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SEMINAR UNI.r'ORM SPACES 1975 - 76 

A NOTE ON .. ft - UNIV1:RSAL SPACES. 
------------------------------------

Jiří Vilímovský 

lt is proved thut the cl�ss of all pseudometric 

spaces wiLh isometrie embeudings forms a generali

zed JÓnsson class. The existence of �- universal 

uniform spaces is ůerivc� us � consequence. 

At first wc repeut busic de.finiť.ions. 

Let 'X be a conc.rete cútegory. Under a generali

��a JÓnsson class we shall understand the class 

IK of objects of X together with the class E

of one-to-one morphisms of � ( /K. -embeddings) 

fulfilling the following conditions: 

lE IE (A,.d) is defined for all A,B from li( •

2E f E IE (A,B) whenever f is X -isomorphism and

A,U6. IK. 

_}E For fe:�E (A,B), ge.jE (B,C) there is

gf '=- /E ( A t C ) • 

4E If f € IE {A,a) onto, then r-lE. /E (B,A) •

5E For A,B,C € IK , f E:.. /E {A,B), fCAJc Cc.H, the

inclusion C�H from IE (C,B) we have 

ť�fE {A,C), where f is the range restriction 

of r .

l) IK contains objects óť arbi trarilly l_arge
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cardinality 

2 ) A, .d � IK , f e IE (A, rl ) , t h en 

i) f Gi.]E /K.

ii) There is an object Cin IK and isomorphis

g: ó� C such that there is an inclusion

j : �:...c:..+ C from fE (A, C) wi th gf' = J •

3) Por all .A, B E IK. there is Ce IK such that

/E (A,C) t- 0, IE (ci�C) t- 0 •

4) Let A,13,CG IK , f'eJE (C,A), gE/E (C,B). Thc

there are DG IK. , f'1 E IE (A,D), g1 E /E (B,D)

with f1f' = g1g.
5) Let { A

J. 
; J < 5} be u cha in in IK (that mean

5 is an ordinal number, there 1s an inclusi

on A
"2

4� in IE · for 11,<..§. <) ) . Then there:

is a unique (up to isomorphism) A in· {K on

6) 

the set w ') such tha t all � IK -embed in

to A. Let 1 il] ; J< )} be another chain in li(

fJ � IE (A_s, B
J) for J<S, } c :r1 

for J <"7..<)
B = U e, (in IK ) , then U fJ E fE (A,B) • 

j<�> J<S 
Let A€ IK, B be a subset of A oť cardinality 

less than ov , where tJl is any inťini te car· 

<linul number. Then there is CE:. IK of cardina

li ty less than r/v , Bc Ce.A, and the inclusi 

on C ➔ A i s in I E • 
Let !K be a generalized JÓnsson class. An object 

A in IK will be called 

c/4 - universal, if f'or all d in IK with the
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c rdinulity ut most o(, we have 

tít - homogeneous, if for all U in IK with the

c rdinulity less· .thun O(, und f,ge: fE {B, ),

there is Hn isomorphism h of A such that

hf = g ,.

tinully we define 1(1�) as the set of all equiva

lcnce classes (under isomorphism) of objects in IK 

wi th ťhc curdin�li ty less thun c<, • The main theo

rem about JÓnsson clusses is the following: 

!h��r��� Let lk be a gcncr3lized JÓnsson class,tX.

u c· rdinul number fulfilling c;( = <X-ě; • Let

\ I { JK1,) \ � � • Then there is unique t(,- u.ni versal

and �- homogencous object in IK of' cardinali ty 

civ • �'or details and proof of the theorem we re-

• 

I��2���l The class IM of all nonvoid pseudometric

spaces with thc cluss of all isometrie embeddings 

forma genera1·zed JÓnsson class. 

rf22fl The properties 1E, ... ,5E' 1),2),5),6) are

obvious, 3) is a consequence of 4), because the 

onepoint space CDn be isometrically embedded into 

any spuce from IM. It remuins to prove the proper

ty 4) • 

Take (C,J"), (A,�), (B,i1)e. lM, f: (c,r)-(.A.,.X-},

g: (c, 1) � (B,fi) isometrie embe_ddings. Define on

the set � .. = C vh-:f[CJv 1:3-g[C] the function f of
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two vuriables in the following way: 

J' (x,y) = 6 cx,y) 

f (x,y) = a (x,y) 

f(x,y) = �(x,y) 

f ( 
X, y ) = i,l ( fx , y )

for x,yG C 

for x,yE. A-f(CJ 

for x,y<:.. cl-g[CJ 

for X€ C, y� A-f'[CJ 

fJ(gx,y) for x� C, yei:3-g[CJ !Pcx,y> = 

r<x,y) = inf {()(.cx,fw) + /'-' (gw,y)l for XE 11.-f(C]
WE. C • 

J 

ye. d-g [C] 

- Thc rest will bc uefincd symetrically.

Onc Cún casily sec that f is a pseudometric on

thc set D. Only the proof of the triangular in

equality is slightly unpleasant because of muny

possibilities which is to take into account.

Now we cun define f l: A� D and g1: cl � D in this

way: 

f1a = a for U<: .A-f[C]

= f-la for UE: f[C]

81 will bc defined analogously. Of course, fl ,_gl
are isometrie embeddings with respect to correspo 

ding pseudometrics and f1f = g1g.

Applying the general theorem we obtain the fol

lowing: 

��E�!!�!:l.:. Let oc; be a cardinal number, � = xi � 

� 2�. Then there.is unique ol-- universal and 

�- homogencous pseudometric spacc P (�) of the 

curd inal i ty o(; •

Proof: There is 
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u. 1 t h e t e r cm ' p )1 i c s. 

Now wc look ho Lhis stutemcnt applies to the cuse

of metrie 0p�ccs ·n uniform sp�ccs. 

Tlleorem: Let 0v 
. . v(_ 

be a curd1n· 1 number, a = o<..,.- � 

l:!. 2 w • 'l'h .,n t h . e 1 s 

t;""{, ..;. univers 1 und v{, - homogcneous metrie spa
" (tX-) ce ,. oť curd in1..1l i ty v\, •

f . · 1 (cX-.) h . , . ť!:22_.:. · c put h t e cw�ociut ,o me Lric space to 

P (�,). ubservc thut un isometrie embedding of a met

rie sp.:..tce N into 1/ cx' .. ) irnplies the isometrie embed

dine; o „ N into M (i.ť.) , hence N/tX) is vX'... - universal 

of curuin....1liLy d, ... i1rom U„e r'unctori.:..tl nc1ture of 

rnuking u '''oc.io.tco m-2tric sp.:"ces, eooci isomorphisms 

of P («X,) trans).o, . e Lo goo o : 30�nor )}i i sms of M (LX-) , 

hence 1"-P1 (�) • '\. 1 • &"' ... - nornogeneous. 

tor ú uniform 'pac i, the uniform weight of X is 

the sm�llcst cur·inality of basis of uniform co

vers of X. For an irťinite cardinal number K we 

shall denote U(K) the clQss of al� (separated) uni

form spaces having the uni.form weight at most K. 

' heo em: i•'or ol = v�,� � 

nurnbers, therc · s ,:x.:, - rn e;rsu ir U „ K) n; ...... ')rrr 

sp,.- ce of cardin·· ii ty d.� • 

Proof: i1'or K = lů ta'!t.'c I, 
,'�) w·. • h ts .. r�·ri )1C· �--------

un1 ormi ty, for > �) C ť k- th u .; o rr -
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duet (M (o<,)/· • .for uny Xc:;. U (K), I X I � o<., thcre ure 

l< K metrie with )M c.l' lx\ for all L, such 

that X is é1 subspa.ce of I I I/I 
L

. .11.ll .M t, cu.n be e:nbeo
L<K 

ded into r/oe. ), hence fi M._ is či subspé;tce of
l�K 

(M (tX,) /-=, hence (M (tX,) )K is i.X.,- universal in U(K). 

Taking into account the ussumption on O<.. , oe"-= O(,

hence the curdinulity of (M (�))
K is oG.

g������i 1) The clusses U(K) are not Generulízcd 

JÓnsson classes, hence as a consequence of thc ge

neral thcory we cun hurdly obtuin better rcsults. 

2) lt is a classical rcsult that every

metrie· sp.:.1ce of curdin�li ty ;Jt most· IX- co.n bc iso 

metrically embeddcd into thc space �(�), hence 

luo{<X) is iX, - universal metrie spuce of cardinnli

ty ��. Our theorem gives a better result, assu

mine that � is of special sort.

3) How strong is the condi tion c(, =or:� '?

Generally it is strong. Hut assuming GCH (generu

lized continuum hypothcsis) any isolated cardinal 

number has the property. 
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