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SEMINil UIIUOJDI SP� 1976-77 

PBODUCTIVITY OP COREJ'LBCTIVB SUBCATEOOJUE OP 

Ullll'ORII SPACBS 

li. Hulek and M.D. Bice

During the course ot the a.-dnar, tbe authora tbl'ou� inYeat.ig�-· 

ted tbe conditione under which a :tull corei'l.ective eubcategory ot mů

torm apacea ia cloaed·under tbe tormation ot tinite and int'inite pro

ducta. Thia note·a•U1J1arizea tbe main reaulta and conaequencea ot th•

inveatigation. Tbe complete detail& and proota wlll appear in [HR].

The most intereating new basic reault to eaerge .troa the work waa

tbe tollowing: 

�.!2!:�_ll Let { 1'
1 

: ��xJ, be an arbitrary taaily ot unitona

quotient mappinga. Tben tbe product aapping nt1 : rrx1-. TTY1 deti
ned by (x1)-.(t1(x1)) ia a unitora quotient mapping. 

Q2�2!l!�_!l Bach product ot proxi:aal quotient mappinga is .pro
ximal quotien� mapping • 

. 22t2!!!�_g.!, Bach product ot coaplet• metrie apacea hu1d hence 

each injective unitorm apace) is a unitorm quotient ot a apace ot tb 

torm ID• , where ID ia unitormly diacrete. 

· Corollary 2 tollowa trom the tact that. each coaplete metrie apace

ie a unitorm quotient ot a Baire epace, i.•• a space of' 1.n, torm t>t-lo, 

where ID is unito� diacrete. 

Theor.a 2 (Fini te Producta) : Lei � be a full coretlecti • aubca-------------

tegory o:t wii:tora apacea. Then C is f'initely producti•• U ucl onl.7 

it X 'li JD E e tor each X E f; ,-nd unitorml.y diacrete apace I> • 

Furt.hermore, it f} • coref'lect.ive hull (a.), th� � ia tinit.eq 

producti ve it and o� it A" lD E � tor each A E a and U11i1'oral.7 

diacrete space JD •

Ib!2�!!-� (Intinit.e Producta): Let � be a tull corenecti•• aub

catego17 ot unitora apacN and a 2! N
O

• !h� f ia 11-producti•• 
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(each product of memb �rom t;, belonga to . � ) i1' and only � 

� is fini tely pro duet i ve and ID m E � for each uni.f'ormly diacret.e 

space I> • 

22r2!L8!.:l_a A tul.l coret'lective subcategory ot uni:t'ol"II apacea ia 

productive i.f' and only i1' it ia tinitely productive and containa all 

powere ot unitoraly diacrete apacea. 

Theorem 2 alao providea a uniform method tor conatructing tbe 

amallest (reapectively largeat) tinitely productive corefiectiYe aub

categor;y �h (reapectiYely �k) containing (reapecti••ly contained

in} a gi-ven coret'lect.ive aubcategor;y t'$ (the dual ot t.b• conat.ruction 

uaed in [a]
2
>:

(kernel) � k • { X : X" ID E � tor each unitoral.y diacrete apace 11> } •

Owl.l) � h • coretlecti•e hull { X 1' 1D : X E � , l) unif'oraly diacre-

te} . 

In connection with these ideaa, the tollowing intereating reaulta we

re alao obt.ained. Each unitorm apace ia the quotient ot a space ot th• 

tona X II ID , where 1D is uni.f'ormly diacrete and X uy be choaen to 

be eitber a tine or proximally diacrete epace. .. 
nie claaeea ot aeasurable apacea, aetric-tine apacea, and spacea 

whoae tamily ot unitoraly continuoua real-valueds mappinga torm a ring 

under point.wise operations, have the aame kernel - the unitora apacea 

that admit N O • 

With regard to productive coreflective subcategoriea, we note that 

Corollary 3 establishea the existence of a 81Rallest non-trivial clasa 

iJ of thia type - the coref'lecti ve hull ot all powera o� unitormly 

diacrete spaces. In [a]
1

, the second author constructed the tirat 

example (baaed on work in [Hu]
2

> of a non-trivial productive coretlec

tive aubcategory. - the clasa [ ot equi-proximally tine apacea (in 

the preeent context � may be deacribed aa the kernel ot the proxi-

mel.ly fine spaces). Bere we ill outline the construction ot a produc-

tive corefiective subcatego1-y ';f, • based on well-ordered adjacent 
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neta, which l.iea atrictl.7 between f/J and e, • We a,q tbat two well-

-ordered neta (x ,d ) �< a:, and (y /3 ) ,1 < li(, ( � liai t ordinal )· in 
a uni:t'orm apace X are adjacent i:t' tor each uni:t'or11 coYer ZL tbere 

exiata o<,
0 

< oc.. auch tbat. { x
/-' 

,Y (#, } liea in aoae aeaber ot U, ,

tor each fo � oc.
0 

• A aapping t : x-Y ia unitoraly sequat.ially 

continuoua o:r type tk i:t' t preaenea the adjacenq tď weU-ordered

neta ot type r ' tor eacb r s (}i., • De:t'in• áť� ( a, int'ini te car

dinal) -= {x : t : x�Y uni:t'ol"lll7 aequentially continuoua ot type d 

==> t uni:t'oral.7 continuoua } • Then jl.
Wó 

C 1!,
(,,T,ť C • • • ia an aacend-

ing claaa ot diatinct coretlecti•• aubcategoriea and one aay eatabliah

tbe tollowina reault. 

ti!!�!!�! (i) ll1,u0 • coretlecti•• huU (metrie apacea) :s core:r

. N lectiYe hull (2 x IN ) •

(ii) Eacb uni:t'ol"II apace ritb a linearly ordered �••

belonga to aoae . 11,<lv •

(iii) Each �, ia � -prodQ.cti•••

2!�!!...8!2.J.:. >[, • U �� ia a productiYe coretlective aubcategor, 
. 

(;(.�No 

and :Lw ia tbe amalleat. countabl.J productiYe coretlective aubcatego-
o 

ry o:r uni:t'ora apacea. 
We remarlc tbat the � -productivity o:r 'il,«- ia baaed on the tollow

izď tact: the adjacency concept i• auitable tor t.he uae ot 4Jl induc�

t.ion argument tor it a1lowa the tact.orization ot unitorml.7 eequential

ly continuoua aappin&• through a aaaller nwaber ot co-ordinat.••• 

We now have tbe i'ollowing aituat.ion: 

'ff% C 9J C � C E, .• 

Since t. containa aJ.l compact. apacea and � containa non-diacrete 

apace• which admit N0 , the :tollowing reault ahowa tbat 3) - JI!,, and 

E. - 'i!, •

t!!!2-l'!!..2.:. (i) 9J n apacea adaitti.na · No• uni:t'o� di•crete apa-.

c••• 
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-Stone compactif"ication of X) is not a member of � • 

(iii) � contains no infinite compact F-apace.

We nota hat .fJ containa all injective apacea (Corollary 2), and 

11 �•dic apacea, so tbat Theorem 5 generalizea well-known a ta te

men ta about dyadic spacea. We have no deacription o:t the c01Dpact apa

cea wbich belong to JJ or sl , but �w
0 

containa a compact :tirat

countable apace tbat ia not qadic and tbe one-point compacti:tication 

o:t the apace o:t count.able ordinala ia a aember o:t ll, which doea not 

belong to ,fj • We alao note tbat. the f'amily o:t compact membera :troa 

� baa propertiea aiailar to the propertiea o:t De Groot'• claaa o:t 

aupercompact apacea, but •• do not know i:t each aupercompact apace ia 

a •••ber �Wo • � W"o doea contain all :tine apacea baving a aequen-

tial topology. 

Notice alao t.hat the above comaenta do not diatinguiab �w-0 :troa 

!) ; in :tact the autbora have diacovered that to diatinguiah the two 

claaaea, one muat. aaaume the existence o:t a (:tiret) uni:tormly aequen

tial cardinal u .  u is the :tiret cardinal � :tor wbich tbere exiata 

a real-valued uni:tormly aequentially continuous mapping o:t type � 

on th• cant.or apace 2� . U a denotea t.he f'irat aequential cardinal 

in the aenae o:t Mazur and mR denotes the f'irat real-valued measu

rable cardinal, one can show that e < u� •a ; hence by recent worlc o:t

Čudnovakii, llartin,s Axiom implies tbat s =  u =  -S.

�!�r!!-�! The following conditions are •quivalent. 

(i) ';/.,
w0 

= i) • ( �4To ia productive).

(ii) Each countably productive core:tlective aubcategory o:t

unif'orm apacea ie productive. 

(iii) There exiate no uni:torml.y sequential cardinal.

Thua under the eet-theoretic assumption (iii) stated above, one 

can (in vie� o� Theorema 3 1d 4) stabiish that a core:flective sub

category 5s ·odu<:tiv-s b'J' a v·h.1.g tha, it ie f'initely productive and 

contains 2 N° 
Q Henc under aaawuption (iii) it followa :trom the worlc 
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·thlí&t a corefiectiYe aubcategory auat contain all uni:tora

spacca :fit ia cloeed-hereditary, tinitel.y productiYe, and contains 

the Cantor set.. 

Finally, we note tbat i1' u exiata, tben the Cantor apace 2" ia 

a aeaber ot 9J that doea not belong to ';,! li.To • 
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