llltb. I Y• • I X I • Stnce 11 )( • X , it fol lowa tbat Y � X. 

!a X 1• not cllacrete and Jt, Y • 1r,, X , Y ia not diac-

rete, too. !'hu 'fa X •

I.). CcrollUJ• Let " be the zerodimenaional mo-

i1t1oat1.oa tha A"' + · ft f •
1 

P:roota B.J I.l ancl I.2 1t sut.tices to find a urocli

_..t.cmal atom • .la an example ot such a space, the rollo

wbg atcmt 4eacr1bect ta ( P - R l can serve: Let 1- lte an 
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ft�bttrtll'ily ohouon 111ti-at11 ter c;m thtt lflt w O ) r: c '1- •

'"' 

t,• i< Mf• 2, ,n. • F J u{{< in, O>J, na.• C4.>0 • Ff v H,m-, 1 >J,rn.e c.,
0

„ F'J. 

Ttutn ,( 'U,F, F • � 1 fol'ml a IHute tor a aerod 1mena1onal 11n1„ 
tam apl\oe X witn tne ltnd�l'lying set I )U• cu0 .>< 2 • Pol' 

tne Y1.1r1-tt.oat1on tbat X 1a an atom a•• [.P - R]. 

11. 

R�call that • oov�ring ot a aet ia oallad etar-tini

te 1.t oaah ut ite mambal'e meets only a t1nite nu.mbar ot

the oth•r•• All etar-tintte un1torm covor1nga ot any uni

to.rni apao� torm a base for a uniformity (aee (11). lt 1•

O'Vident tha t th1a onangtt ot a unifoiim:i. ty ie fllnatorial -

it i.a cal.led the ataJ'-flnltt!i modl.tioation. 

It f ie a peel.ldomeiric on a set X then we deno

tt by i\o (,>t, &,. ) tbe oper• oall ·w1th center .x and diame

,,1' e • '�f ( e ) de not ea the cov •ring ,( Bp C.x, s),� .a X J.

Soaetimee we. wri,te ahurtly 8 {\X, c,) and � ť e,) • 

By ,i" ta de.not�d tb@ precompact modifioat1on ot

UmLf' t 1.o. �)( bae tor its base all tbe t1n1te uni-

toN ooverings ot X • 

� denoteq tb• oorreflponding retinement of LJM.tf I apa

o•• trom 1Jf are colled pl'oximally tine. 

II. l. t411DUDII, L""t Y be an e.rbitrary unlform apaoe.

Tb.en every 1tnitormly cc,níinuoua real-valued tunotion on 
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y is boamded 1t and only 1t every etar-tinite uitorm 

oovering ot Y is tinite. 
Proots To verity the satticiency .consider a aniform

ly continuoae real-valaed tunction 'f' on Y • E-.idently 

;-1 C-C 8 ( m. , .I), ,n, • Z J) ( where Z denotea the set ot all
integers) ia a atar-tinite anitorm covering ot Y • Clear
ly, 1t f·1 ( '\ 8 ( ,n. , 1 ) , m. • Z 1 ) ia t1n1 te then „ ia bou

ded. 
To prove tbe neceasity auppose thet there exiata an 

intinite star-tinite 11nitorm covering 'U ot Y • Chooae 
arbitrarilJ LL 0 

e 'U • F11t U.1 • Ui Uc -U, U n U0 • OJ •

Since f2t. is star-tinite it tollows that ,u,
,.

• .( U a 1(.. ,

U() 1.L
0 

• 0 f ia intinite. P11°' U�= U�U • '21:1, U íl l.1.-1 + 0 f • 

Again, 'U.2 .- � U a 'U.1 , U_ n U1 • 0 f is 1nf1.n1te. So, by
1nduct1on, we obtain an 1nf'1n1te covering t Um. ,m. e (&)01 > 

> 'U. with U nz. íl U,,,,_ • O whenever I m.- mi. I > 1 • A 
oountable covering indexed by integera witb this proper

ty ia called linear. Every linear unitorm oovering ot any 

un1torm apaoe ia realized by a real-val11ed tunotion (aee 

CP - Hl).

So we bave a llnitormly contin11011a t11notion -I on Y

wi th .p-◄ ( .( B ( m,, � ) � m. c Z j ) < f U,n. , m.. • C&J 
O 

f , S ince -f 

11 bo11nded and < ll111, , n1, • cu0 J linea1', it tollowa thet

4U„u m.. • c..J 0 I ia f1n1te. 'l?bi1 ia a oontradiotion. 

II.2. Propoeition. Let 11, be the eta1'-tin1te mo41-
tioation, N be a d1so1'ete llDitorm epaoe with IN I • c.> 0
and Y be an arbit1'&1'1 p1'ozimally t:lne uniton epaoe 
w1 tb "Y • .-,a. Y + Y • Tben the1'• ex:lata X c :1t� - '!tf'
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wi tb 11- X = ,ri Y >< N • 

Proof: I! y ie proximally fine and ,a:, y = .p, y then 

Ye �f' -1 , Namely, for every Y' with I Y 1 I :J , Y I and Jr.. Y' =

- ,._ y = -,i,Y we have ,rz.. Y' = ti,, Y , and so y = Y' •

Let X be a uniform epace with I XI-= IYI containing 

juat those coveringe U ot ! YI >< w 0 for flhich there ex-

1st 11 fi.ni te K S w0 such that, de-

not1ng U/ I Ý I>'- -i,t. ½=-U"' x { -i., J , -Ne have 'Ui c Y for eve-

ry ,i. 4i � 0 and 'U..,i, > 'IJ.. 0 
for eve.ry ,i. 4ifi K • Clearly, 

fl .,._,_x = 1tY x N = .ti, Y � N . We ahall \lerif'y that X e :R.1 • 

Pi.ret, let us show that eve<ry Z W1 th i 2 I i= I Y I � <,J 
0

and 1t., Z == 12,, 1 >C N , has a baae of som.e coverings of tbe 

torm U 'tf• :x 1-t J , 
-é, E ""o .,, 

with for ev ery -i.. E c:J
0 

•

Z =..12,Y x N 

Denote by Z-i,, 

guarantees that ,{ ťY 1 >< -{ -i, l, -t s "-'o l E Z • 

a eubepace of Z w1 th I 2. � \ = t Y I :,e -f -i, } • 

Then, ae ,c,Z = 1vY >< N , we have 1tZ� =- 11,Y>e{-i:,J .Hence 

z. �Yx-1:-tJ .
,e,. 

Now, auppose thet �here exietB eome Z 

=,tiY >< N and Z � X • Consider some 1t e Z - .X • 'rhen 

the set I ot all i, E w0 euch that 11_, .,, cannot b6 .re-

f'ined by a 11n:ú"orm covering of Y íe infin1te. Lét Cf'

be a 11n1formly continuoue pseudomelirie on Z with 

�
<° 

( 1) <. V' • For 1-, e. I let X .;, be a maxi.mal subset 

ot I Y I such thet cr, < < .>C, -i,,, > , < -tt 
1 

-i, > 1 > 1 tor every 

.)(' � 6 X .;, • Let ,W .6 Z wi.th <Ul:::. �.W'-i. � -l-tJ, W-11 • Y
-t.�.,, 

for every -i,, • Cé.> 0 euch tlaat 1U < � ( j). Sine• >l.,i, is 

"' 
intinite, vte can choose distinct pointa "'-

1
, .. ••• , X, E: X • 

-i, .c, 
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tor every -i., e I • Put �={St(� ,.x� 1, .•. , St(�, .x�), 

U .( W c 1V, < ,' ._ c: �, • • •, -i, ) Lx; • W > 1 I and 

ÍV•C.U1 1if. xii,I) v (.U.._. 1iVI ,c {-t,S) •
1'6 .., ... c-o• 

star-tini te and aa 

Clearly, 'ižii· 1&

we nave if e "Z • S1nce 
� -t St C �, �At ), At. • 1, ••. ,-t I ta a dieJoint eystem ot seta

tor every -i.. e I , it tollows that ijjf $ �y >< N • This 1a 

a oontradiotion. 

Denote by 'Ir' the projeotion ,r: I Y I >< CJ
0 

--. I Y l • 

Tben • clearly, Jr � '1L < X, ,,_ Y ) - 'lL ( X , Y > 5 hence

'A • �-9 • So we establish.ed X e ;R/ - :R� .. .., 

II.J. Corollary. Let ,,_ be the star-finite modi

tioation ot \JAt.t.,f , tben !tf' 
+ 3t� •

Proot: ay Il.2 and Il.l tt suftices to tind some

· protimally f'in'itnitorm epaoe '/ with ,ti Y + Y such

that every unifo.L"tnly continuoue real-valued tunction on

Y ia bounded. Since every metrie uniform epace is pro

ximally fine (see (ll), any non precompact metrie apace

Y ••ch tbat every uniformly continuoue real-valued

funetion on V ia bounded, will do. E.g. the eubapaoe

ot ,e1 ťw0 ) witb the underlying set

{ t,. ";;t-, O '- � � 1, '"- e GJ O } ( see [ Fl) •



.. 13'
III. 

III.1. Propoeition. Let A. ba a modification of 

li,nLf tulfilling th• tollowing two oonditiona1 

(a) It f, X-+ Y is a projectively generating mapping

between al'bi trary 11niform apacee X , Y then f : ,r, X__. Jt.Y

1a projectively generating, too.

(b) J'- ( )( A Je. Y ) • lf, l /\ li, Y for &l'bitl'81'J IUlitOJ!llll apao••

X, Y with l X I = I Y l •

f f 
Then 1i, = $1

f 
P:roof a Let X fi (ft.1 g4 , I "' ( X, 4, i ) ,., ••••

2 .Denote by X' the 1111itorm apace projeotively genera

ted by ť: I X I-+ Z • As f': n. X'--. 11,Z 1a a projeotively

genel'ating mapping, we have X � Jt. X' • Bence ·"' ( X' A .,,, X>• .. 

= tt, X"/\.� X = n,, X -Bince X � a: , 11; followa that X •

"- X' A >t, X and so -f e 'IL '- X , Z ) • 

Por every intinite oardinal aG denote by -fJ,� the 

mod1t1cation � LJ.;ntť su.ch that ,fi.
°' JC oontaina all 

the ooveringa U e X for wbioh tbe:re exiata a no:rmal 

eequ.ence ot ooveringa ?L
,,.. 

a X • w1 tb oole.ct 'U,,,_ .c: cc:.

for evel':, ""' a cu0 and 'U > 'U
0 

• It ie lmown tbat u

del' the aaewnption ot the Genera11ze4 Cont1nu1111 Rypotbe

•1• .p,°'X �<ft• X I C.3 tf.IX> ť 11" < 'lL 8' cod 11'' < oc. > J for

eYery intinite oarclinal ce.. an4 every X • 1J...n.Li'
0 

• lt 1• 

u.aual to vita ,ta, inatead of -i'-.ato 

It la ••111 to oheok that •••�Y oardiaal ••tleotioa 

J/1,• tal.fil8 the oondition (a). The charaot,•isatioa ot 
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tbe cardinal retlections tulfilling the oond11;1on (b) ia

given by tbe tollowing generalization of the knoWD tact 
on ,ti, • 

III.2. Proposition. (GCH) Let cc., be an intinite

carďinal then �
ce, C X A -tz,-. Y) -= 11-"' X " ,1i,"' 

Y for ar-

bitrary unitol"Dl spaces X „ Y w1 th l X I • I Y I 1t and on-

ly it 2.ll <. oc. for every cardinal (J c:: °' •

Proots Evidently ,11-0(, ( X ",rz.«' Y) � ,p,°' X I\ ,tJ,°' Y • To 

prove the converse inequality consider some covering 

'lL ={U
-i.

, -i e (l J w1 th /J .::. � such that 'li, � 11' A 'IV 1 
wbere 1/' • X and 'Ul' & < W; , a- � T J • Y wi th 

1' < cc: • Then for every V e V choose some mapping 

Cf v: T --+ (I such that V n W i e U
'lr <á,) tor eveQ 

.} E 7 . Por a mapping �: T--+ fJ put 

V
'I 

= U.f Ve 1f, o/v= g> 1, íif .a -ť V
<l

,'f • SLt. ( T, /3 >1. Sinoe 
,-J 1' � 

coJtd. 11 = p < oc. , we have (ll?lder GCH) Ilf s ,p,« X. • Evi-

dently '1.L > ff A 'Ul • 

Now, assume thet there is some /3 � ex. w1 th 2/J � 

� d, i.e. there exista a one-to-one mapping 'V:«. --J

�SetC/3,2).Denote by X tlie ooarsest 11J1itom spaoe

with I X I = C(. x � containing the oovering -H-i-Jx/3, -Cdi cc. J,

and by Y tbe ooarsest nnitorm apace witb the same 11nder

lying set containing tbe oovering .( oc; ,c < j f, j c /J J •

P1d 

U
0

: .((-L,cJ,>�cc.x/3,,rC-i,)Cj)c OJ, u
..,
-<<-t,1>coe.,c{J,ff'C-l·J<j>• 4J.

Then «r • ,( U
0

, U1 I • ,p.°'C X" Y ) • -f&,ee C 1- A ,r,-• Y ) • Sinoe 1'"



-1'&G-

i• one-to-one, it tollows that 'JL + 1!,°' X A ,12,"' Y • Thlla 

,ta,°' 
( X A ..p, .. y) + -ti-°' X I\ ,rz,"' y •

Th�, many oardinal retlections do not tultil the 

oondition (b). But notbing more ia known. E.g. for 11,, = 
JI 

• -fl, 1
• A. Hager auggested thia interesting problema Deno-

te by N, M diecrete uniform spaoea with ltllderlying 

aeta w O , ev" . Does there exiat

$_, � 
• 4J0 >< <a.> 1 and ,f1, X c N � ,ti, M
• - th ,.t,19 .... ,a fl.... t auoh a space, en "" ,,. e11; 

X • a
1

wi th I X I • 

? It there wo11ld ez

ainoa evidently the 

pziojection ,r , X _ _.,.., M ia not un11'ormly oontinuo11a 

b11t � c ďt 

Thia leada to the following 1nt1nite combinatorial 

problema Let a system ot equivalanoea ,( ,,,., , m.. e a.>0 f 

on the set '4.>
-, 

be given a11oh tbat for every diatinot :.< ,

t, • ""-1 
the set .f m. 1: c.,0, <-",11-> � f',n. J ia intinite. Do

tbere alwaye exist equivalenoea .( iM , ni. • GJ O f on CaJ1
tu.ltilling the tollowing three conditionaa 

(1) for every m, c aJ 
0

(2) ,,n; has only countably many classea for avary

""'e ""o

(J) there exiate an 1U1oountable X & Cu 1 auoh thet for 

every distinct �, ,v. a X there ia aome M. • c., 0 witb 

(.,c,,v.> • p,,., ? 
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