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Baire class bf' caq>lete]y addi t.i-.e systems of Ba:ire set& 

Devid--Preiss 

· lat I be eey set 8-[rl. let d3..., be sny family of subeets af

Let ú3 = U{ 63\)i j Cl(<'. ....,
4 
l be de.t'ined es f ollow:,: 

<B
or. 

is the collection of a:u countable unions or intersec

l) l 13� _; /S ..: Ol} according to as o-. ia

d or even. 

For B e 13 pit claasCB) = min f 0< j 'i3 € ó.3°' }. 

A8 an examp'.l fl! we can hSl'e X a topological space and ef.j"'

t.he famiJ..y of zem sets. 

lt was ]%OVed in [F J t.hat if a disjoint. ·fami.ly f �; a� A} 

Qf sumets of X is co�letely Erldit.ive (i.e. ·if the union of 

each subf'amil8 of { Xa.} belongs t.o · lÍ3 ) then � famil,y { � 1

ranges in 50l'E Ú.t._ • 'lhis-, toget.her wit.h a result of Hansel, 

implies that the faxnil3' of all unions of ť �} ranges in some 

UJ.,.. prorided that X is a met.rizable absolute Souslin space 

a3
0 

is the family of zeró sets (cf. [ F J) . 

Ih this note we prove that the last result holde, under so

c:ardinal.ity assumptiotl8,. even wit.houť the eypothesea that X 

an abeolutely.Souslin space. 

Bec:all that accessible cardinal rrumt,ers are defined as foll

X.
0 

is acc:essible 

t.he successor of an accessible number.is accessible 

the suprem.mi of an accessible number of accessible numbers 

accessible. 
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Theerem. Let l �; a E A} be a completely · eddi tive :fami.ly 

of disjoint subeets of X. lf cardA is aceessihl.e t.hen t.he fami.

ly of all urůons o:ť subťamilies of {la\ remgee in sane '8� •

Plroof'. For C c A put.. _,,4A. (C) =- O i:f the . fami.ly of all 

- uni.ons o:r suafamilies of {la; a E C J rangee in sam ú3ac;

am ..,""- (C) s: l ot.herwise. � mp� :ťul:f'ils the countable

chain con:iit.ian (far disjoint Ce ( t. � w1 ) with � {Ct:) : l

one could c:mc>se a1 e. Ct witl'1 class(lat ) ? E ; tbe · existea:e

of the family {'; i , w .. } cont.redi.ct.a the resul.t af [P] )

arJd fa ( Ú Ci) � 2 ,.-. {Ci). lbw the met.hod af m.aať e proof
w�� . 

. 

[u] ehows that J;Á- ·<J.> s o.

Corollary. llaBUme 2 J(� acceeeible. I:f {la; SE J.} ie a dia

joizl� complete� a.iditive fami.ly of subeets of X then tbe fami-· 

iv of all uni.ons of subf�es of f la} remges in sone c?3°': .

Proof. Suppose, on the contrar:-y, that far same canpletely 

additive disjoint fami.ly of subsets of X the fami.ly of all uni

ons of subfemilies cf [ la} rtmgea. in no ó3« • For ever:; t < �" 

let c� c A SWl that class·( U X8
) � t • For a,b � A let

"'('' 
a ,...., b -�- a E C t is equivalent to b G cf and let D be the 

set ef all classes of this equivalence� .1hen card D � 2-w" arii

one obtains a contradiction wi th the preceding 1heorem conside

ring the fami.ly {Yd; d € D} where Yd ::: 
4
Voi Ad.
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