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00BCERIIIl'G PRODUCTS OP PROllllALLY •IIB UBUOBII SPACIS 

Vira mRKOVÁ-POBIDVÁ 

A uiton apaoe ia oalled proximally tiae 1t eYel'J 

proxiJDallJ oontin11oua mapping fl'om thia epaoe to u arbl

trary uitom apaoe ia uitoaly oontinuoua. 

In [Hl•• Bulek haa prOYed tbat a proc!uct ot an al'bl

trary syate■-ot proximally fine apaoee ls proximally tine 

1t and only 1f a product ot eaoh ot lta finite aubayateu 

ia proximally tine. Thua the study ot produota ot proxi

mall7 tine spaoea reduces to finite producta. In tI11,CI�

and [ P l there has been shown that in aome apeoial oase• 

the produot ot two proxiJDally fine spaces ia proxima�ly .. 

. tine. Pirst 11. Bušek: 1n [ Hl to11nd an example ot two pro

ximally tine apacea, the produot ot wbich ia not prox1-

mally tine. Thua the problem al'isea to oharaoterise th• 

paira ot proximally tine apacea, the produot ot whioh 1e

proximally tine. Thia note ia a con·trib11tion to thia 

_probl••• The main l'eeult ia the tollowinga A produot ot 

an arbitrary proximaliy tine 11nitorm apace with a oam

paot tmiton apaoe ia proximally tinee 

I. 

BJ 1Jm4lf we denote the categol'J ot uiton apaoe• 

and u.itol'llllJ oontinuoua ••PPinC•• Por • 1.11itorm epaoe X 

we denote llJ I X I lt1 11nderlying aet, bJ t, X tbe ocr-
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reaponding topological space, and by ó'x the oorrespon-
ding proximity relation. By t x we denote the obaraoter 
ot X , 1.e. th�alleat infinite cardinal nWDber auob 
tbat X has a base ot its cardinality. It '2L ia a oo••-
l'ing ot a set X and Y � X then pal't Ul Y • { U /l V, Uc 'Uf, 
•or arbitrary unitorm spacea X , Y we denote by 3Y

x 
,

lfy the projectiona .11'X :I X x YI-+ I X I , n'y i I X >e YI _.. I YI. 

Recall trom [R - Šl that a unitorm spaoe J. 18 p110-
zimally fine 1t and only it X ia tbe tineat amitomitr 
on the set X inducing the pro:dmity dx • 

It f ia a pseadometric on a aet X , � e X 
1 

1, > O

then •• denote by s, ( .x , e ) the open ball with oentel' 
� and diameter & • By �q, ( & ) we denote tbe oovering 
�, C �) = .( Bf C.x, e ) , � c X f • Por a e11baet Y ot X p11t

8 n. ( Y, e, ) = U B tD ( .x , e ) • 
,- .,ceY ) -

Por an arbitrary uitom apaoe Y •• denote br �• 
tbe olaa• ot all úifol'lll epaoea X a11oh that for an ar
'bitl'ary proximally oontinu.011s pseudometl'io g, on )( x Y 
ancl arbitziary e.. > O there exiet1 'U.. e X with 
� 1L >< -t ,y, J , U • 'lL , ,v. e I Y I } c:: d,f C e > • Pa.t

, � - ('. i. 1'/' ' y ' � o 1 .O 

The reaeon tor the introduotion ot th••• notion■ 11 
olaritied bJ the tollowing eaailJ proved Propoaitioa •. 

1.1 •. Propoeition. Let X , Y be al'b:l.trary 11nitom 
■pao••• !hen- X� Y 11 proximallJ tine it and onlr U
K c � * and Y c �"' •
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Pr oot a It � U x < ,v. J , U e 'U, } Ilf e i Y I i c: s, ( e ) and 

� i .x J x V, V e 'lt; .)I. e ) X i j < �, ( e,) to:r some U s X an4 'li' e

� Y then 1 U x V , U E f1J.. , V e: 1/r 1 < 39f ( 2 e ·) ,,

•• point out an evident oonsequenoe of the Propoai

ticn. 

1.2. Corollary. It X, Y • ď' "" then X "' Y ia pro

Xilllally tine. 

II. 

At the begimling ot thia seotion we aball •Wlllari•• 

aame reaults abo11t the olaea 'P* 

Pirst, we generalize a reault troa (R - š].

II. 1. Lemma. Let r, be a piie114ometrlo on a ■et X ,
S > O • Let .( .>ecit , °'- e /31 and ,{ 1-ee , eG E (3 f 'be tamiliea 
of pointa of X indexed by an ordinal number {3 such that 

f (.x�, 1r�) � €, 
tor every °" e (3 • !hen there ex1ata. e, a oofinal eubset I ot (3 aneb thet � ( .xcC , ,y,,, ) > �

tor every oe, , «/ e I 

Proot, It for aome oe, E (3 either Ice = ,{ r s (A ; 

g;(.x.c,�y, ) � f j or i= .f 7-. (3' q> (i><,- , 'V-«)� ¼ f 1• 

a ootinal aubset ot (3 we are l'eady ■ince 

811.ppos• that for ever7 oe. s � neither I« nor Joe ia

a cotinal at1bset of � • !hen we oan oonatract 'by l.nda.c-
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tion a ootinal set I S: � such that 'T + � u Joe. whenevel' 
e 

oť: ca:::: r, oc, 7 e I . Evidently f ( .x°' , �
w-

> > i; tor eve-

Q °',,ye I .  

II.2. Propoaition. Let X be a unitorm space with 

a linearly ordered base. Then X E: CP *

Proot a Let ( ;fy , c::::c::::. ) be a line ar ly ordered base 

tor X • Por an arbitrary unitorm epaoe Y conaider a 

proximally continuous pseudometric fJ on X >< Y • Su.p-

poee that there ia some e. > O with .(Ux-t11,i,Ue'U„,v.elYIJ4F 

◄=, 13ť ( �) for every CU. 6 � • Then we have a.,
'U,

, .&
-u. 

e I X I ,

11-u c i Y I for every 'lL & i/,- with f C<a,'1l. ,'W-'11., >,<1r,u,1t
,u.

>> > e

and ct,
'll 

e: St (.&
U

, Ill) • By II.1 there exists a cofinal aub-

••t �, of :ú with � (<a.
1/.l. , 4r'lL ')' <1Y1t ,"l'v>) > ¼ for •

ver7 'l.l , 1/f e � ' • Bince ;/,,' is a cof inal subset ot :fl

it follows that ,((a,
,v

,1t
11

>,'lfs�'lcfx
,c

y <<IY-v,�v>, 1/'alfl-'J • 

!hi• contradicte the aesumption that f' is a proximally

continaous pee�dometric on X x Y •

A topological spaoe 1s oalled a generalized sequenti

al apaoe 1t to every point of a oloaure of its arbitrary 

•11beet there convergea a netof point& ot thia aubeet index

ed by an ordinal number, Poljakov (see (P]) proved that e

"fery tmiform space X with t X compaot generalized ••

qu.ential ia in the class � # .. The following ia a genel'a

lization of hia result. 

II.Jo Proposition. Let X be a topologically tine

11111.torm spaoea. It t X is a generalized sequential topo-
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logical space then X e 3J * ,,

Proot: Por an arbitrary tmiform apaoe Y oonai&el' 

a proximally continuo11a psendometric f on X >< Y • -.or 

E- > O pnt 'lle = /\ 3tx ( �n,(e.) /(X x .f1--J>>.c1earl7, ele
1f-5 V )-

ia a nol'IDal covering of the set X • It f/J., t:. is an iate-

l'ior oovering ot i X tor every c.. :> O , we bav• 'll
e 

• X

and hence X e 'fl * . S11ppoae tbat 'll 1, ia not an intel'i-

or oov ering ot t X for aome e • Then there exists #. 6

c i >'.I a11oh that for every neigbbouhood O" ot .>< we 

ba•• :;t.
tY 

e O" and ,v.O" e I YI with 9(<.xcr ,'tf--0'),(.>e, 'frcr>)? s• 

In vil·t11e ot the tact that t X is a generalimed sequen-

tial apace, we can choose trm pointa .xrr a net 

� .Xoc; , ce. e (l J , indexed by an ordinal (l , oonverging 

to .x • By II.l there exists a cotinal s11baet l' � (J 

with 
. � -

f' ( < .Xce:, /ly""' > , < .x ' 'i'cc" > ) > 4 for every �, 

«,'€I . But this ia a contradiction with the proximal 

oontinui ty of � , a ince 

.f < .x
«' , nt'oc. 

> , «- e I} cf'x" y .f < .x, 'Y-'o.:) , oe:. E I 1 •

Notice that the proota ot both Propoaition II.2

ad II.) are based on the same idea. In the tollowing 

we develop q�1te a ditterent method for a Teritioation 

'tbat a anif orm space is in the clas_1 !1' ,1c. •

II.4. Lemma„ Let X be ·a proximall7 tine spaoe aucl

Y an arbi trar1 11n1torm space. If X 4= 'lý* then the-

Jle exi■ta a proximally oontin11011a pae114ometr.lo fJ on 

X>e:Y, e > O and a non-veicl Z S: X suoh tbat 
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n 1i"'

x, 
( .Bfb ( z X -{ Ilf J, e ) íl ( X x-í ,v.,J )) is not a óx -neigh-

� e y y 

bou.rhood ot Z • 

Proota Consider a proximally oontin11oas ps•udomet• 
ric 'f on X x Y and 1 > O s11oh that .( U x -ť ty.- t , U e 
e flL,.'V-e.1)(1}� �

cp
( '>z ) for eyery f'/l e: X. e Pu.t 

� = �y3T'x ( jS
g> 

( ';m, ) / (X>'-{ �J)) • Olearly·, i 'lf ,,,,, m., e ""o}

torms a normal seq11ence ot coveringa ot the set ixt with 
1ťna.. t!fi X. for every ,n, e UJ

0 
, It 1',n., are interior oovezi

ings ot t � tor all m.. e "'o then in virtue of the 
tac"t that X 1a pro:z:imally fine, we have a non-void Z Gs

s X such that St (Z,�) is not a dx _neigbbourhoo4 
ot the set Z for every m, e w

0 
• It 'lfm, is not an in-

terior oovering ot -t X for some m... e: w0 ihen there 
exista � e I X! such tbat St (z, 1'm. +-1 ) is not a neigh-
bourhood ot z in t X • Hence St ( Z , 1'm.+11 ) is not a 
cfx -neighbolU'hood ot the set Z = .( �} • Thu.a 

'7l, 
r'\ '1" X C-Bt.> { Zx {�}, · nt+'1) íl ( X x -('»-J)) is not a d°x -neigh-

'V-• V )- 2 

boubood ot Z , too. 

A. topologioal apace is oalled oe, -compact, with �.
being an arbit%1a1'J cardinal, it every ayatem of ita non
Yo14 s11baets with tinite intersection prope:rty of the po

wer at most o<. ba• a clu.stel' point. 

II. � • Lemma. Let X be a u.nitorm apaoe ancl Y a
pi-oximall7 fine space •noh thet t X 1• a ?(_ y -compact 
topolog1.cal •pace. It Y ♦ �* then ther• exiets a pro-
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ximally contin11011s pseudometrio r,, on X >< Y , e > O and 
non-void set Z • X such that r. 11",c ( B"' (Z"'< ,y,t, e) f'l 

. ,.. .. v )-

n ( X x { ,y.. J ) ) is not a d'x -neighbou.rhood of Z e 

Proot, Consider a �ozimally contin11ou.s pse11domet• 

ziio � on Xx Y, i,i > O such that {(.:,d.x V,.x-elXI ,VeVJ-f, 
-t:, �(

"Z.
) for every I// s Y • Let � be a base toJ!' Y 

ot the poweJ!' at most i y •. Pat 

X
v-

= i� s I X I, (31f, ,vf e I Y I) (,v"e St C4r, 'lf)&q, (<JC',iv,>,<"','fl,'>) � "l > J 

for every 1/1 s � • !hen .( Xr, 'lf s :6-J is a system ot non
void seta with the tinite interaection property. �y -ooa-
paotness ot t X 

-t)(�-J:l, X."' !I 

g11arantees the existence ot some 

S11ppose t hat <f' a r.v:,rx ( Bf ( < % , 't >, t ) fl

n ( X x-ťt,U) ia a neighbolll'hood ef 2: in tX • !hen for 
every 'li c i/5- we have .x,,, 

6 O' and t'v, 'f'f' s Y suoh 

that Ilf
,-

• St C'JvťV') and fJ C<xv ,"1'11>, <;x,v, 1f� >) � '11, • 
By the triangle ineq11ality it follows 9>(<�,�

,v
>, <z,,v,'11

))?

� ½ for every 'lf e � • As the restriction ot � on 
.( �J I\ Y there 1a a prox1mally oontin11011s pseudometrio 
• the prozimally tine spac• .( z J >< Y , we have 'lJf r. �

with -{ � l .x f/JI < 13� ( !- ) /C.f:t ! >< Y) .. Then

fJ<<�,'tw>, <�,-f�)) < f whioh 1a a conti-ac11o

t1011. 'rh111 O' i• not a neighbo11rhood ot z in t X , ancl 
beno• ,/;'r 11'11 C B

f' 
CZ,., -

f 
,v. J,¼ > n C X>< -<11-H) 11 not • 

dx -neighbo111'bood of th• eet z • { � J • 

II.S. 'rbeor111. If X 1a a proximally tin.e sepaita•



-166-

t�• uitom apaoe s11oh that t X 1s a c0W1tably oo■paot 
1;opologioal apace then X c 'P � o

It X 1a a aeparated aitorm apace and Y a proxi-

■ally tine unitorm spaoe such that t X ia a � y -oom-
paot topological apace then Y e 1x* •

Proof I S11ppose that in the tirat oase X • �* for 

ao■e amitorm apace Y and in the latter one X + �:f'

for the ■entioned Y • Then by the preoeding Lemmaa we

have in both oase• a proxi■ally continnous psenclometrio 

f on X x Y , e. > O and noa-voicl Z '= X suoh thet 

�V "'x C Bť CZ x-ť,y..J ,.2.E,) íl ( X )({�J)) is not a óx -neigh-

boarhood o:t z • We shall construot by induction a ae-

q11ence .( Xna, , m.. € u,0 l ot s11bsets ot X such that 

Z Jx X l'ft, (hence Xni. + O ) for every m. E m0 and an 

intinite sequenoe { �m, m, a IIJ0 J ot pointa -,c,,._ E I X I ancl 

a aeq11ence .( ,V,,n. , m. & a>0 J of pointa if"., e I Y I auoh that 

,(<�m.,'V-"'"->, Z>< -ť,y..""J) ;;? 2 e, tor every m, c dJ
0 

• P11t

X• X-. f' orx(ILCZx-í1f-l/la)íl(X,c-{11--f)), we haveo ,..y � 
Z áx X0 • Chooae arbitrarily .><

0 
•· X

0 
and Are • Y0

•noh that f ( <.x0
, 't'o > , Z x .( 't'o f ) :e 2 e, • It we have

)(.
-é, 

,�
...,

, 1-'-i, witb the required properti•• to� every -t .c m.,

pat

Xm.=- X0 -.U :,rx C B-(<�i,'V-'-í. >,e)n (Xx��"J)) • Sinoe � 
1,c:m. 

-\u 

u a proximally contin11ou.s pse11dometric on X >< Y and 

ť(<"'.t,'Y-.c.>,Z>< <,v,,;,i) �. 2 e it tollow that 

C Z,c.f"'°'-'f ), dx,cY ( e, C(�.;,,AJ-.i.>, e) n ( X ><<1-._l)) , anc1 hence 
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z,�n-x<Bc,(<.)(.i,,,v--..i,),s.)f\(Xx.f�j))tor e'Yer7 ,i,< m, • !1

Z óx X 
O 

we haYe Z dx X "" ., Then we can ohooae Je„ c

s Xm- an4 4'-'dl- e Y st1ch that f>C<.x,a,,V-,,n. >, Z><-lt.1) � S- �.

So we obtain an intinite aequence M = -f i>t
m,

,m. e At10 J S X 

and a se•uence � 1-'m. , m., e MJ0} .'- Y such that 
Bf (<.xll)., 1tm->, e) íl ( M,c f iy,-""J) s -ť.x1,,,.,.xm.J.>< 41"•1 tor e'Yery ,n.. a w0 •

We ahall show that • can auppose that f>ť<J(,..,'fť41,),<Jc•,'t',.>)� 

� !l.e, whene'Yer 1121 =I= mi..,m.
1
,m..e 11)

0 
• Pt1t 

I"1- = �-i, E 4l>0 , f ( <�,t, 1#--i, ), <.xm,'V'•>) � ¼ I, M • .( ,Y.,.;,, -i, c I,., t 

to!' e'Yery ,n, s 1,/,J 
O 

• Let •s prove that M'"' bae no 01111-
ter point in t K tor any m. e: w

0 
by cont11a4iction. 

Conaide!' .x e X such that .x e M4 - {x f t)( tor scae m,, c

e IJJ0 • Then 

-ť<.x.t ,'V-'"" >, .X_.;, s M,,., - ◄� J 1- <'x"Y ( -C.x J x {,._.;., X
;,. 

e Mm,-·€.><J J) •

As f is a proximally oontinuoua pseudometrio on X>< Y 

we haye -L, á,. s lm,;. · w1 th .>C.é,., -'<1i, + � and

f)C<.x11,'\t',4,), <.x, 'V'; >) t1t:. "i° � Then f ( <.x;,, 11--_, ),<J<, "')) 6 

-'f (<.x.a,,1f",), (.,('"-,1#"�) )+ f ( (.x,,._ , "t'm. ), <i><.;.,1h, )) + f ((.X.t,'V-',s,), <�,f-'j,) )< E ,

and hence B
q, 

(<�;,,v., i>, s. ) 1s an open neighbo1111hoocl 

of (� , �j, ) 1n t ( >'. ,c Y) • Aa

t(XMY) (>(, tlj-1' > • CM"" - tx1) x .f '»';) w-e hav•
----------------- 't(X.MY) 

<.)(,11rt> c s,<<�;,1»-;.>,e,> n ccM'"' -1�,,�-<,-._1, .. 

Bince t� 11 a 'T'1 topologioal apaoe an4 

s, C<.x...,11-;>, ... ) n (( M111, • �-" f) )(,-( ,...,, ) 11 till1 te we ha•• a

oontradiotioa. !hu..1, 11Doe t X 11 ooantably oompaot ancl 



M ia intinite, we have 
-1,,

UK Im, +
m.s 

tor evel'y ti-

nite K -. w
0 

• Wa can constru.ct an intinite su.baequ.enoe 
�,n.-i, , t e W

0 
l ot "'a by induction:

m...ee, ::a miLn, C l.U0 --i-�Jt-
I""

-t
) , • • • ,,

<,)(m.,.' 'V-'in.. >) 
.., 1, 

E.replac• 
8 

> -
- 4 

whenevel' 

m.o = O , ••• , 

-<,-m, . , -i, e w0 J by ť .Y--m- , ,n e w0 f we obtain the sequencea 
-{, 

required. 

llll'ther, tor I S IJJ0 pu.t MI == ,( �.,,, .i, s I f • We sball 
verity that for every I E '1J O there exiata a tini te K S 

s 1 2 such that (tn�)El<,r)( ( Bf (<�m.,"i'in. >,E )(') C M,x ><1,V,,m.3 »= M1 e 

Aa tX is cou.ntably compact it suttices to cbeok thet 

Bince 

rrt,C 
�< �m,, lfi',n.. ), ,n, 6 l ¼ dx

><
Y -{ <"' ,'1flff1. >, mi s I i for every :JI. e IV1 1

and, ie proximally continuous on X >e Y it tollows 
that there exist m,,, mie I with ,<<.x

,,,.
,IIJ-'

m.
>,<iX','lť

,m
>>4': e. • 

How, p11t Am,,m, • 31"x ( B
(' 

<<-><m. ,"i'na,>,s) íl C X>< i 'V"m))) • Let
2. 

118 summarize the properties ot ,{ A"' 1m,, , <ni, mi.> , U> 
0 

J : 
I 

(i) A,n. Hl is tinite tor every m, c "'cI 

(11) A"",.._, r. AIIJ\.,k- = O whenever ;n, • IW\., 111,, mi. e u,
0 

·

(111) tor every I e c.lJ
0 

there exiata a tinite K s I�

1�ch that U A 2 M • <""•""' > • K m.,""' 1 
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It 1a proved in [P1 that no such syatem of seta exista. 

(We recall the idea of the proof1 By (111) we have an 1n

tin1t• Ah't,
01 

""'o for eome M-0, nn.0 e u>0 by (1) m.0 + tm0 •

S1m1la1'ly we obtam m.
-1 

+ nn.1 s11ch that m.1 , tm. 1 e

1a 1ntin1te. Soby 1nduct1on we can construct seq11enoea

-ťm..;, , -i.- e ec, 
0 

1 and .(,m.
.i,

, -i 6 (J0 J auoh that m.0 + nn.0 ttt:.

� .!k • Pol' I=- .( Ml.-i. , -1, � c., 0 J we have by 
K s I 2 w1 th < U > A,,,. . '"" • ;z I

tm..., , ""a-e K .,, • a-

(111) a f1n1te

• B11t by (11)

A_ _ • íl A,,,,. . _ . o O ancl sinoe mi.... e Am, . _ , for •••r1
..... ..,, ..... ,. 1',.,, .. � 

-"'(, 
,.,. .... -a-

Af, ?! 3- it tollowe that is tinite for 

every 1, , ¾ e c.> 0 „ This ie a contrad1ction.)

II. r. Corollary. It X and Y are proximally ti

ne llDiform spaces s11ch that t X 1s ty -compact T2. to

pological space then Xx Y 1s proximally tine. 

Proot1 By II.6 X c � "" and Y e �x* ; hence by 

I.l X x Y 1s proximally tine.

II.8. Corollary. If X ia a proximally tine un1-

torm epace and Y a separated unitom apaoe with t Y 

being a compaot topological epaoe then X>< Y is proxi

mally tine. 

II.,. Remal'k. At the end of the proot of II.5 •• 

aaecl a triok whioh •• 11sed by Poljalcbv (eee [P]) 1n hie 
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proot thet N ,c �N 1• the tinest serodimeneional ui-

torm space witb the W1derlying set I N ,c {ANI ind11oing 
the proximity cfN,c JN ( N denotea the disorete ui-
torm space with IN I • tAJ 

O 
I a unitom epaoe ia callecl 

serodimenaional it it baa a base tormed by partitiona). 
Prom 011r re1111lta ther• tollowa tbat N >< (l N 1a prosiaal-
ly tine. Tb11a ••ery unitoftlitJ on the aet I NN {IN I 1ncla
oing the proximity ÓN,t �H il zerodillenaional. tbia aol
••• the Pol�alcov '• problem troa [Pla a big prosimal cliaen

aion ot the proxillli t1 Ó
N 

,c /I w 11 eqaial to zel'o. 
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