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ON INTEGRATION BY PARTS

JAROSLAV KURZWEIL, Praha
(Received November 29, 1957)

A general theorem on the integration by parts for the Perron integral
is proved by means of rearranging the terms in the partial sums.

We shall use the definition of the generalized Perron integral and the nota-
tions introduced in [1], section 1. It was proved in [1], section 1, 2, that the
(generalized) Perron integral may be defined as a limit of partial sums (Theorem
1,2,1).

Let Uz, t) be defined for ve {7y, 1*), te {7y, 7¥). Let us denote by

f D,U(x, ¢) ( f D,U) the integral which was denoted in [1] by f DU(x, t).

Let us define f D,U(z, ¢ fD,Ul(r, t) where U,(7,t) = U(t, 7). It is simple
to prove the followmg ’
Lemma. If
Vv, t) =V(t, 7) 1)

and if one 0]‘ the integrals f DV, f D,V exists, then the other one exists also and
f DY — fD V.

In this case we shall write f DV instead of f DV or [D,V.
Let us put V(r,¢) = U(r, ) —U(r,t) — U, v) + U(t, t) . Then V(z,%)
obviously fulfils (1).

Theorem. Suppose that two of the integrals occurring in
FDU + f D,U = U(r*, %) — Ulry, 74) — [ DV (@)
exist. Then the ;hzrd one emsts also and (2) holds. '
Proof. Suppose for example that the integrals f D,U and ?D U exist. Then

T

there exists a positive function d,(t) such that
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[thU - Z (s, «;) — Uz, “i—])]l =
Ty i=1 )
for an arbitrary subdivision {xg, 7,, &), ..., 7, &} € A(S,), where

S ,=E[t ) = t=tH 1, Sttt —0,(r) =t =7+ 6,(0)]

Similarly we find a function 6,(¢) > 0 with respect to the integral [ D,U and
put §(z) = min (9,(7), (7)), )
S=E[t1), =711t 1, St 7—8r) =t =1+ 6(0)].

Let {«g, 71, &, ..., T, ;) be an arbitrary subdivision subordinate to S. Then
T* s

thU = Zl [U(Ti, [xi) - U(Tir ‘xi——))] + Tl s IT]l < € 5
e+ i

fD,U :-Zl Uiy 1) — Uloxyey, 7)1 705, [re] < &5
thU + fDrU = z [U(7s, ;) — U7y x30)1 +

Ty Ty i=1

+ ZI[U(““ ) — Ul w1 1y 12 =

:‘Z {[—U(O‘n o) + Ules, 7)) + Uy, &) — Uz, )] +

i=1
+ [U(z;, ;) — U(7s, ®yy) — U(D‘i—p 7;) + U(‘xi—v 0‘;‘—-1)]} +
+ U(t*, 7%) — Ulry, 74) + 1, + 12 =

= U(T*> T*) - U(T*a T*) —~Z1 V(s o) — V(Ti’ “i—x)] +
+ 7+,

Hence it follows that [ DV exists and that (2) holds. The proof in the other
cases is quite similar. ’

Example. Let f(7), ¢(z) be of bounded variation on {7y, *) and let us put

U(z, t) = f(7) ¢(t). Both integrals [ D,U and [ D,U exist,*) and according to

T* *
our theorem [ DV exists also. Let us evaluate [ DV.
Ty Tx
_— o *
*) The Perron integral f g(7) do(z) exists if g(r) = z ah;(7), hi(t) =1 for 7 ¢ <,3i, Vids
Ty i=1 T

hy(7) = 0 for = non e <B;, 7,2, i = ;- I g(1) > f(2)(g(7) < f(7)), T e<Ts, ¥, then [ g(¢) dep(t)

T* ':*
is a major (minor) function of f(z) with respect to ¢(z) and thus fDU(r, t) = ff(t) de(7)

. Tx Ts
exists.
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Denote by N the set of such 7 that

[fz+) — f@)lle(z+) — @(0)] + [/(z) — [z)llo(r) — p(z—)| > 0.

(We put f(z*-+) — f(z*), etc.)
N is countable and we shall prove that

*

SOV = > (Hz+) — ()e(r+) — ¢(2)) +

TeN,7<7*

+ 2 () — fr=)(e(r) — ¢(z—)) . ®3)

TeN,z>17,
(The sums on the right converge absolutely.) Let us put
o) = > (fA+) — @) (e@+) — @) +

AeN,A<7

+ E< (f(2) — fA=))e(A) — ¢(2—)) , (4)

p(r) = var f(1) + var ¢@(4). Let ¢ > 0. We shall prove that &(z) + ey(r)
TeSAST T, SAST
is a major function of V. Since V(7y, To) = 0, we have
V (7o, 7) — V(70s 70) = ([(7) — f(ze))(@(7) — @(70)) -
If 7,n0n ¢ N, then there exists a (7o) > 0 such that
W(To: 7) — V{70, 70)] <2 I’P(T) - 'P(To)l

MM~WWH§§Mﬂme|mrh—mdgmm. (5)

If 7, € N, then there exists a 6(z,) > 0 such that

2) — h(zot)]| = = [p(e) — P(T)] for 1o < T = 7o + 8(z) ,

|h(t9—) — h(7)] = = [y(te) — ¥(T)] for 7, — 8(7) = 7 < 7,

[R(70, 7)| = <‘ [w(z) — v(zy)| for 0 < [T — 70| = (%) »

where R(7,, 7) is defined by

V(7o 7) — V(7o To) = (F(To+) — HTD@(74+) — p(70) + R(70, T) (v > 7o),
(6)

V(to, T) — V(70, 7o) = (H(70) — ]‘(r/))(‘l’(ro) — @(1o—)) + B(7, 7) (v < 79) -
(7)
From (4), (5), (6) and (7) we deduce that

(r — 7o) [M(7) + ep() — h(zo) — ¥(T)] = (v — o) [V(zo, 7) — V{70, )],
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if |7 — 7, < d(7,), so that (7) + ep(7) is a major function of V. Similarly

h(7) — ey(r) is a minor function of V and consequently [ DV = h(z*) — h(7y).
Ts

As

[DU = [{(x)de(r), [D,U = [ p(x) df(x) ,

Tx

it follows from the theorem that

E [ 1) dg(a) + [ (2) df(z) = f(v*) pl(v*) — f(ra) plra) —

- (f(r+) — fO)p(z+) —p(@) + > (f(r) — fz=))p(r) — p(z—)) -
(8)

e N,7<7* TeNz<7*
Let us note that according to a known theorem (see [2], (14-1), p. 102)

[ 1) do(@) + [ o(x) df(z) = f(v*) g(*) — f(rs) 9(zs)

if for every v e (7, *) at least one of the functions f(z), ¢(7) is continuous
or if both functions f(z), p(z) are regular (f(z) isregular, if 2f(7) = f(v-+) + f(z—)
for 7e(7y, t*), f(zy) = f(z4—), f(z*) = f(z*-+)). This result is a simple
consequence of (8).
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Pesome

OB MHTEI'PUPOBAHUHN II0 YACTSIM

SIPOCJIAB KYPUBEWJb (Jaroslav Kurzweil), IIpara
(IToctynmio B pegaxnmio 29/X1 1957 r.)

B pa6ote [1] 6511 BBeien o6o6menublii narerpan [leppona u 6810 MOKa3aHo,
YTO BTOT WHTErPaJl MOFKHO ONPEJIeINTh Kak Ipefiell YacTHYHHX cyMM. B macto-
Ameil pabore JoKassBaercA o0mas TeopemMa 00 WHTETPUPOBAHMM IO FACTAM
nyTeM IPHCOeNNHeHNA (HOBOTO YHODAJOYCHUsI) FACTHIHBIX CYMM.

359



		webmaster@dml.cz
	2020-07-02T18:05:50+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




