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SE�.:INAR UNI.b'ORM SPACES 1975 - 76 

Point-choract'cr of ůniformities and completeness 
J. Pelant

Introducťion O: Hcsults contained in this paper genera
lize rcsults ťrom [P1) ,LP3) and (šl.

Jcfinition 1: Let K b an inEinite c�rdinal. Let n be 
o positive integer. Ve dcťine X, (K,n) os a set o:f all ele
ment s V oí (exp K) n such th8t pr1 Ve pr2Vc ••• c pr

0
V and

pr1v+0. 
Not �t ion 2: Let n > 1 be o positive integer • .E'or V E 

E. X (K,n - 1), put '2l(V) :;: -{U-.. X (K,n) I pr1uc pr1v c
c pr2Uc ••• c prn_1VcprnU�.

Construction 3: Let o(, bc an iní"'initc cardinal. Denote . 
Hk = -t-;

1A.-
I i = 0,1, ••• ,2 1c 3 ťor k non-negDtive integer, H = 

= U -t Hk \ k = O, l, 2, ••• '! • Put M( oG ) = { f: H -..
� cxp � \ (f(hl)::, 1�(h2) fol1 any h

1 
,h

2
E H such that h

1
> �) 

nnd f (O)� fJ. .for f E r,.T r r.:G ) , :f /1 Hk is an ele mcnt o:ť 
X (oe, ,2 K + 1) in thc :ťact. For V€ :1C <oc:: ,2 k ) we defineV-now a 

l"'V 

b:�se o:f a �seudometric unií"lormity 11� on M(o<,): �i = -t V l VE. 
e X,(°",2 1)}, i= 0,1,2 ) ••· • 

Put (U( d.,), 1') for thc Hausdorťf reflection of the just 
defincd pseudomctric uniformity. Cle ar ly, each point of U(cx, ) 
can be ťepresent ed by somrJ poinť of M(oG) and we shall suppose 
it. 

Notation 4: Given n cardinal m t S+ Cm) denotes the posi
tive part o:f the unit sphere in �"° (m) vr.Lth the uniformity 
inducEd by 1

00 
-norm, (i.c. s+ (m) = �f cs ,I,� (m) I sup f :: l 

and f(i)�O for all i6m�). 

Proposit ion 5: (U( m), V') is uniformly home omorphic to 
s

+
(m). Proo:f will � cle�r :from the following: 

Notation: .For aE. m, .define M(a) ={fE s+ (m) la E coz 1 �. Put 
�0

= {M(a)\a�m'½., �"'orV1cv2c ••• cVncm, define

M({v.¼:1 ) ={fes•<m)I f-1([ 'tt+1-i1Dcv.c.ť-1((� 1])1 i=l m, 1 1 ,n., , , 

lrJ V= {f � M (oe.) \ -f /4 H� � tU <V)!. We- ctefin.e 
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i= l, ••• ,nJ

Put 03n =.(M(-ív1 J �=1\ v1 cv2c ••• cvncmJ

Lemma 6: aa n forms a base of s• ( m). 

Proof o:f Lemma 6: For fE s•(m), put B
e, 

{f) = {g E. 
E s•(m) sun I :ť(x) - g(x) ( c:: s. 3 •

.;x EM'\, + - ,f 1) -( B
e, 

(f), \ fE. S (m) J-=:: :Ta n for any e. c::: 2 . Really,

+{ ) ( ) -- .p-1 ( ( 2 (�-,!?"" '1 , 11 m,) -J:� s 'm , define Vi f -'--

B f, (f)c M({V1 (f} i� 1) ns if g� B(f) then lr(x) - g(x) I-<

< im,, for. e ach X E m 3nd so g-1, C ,n,�-i, 1] )c f-1cc 2 <;�)1

c: g-1(( �"', 1l)
- + 2 2') �nc::{Bg(f)\ f�S (m)Jfor any n :::a : 

for M( { v·i 1 r-l) e :2 n take any f 
O

E. s•(ml such that 

-1 ( "1--,;,, 1 J) :ťo ( m.. , = vi, i= 1,2, ••• ,n 

hence .ť�1 (o) = m - Vn. Then M( {. Vij �=l) c B E. (f
0

): take f � 
, M({Vil�=l) and xem. li'ind i such that xeVi+l - Vi (we 

m.-Ci+ 1> l)J..-1- l put Vn+l. = m). Then f0(x) E ( m.. , --;- •. 
So dist (f 0,f) = ¼ < � •

Dcfinition 7: If a, is a family of sets, an ordcr o 
Q, is defined ord O,= sup -C I t/) (l 3J c: Q, and [)3J 4= '11
For a uniform space (X,'7L) a point-character pc (X,1L.) is 
defined as the least cardinal oe, such that thcre is a b�s 
Ja of 'll such that an order of each cover :ťrom 33 is le 
or equal to cl • 
Theorem 8: ·pc U(m) -;.sup {5 E.olJJ is a regular cardinal J

for each infinite cardinal m. 
Corollary 9: The uniformity on ,,l

00 
(4!1) induced by sup

norm has.not any point-finite base. 
Remark 10: Corollary 9 improves resul ts f'rom [P1] and [í
Outline of the proof of' Theorem 8: 

Notation: Suppose W E XCK,n-1), { Yi} r
==o 

is a se-
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quence of subsets of K, j �n-1.· W - {Yil i=l is an ele-
. j ment of X(K,n-1) such that prt(W - {Yi} i=l) = prtW -

- .� Y. , t=l, ••• , n-1 • 
1=t l 

Wv'{YiJ !=o = {xE ll(W - {Yi} i=l \ prt�nyt-1 -I�, t=l, •••

• • • , j } • 
. Lemma 11: ·,,: e are gi ven: 1) a map ping c: 1((m, n)-,.. 

--+ !}(m) such that c(V)-/� and V(l)c c(V)c V(n) for 
each V. ( JJ (m) is the set of all subsets ot· m) 
2) an infinite cardinal m
J) a regular infini te ·Cardinal J· ..::-.:.. m •

Not&tion: For 2J c J (m), I'@ l -< 5 , j es { 1, ••• ,n-�}
VE X(m,n-1), F(c:0 ,j, V) denotes the followin_g formula: 

I 

3 X . \1' Y . , Y . => X . � X . l V -Y . ·1 , Y . l :::> X . l • • • 3x
1 

V _Y1 ,
J J J J J- J- J- . J-

Y1:,X1_3y : (vVfy_ l � ) - i) = 0 (X. and Y. denoteo l 1J i=o 1 1 
members of [m]� ť ) . 
If there are ·vE. X(m,n-1) such that \VCl)I = _m and 
jE: {1,2, •• �,n-1} _ su�h that F(9J,j,V) does not hold
for any flJ�[m]<J then there is W'=.JG(m,n-1) · e�ch 
tha t I c ( U ( W ) ) j ?-: Š • 

Remark 12·: Lemma 11 is Lemma in [Pi_] , p. 150_. 
For proving Theor-em 8, i t is enough to show the.t the 

U{m)-uniform cover �o (see Construction 3). bas no U(m)
uniform refinement of order less than J+ � We can emp�óy 
Lemma 11 and the following definition: 

Construction 13: We are going to construct a mapping 
c for Lemma 11. Suppose ·1AY is U(m)-uniform cover such 
that ·U}..:::: JJ and an or-der of 7Ar is less than m • 
Choose a mapping d : ·ur __.,,. J,

0 
such that d (P) ::> P for •,, · ... 

each P G 'uf. ·U(' is refined by some J2) q. Chaose f : .:.aq �

� ut' such tha t 

c: j; --.f, q o by 

f (P):::, P for each _P � �q. Define

c = d O f. Now define ·c · : X {m, 2q+2 )-. 

-+ Jl(m) by 
------------:" 

,-------------



-S8-

Comment 14: Uniform spaces of point-character less 
than an infinite cardinal o(.· forman epireflective clu3 

Cl( in UNIF containing all praecompact spaces, b deno:es 
the corresponding modification. In [P3J, I promised to
prove that b� does not preserve Cauchy filters. Now =·
going to do it. 

Notation 15: Inv•(cauchy) denotes the class of all 
.functors F : UNIF -+ UNIF euch tha t id : X � 1'" (X) 1s 
uniformly continuoue for each uniform space X and X 
and F(X) have the same set of Cauchy filter� for each 

Problem 16: The question was rai3ed by Z .Frolík whe· 
her there is a member of Inv+ (cauchy) dietinct from the 
identical functor. This problem remains to be open and 
the following theorem shows that a non-identical membero 
Inv t (Cauchy) should be pretty wild. 

Theorem 17: I:ť FEinv t (Cauchy) then pc F(U(m))>J 
for each infini te regular cardinal J � m • 

' 

o<., Corollary 18: o f Inv+ (cauchy) for any cardinal �.

Remark 19: As the identical functor is contained in 
Inv + (Cauchy), Theorem 17 may generalize Theerem 8 (see 
Problem 16). So proving Theorem 17 we shall reprove Theo· 
rem 8. 

Proof of Theorem 17: The basic fact is the validity 
of the following formula T: 
T: There is a point f<=:U(m), lt(h)\ = m for each ht:H 
•uch that for each cover .1Je(U(m),·Zt), ord JJ<_s, the
re is a member P of 1 such that there is an integer 
n

0
such that for all integere n greater than n

0
, the 

following holds: V D n 3H n , H n ::> D n V .D n ,
2 2 -1 2 -1 2 2 -1 

D n :> H n ••• (f (n) "7 { Di} f:
1 

)c P • (Di'Hi €. t.mJ �� ),
2 -1 2 -1 -

r <n) = f/(Hn -{o}). Really, i:f T holds then one can

construct a filter � that is Cauchy w.r.t. b5(U(m),'V1 
and doea not converge to any point in U(m) but U(m) 1 
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a cornplete uniform space. 
Proof of T will be done by the way of contradiction. 

P1;t Z(m) = {fE:: U(m) I íf(h) I = m

Choo�e a (m)-uniform cover 
for each hEH}. 

J) such that 1J < :JJ
no 

(�ee Construction ond each member of � intersects no 
lt!� than m members oí' JJ , so ord fJ � f •
�'ix an integer n>n-

0
• De:fine i c. $? (U(m))"" !P by i(A) = 

= { P G tP / P .:).AJ . de cause of (2), the following formule 
·7� (1) holds: 't/fE Z(m) 3 4{1c j> . , i X1 \ < � t/ D1 ·

3 H1 ,

.!l :'.) Dl : i ( ť ( n ) { Hi} ) v \ Dl] ) ~ xl •

1;'(1) ·s a coro lury of the following. formula forced by (2):
.'r/fEZ(m) :3 Y1cJJ, \Y1 \.<S VD1� H1, H1..::>D1: 

: i(f (n) - {H1} ) V { Dd )c Y1 
and the fact tr.at f'or each fG.. Z(m), Y1 can be divided in-

d. . . yl y2 h to two 1sJ01nt sets 1 ., 1 �o t at: 

(1 ) : V P Ec Yi V D1 ::I H1 , H1 .:> D1 : i ( :f ( n) - { Hi} ) V l D1 }> 3 
3P 

V "EYi :3 D1 'v'H1 , H1JD1 : i(f (n) 
-{H1} ) V{D1} ),4P, 

8nd the regularity of m is very useful, as well • 

. For each p E. { 1, ••• , 2n } denote by t ( p) the following 
formula: Vf E Z (m) '3 Xp c... (P , I Xp j <J V Dp 3 Hp , Hp::, Dp · •• 

... 1/1\ 3 Hl , Hi=>D1: i((i: "(n) - <{Hd i=1>V{Di) r=l))-=
� Xp • . 

Ne will show that �(p) implies �(p+l) for p=l, ••• 
n• •• , 2 -1 •

We an use again the formula . , 
U) V :fE Z(m) 3 Yp+l c. jJ , I Yp+li<J VDp+l 3 Hp�l- , · ·· 

HP:, DP • • • 3 Hl • Hl;:, Dl : i (f (n) - { Hd 1:i) V { Dd ·i:: .)

C yp-+·l • 
The formula ( •) i true as 'ť (p' and (2) hold. 
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Now divide into two classes and IO 

that a condition similar to (1) is satisfied. Clearly, 
ť(2n) implies T. 

Remark 20: 1) We conclude again the pa per by promi. 
ses: there is a reasonable hope to remove "cornets" 
from the above proofs. We can do it even so that we are 
able to prove more general statements concerning point
-character of uniformities: (All spaces are assumed not 
to be 0-dimensional.) 
If } 
o(.; � lI l 

is a regular infinite cardinal less than 
then the point-character of �� (X) I 

and

is grea-

ter than � • Moreover, if IN?: w
1

, J< c,t,, f regular 

and 6'\t � l I I then the point-character of TI°"+{_Xi] i,:.I
is greater than J . --rr:cx)1 ( 7f

0v
{xi J iE.l, resp.) is a

uniform space on an underlying set XI ( ·r 
ie:. I Xi , resp.)

whose base i� formed by all covers of the form 

n fÍ :-1 CU) ( .n T/ il ( ul.. ) , resp.) where ·U, (resp. 
i�A 1 

l.6A 

·u,i) is a uniform cover of X (Xi , resp.) and A is

a subset of I such that l A I < � • 
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