
1975-1976

Jan Pelant
General hedgehogs in general topology

In: Zdeněk Frolík (ed.): Seminar Uniform Spaces. , 1976. pp. 145–150.

Persistent URL: http://dml.cz/dmlcz/703156

Terms of use:

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://dml.cz

http://dml.cz/dmlcz/703156
http://dml.cz
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SEIIDAR miIPORK· SPACSS 19·75 �· 76 

�n�ral hedgehogs in general .topology

Jan Pelant

tt was proved by eeveral authors that each uni:ťorm .spl.t�e wi.th

S' -:discrete .base· has ·a ·point_-í�inite base {see e.g •
. 
[RRl, (PJ);

it i.s shown in (RfQ, thut this fact is an immedi.ate corollary· of

re,sulta ·· in tvJ . · We will show thcit. the converse fails to be· true

even i:ť 6ne �eplaces 4Ya by �ny b�gher · cardinal •. so one. can see

.that 'the cla�s óf spaces wi th point-fi-ni te base _t.hat -could be re•

gardea as a cla.ss of nice spaces �s wild enough_ in :fact. Our mair,

theorem is .. connected wi"th an &nalysis oť the fo·11owing theorem

Csee [r1, [HJ): Let (X,/) be a pseudometric space, m be -a na-:

tural number. l:ť a collection H of subsets of'· X is a 14!'"cover

o� ·& set Z C X and · or 9 �-' p
l ..

exist 1m-discrete collections

·_.a 
1 

3m-·cover .of z and refinea 

f.or _some na t ural

H� (For notation se_e · bellow.) -It
. 1· 

. woulď b•e. very pleasant and au.rpris.ing i:f Lebesgue nwňber · of. U-K
. .. ' . ., 

· did not depend ... on an orčer of H. Uaing Ramsey theorem we ·shall ,

show that it ia not the case.

I w-ish to thank V:.Muller for discuasions. that clarif'ied some re

lated problems and J.Hejcman for·helpful criticism.

Notation.:

Let K be a cardina.l. A coll.ecti�n of set.s .is · eai·d_::tQ be K-ais•

Jo�nt. iff i t can ·.be decomposed into K di-ejoint sub.:ťamilies {or

lése, of' course).
\.�. •·Le.t _(X,/) . be a pseudometric- sp&ce, \ f . be a ·positiv� real numbe:

A ocllection - f- of suPeets of -x; i� said to. be / e.-cover o::' Z,

ZC:X, if' for each xC:. Z therEi i� G in r such thet l:z_(X)C. G

·o· i -s aa.id ťo be t..�diecr.ete if' ·. diet {G.H)>&. fqr e-ach t�o- di:
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tinct members ,J, n or G. 

Gi ven u col.lec t ion •.J o.ť seis, t::.e O!"·áer of 

orci G ::: sup { Card .;.l AC G, nd. , "}. 
,� 

,_,. 

The closed interval (o, l] wíll be denoiec: o:y l. 

l. Notation:

is a.efined by 

Let (J/, be u curdinQl. dy .L''i.!"') (tp�), p 1s t:úl integer, respo

we deno Le the set of ull ro.:.J._;:>1)ings ·t : é,-+ J such that 

coz f' = {a€GC\f'(a) � o} is d finite set <\coz ='i 6 p, resp.) 

�'u"') anci Fp(&) will denote unifor'!T' spuces wi th the uniformity

ináuced by ./,010 (�) , as well „ 

2.Ramark:

Fp (p) is a cube o-f dimensi on p „ i<\("') is o.n «r-h.cd 01 ehog anc

as such very importe�t (see LF1], (F�J)" rhe great dimension 

l:,.d, (see t)J) oť E'p(Á,) is equal to p. linally, let UB obser

ve that W. Kulpa used spaces �p�) to cons�ruct universal spa

ces .in [Kl o 

J.Notation:

Given a set B and a car!inal p, [.BJP = { AC:. J.3lln.! =p} C• .for car

dinal numbers a, b,K and �ositive integer p a symbol af-t, b 

denotes that -ror any m.ipping r : lbJP__., K there is a set .ne, b 

of' cardinality a such that r is constant on [ň]p. 

4.Const.ruction:

J?or xcoe, , put · � = { f't, "u <,C.Jlf (x) ,I o} . Put P� = {'tjxE;,C,}
U "di (O). P�) is a t-cover o-f Fu Cd,). P(t.(.) restriced to :�

p 
Cli,)

is a cover o� the·order p+l. 

5.Lemma:

1: 1-f 2Pf ... & then P�) on Fp(dt,) has no K-disjoint e.-re

:.: inemen t when _ ver i i> i • 



... .. l:f �pt > tl · for all integers p, th,n the cover P�

1',u (t.t) h0.�� -ric: K-c.isjoint uniform refinement. 

Proof: 

1). i'or a set V' {
. 

1· 
= v1,v2, ••• ,vp CQÍ, _v1.(. v2( •••<vp, óe f' jn_e 

a ťunction '/v : «.-+ I by:·

i) '/v·(x) = � :for . xE. �.-v.
ii.) a) if p=2k put 

·'/v <v i ) 

.'/v(vi) 

D) i:f p=2k+l ptit . 2i-l '/v(v i) = -P- for ltl!f i:.a k+l 

for suoset.s · V, !J.. óf ,v 

úJ ( ) = 2p+l-2i 
7 v· vi p for k:+l•i6.2k+l • 

where V = { v1, ••• , vp } ,

- { V 2 I • • • O V p+ 1 }

Jt''/v >not ( 'f " > ., "' o 

v1 < v2 <o •• < vp+l · it is et.1sy to prove th�t.

Supp,ose, J/1 is .ci K-disjoint . t-reťinewent of P («,) on �
p 

(«;
_
), 

i. e. · i; = U { Y',J L6 K} , Y'&. s is disjo in t ft.i-· ily for each ·t:e K.

Cl;loose a mapping r : (&]P-+r.. such tllat ťOr et1cl. 'I c�t, the.., .
re is (neces�ily _unique) . SvEJl'r(V) containing D:

&
<'/'v�• ·.

. . 

.)y the hypothesis, there is M = { Vp\7
2

; ... ,v,p}ca., s�ch ·that 

r· is constant on (M]P • Put r. ( (M]P) = L0• For j-O,.:., p · put

✓j = {vj-+l' ... , v j+p}. As noted above, �t.<'/v/ s,.<'/v
j
+/ # ji'!.

·fc,r j=O, •• ·.,p-1 o V,c,0 
. ie. a disjoint family� so �V = SV = oe o = 

o l

:.:. SV p 
hence there is 'tcr1 containing both · B8 t1/v) and

. . .· . ·. 
•, o 

;:,,<'fv >
p 

but . coz '/ von coz '/v . = I . Wld �(Ó) contains no .
. P.. . .·. . . . ,.,,,, . 

hence· ther·e is no member of f�) ·· cont�injng. S- a contri:..-'f v
j

ciiction. 

2) rr JJt· is � ř�-disjoint unUorm reťµiement ot P<') thcn �P

a. an a-cover · tor �o•• · j& > o. lin4 - n•· ·1) auch i;ha\ · 'je;,. ; 
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. and �estrict P(•> to _FP(,.;). l) yields & contraďietion.. 

6.Remark:

.Ra.maey theorem [li]

an integer R(k,m,n)

asserts: for each integers

such tha.t: kn 
„ l-i.(k,m,n)m 

k,m,n there 

(.ao w.a._.om 
ror each int.egers a,n).

Erdoa-.Rado theorem aaserts: K+n+l ,. (2 (K,n)) + fo.r &Glch inteK 
n and cardinal K (2tK,.n) is def'ined oy inducti.0::1: 2.(K,O) = 

2(K,n+l) = 22<K , n ) ). These two theorems aasure tha.t for ea-ch 

integer p and each cardinal K there is (I, such that 2 K 

7.Corollary:

There is no real number -E./;,- O such t.ha·t on F (R(2pp 
is refined by (p+l )-diajoint �eover for e&ch integer p • 

.Proof: 

Use Lemma 5. and Ramsey theorem in Remark 6. 

a.Remark:

Mayee, someone - wou.ld lik:e t.o re_place FP { R ( 2p, p+l, p) ) . by FP

it can ·oe done, of courae, but t..he aasert.ion is t.hen w·eaker ť

that, i.n_Corollary 7.

9.Tbeorem:

For each ca·rdina1 K, tbere .ii, · a e,ardinal ,t, &14ch · tha·t Fu

haa no K.-di.ajoint base -,al.thougb it has a point-:f'±niťe base.

Proo�:

Uae Lemma 5 aud Erdoa-Bac:lo t.heol."'-em in Remal'lc 6..

10.Conclud.ing Pesaarks:

l) I· ao not know- whether Ramsey type theorems at>e tii:e b�t t.o
.-

�or tinding counterexamples as abov�. Is.it po&s�b�e 



9·-disjoint covers f'rom U .forma.a b!iee of .a uniformity.· 

Proof': 

Clear:l.y, if P,.q& Pr(U) then PAq& IJe-(U). Let . Pc n,(U). So : 

P = U{P
11

1nc· lc)0},. Pn is a disjqint f'amily for each n. Fina

qC U such thať q � P. For �� I0
0

, �• �n anď Je. n, def'ine 

T{n, J ,P) = U{Qeql (n = min{m(]P'c pm : st (Q,cnc:P'} ) &

& (J = { jEn\ Jp•4 Pj : QcP'} ) & (St (Q,q)cP>} ). Put R(n 1

= { T(n,J,PJI P4Pn}, R = U{acn,J�,JC:n(; '41c} � Clearly,

RED
cr

(Uh It remains to t?rove that R+< P. 

Talce x4X • .  tind P'c Pn,. such that. st(x,q)C: P'· and n' is 

minimal such. n. -SuppQse, xc_T(_n,�,P), i.e. there ii,_ Q'E q suq 

that· xc Q.' and st {Q', q).c. P hence nat n'. Q 1 must be co:-1 t�i

ned in P' • ay defin�tion of T(n,J,l>), T(n,J,P) must be u s 1.1b•· 

set .of' · P' as ·well. · 

Hence the rulJ! · (X, U)� (X, De-( U) ) definea a f'unc tor' f'rom m l.l

t.o UN�F •. Let ue·.aenote it. oy s1• Obviously, s1 ia a modific�

tion •. dy Theorem 9, s1 is not. identic&.l on point-finite unifor

spacee. Nevertheless, if all cardinals bre non-measurable then 

s1 preserves Cauchy filters on ·point�finite„uni:f'ormitiea (see

[tlH1). There is a problem ho� a
1

beh&ves if there exists a me� 

surabl'e cardinalo 

3) Under Generalized Continuum Hypothesis, for each cardinal K

• ·and each uniform space (X,U), the collection of all .,..disjoint

uniform .covers (&,a K) forma a base of uniformity.

I do not know what situation occurs witp"out assuming · GCH.
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